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A THEOREM ON THE DISCRETE GROUPS AND ALGEBRAS L,
BY
W. ZELAZKO (WARSAW)

It has been proved in [2] that for p > 1 the space L, of all complex
valued functions defined on alocally compact Abelian group @ and inte-
grable with p-th power with respect to Haar measure x is a normed al-
gebra under convolution

(1) Frg(t) = [f(x)g(tz™)du(2)

" if and only if the group @ is compact. Here is a result for 0 < p < 1.
This result is a congequence of two propositions formulated for measu-
res more general than the Haar measure.

In the sequel we assume p be a real number satisfying 0 < p < 1,
and L,(u, G) is the space of all complex functions defined on & such that

@) Il = [P ap() < oo,

where G is an arbitrary group and g — an arbitrary measure defined
on any field of subsets of G. The space L,(u, @) is an F-space with the
norm (2) (see [17).
PROPOSITION 1. If G is a group with the measure p such that p(t) =1
for every te &, then Ly (u, G) is o topological algebra under the convolution (1).
Proof. We have

Il = Y 1P

2 2 [F@P g
>‘1f<r P V gtz = |7 lgll-

and

I+l >“| Y (et

il

Hence L,(u,G) is a topologlcal algebra (1), q.e. d.

(t) The theory of topological algebras of this type is developed in the papers
[3] and [4].
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PropPOSITION 2. Let G be a group with a measure p such that there
emist o symmetric subset V containing the unit element and a family of
u-measurable sets V, with u(Vy) >0 (n=1,2,...) satisfying

(2) 0 < u(V?) < eo,

(b) V,CV for n=1,2,...,

(c) VurnVy =0 for n #k;
then Ly (u, @) is not an algebra under the convolution (1).

Proof. We shall find two functions f,geL,(u, @) such that f«g is
not in Ly(x, &). By our assumptions we have > u(V,) < co. Hence, by

N=1
passing if necessary to the subsequence, we may assume that u(V,) <27
for n =1,2,... We put now

o

76 = X w(Va) w1 17, (8),

=1

where y, designates the characteristic function of the set A4, and

g(t) = xp(1).
We have

= Z[”(V")”z]"lf%vn(t)du(t) = Zn“ﬁ < o0,
n=1 N=1

and
lgl = u(V?) < 0.

Hence f, geL,(u,@). On the other hand,
frgt) = [f(D)gz ™ au(x) = [f(x)du(?)

v
and for every eV we have

onit/p—1)

Fral) = D V)m T u(V,) 2 Y= = oo,
n=1 n=1

Hence f+g cannot be in L,(u, @), because V contains a measurable
subset of positive measure, q. e. d.

Applying the propositions to the locally compact group with the
left invariant Haar measure u, we get the following

THBOREM. Let G be a locally compact grouwp with the left imvariant
Haar measure u. Then the space L,(u,@) is a topological algebra under
convolwtion if and only if the group G is discrete.
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