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Let f be a mapping of a metric separable space ¥ into a metric
separable and complete space 9. Let I be an arbitrary c-ideal of subsets
of X, i.e. a hereditary and enumerable additive class of subsets of %,
and let |u—wv| denote the distance between points # and v in @). Denote
by B, the set of mappings of X into ¥ of the Baire class « in the sense
of Kuratowski (see [1], p. 280).

Definition (cf. [2], p. 85). We say that f has property D, at xyeX
if for every e >0 there ewist a neighbourhood @ of z, and a mapping geB,
such that

|f(m)“g($)] <éeae m@,

. ¢ for wed’, where Ael.

Note 1. If I is the ideal of subsets of measure zero and « > 2, then
the mapping having property D, at z, has property D, at ,.

Note 2. If for every ¢ > 0 there exists a neighbourhood G of x, such
that

If (@) —fiz)l < & a. e in &,

(i. e. if the mapping f is almost continuous (see [3], section 5) at z,), then
it has property .D,.

The purpose of this paper is to prove the following theorem, which
is & generalization for mappings in metric spaces of an analogous theorem
concerning real functions and due to Lederer [2].

THEOREM. If a > 0 and for any non-empty closed set F C X the mapping
SFIF has property D, with respect to F at least at one point, then there exists
a mapping geB, such that f(x) = g(x) a.e.

First we prove the following lemma:


GUEST


b T. TRACZYK

Under the conditions of the theorem, for every e > 0 there ewists @ mapping
@B, such that
|f(z)—D(w)] < ¢ a. e

Let |R,} be a basis of neighbourhoods in ¥. Let us denote by N,
the get of all n for which there exists a mapping D, B, such that

|f (@)~ P ()] < & & 0 In Ry.
The set N, is obviously infinite:
No=lng)y *=1,2,...
Now we define the mapping @ as follows:

{ Pn, () for @eR,,
P@ =14, (@) tor k>1and seRy— ) B
' i<k

Since @y, B, and « >0, we e&isﬂy prove that PeB,.

3
Tt remains to prove that % = } K, . Suppose it iy not true. Since
k=1

the seb
F=%— DR,

k=1

is non-empty and closed, there exist, by hypothesis, a point @,eF,
a neighbourhood R, of #,, and a mapping @y, of F into @ which is of
Baire class a such that ' )
f(@)— P (2)] <& @ e in FRy.
Now let
D, (x) for weF,

V() =

D(z) for zX—F.

Tt is evident that ¥eB, and
f@)—P@)] <e ae in Ry.

Hence meN,. This, however, contradicts the definition of F and .

Proof of the theorem. It is well known (cf. [1], p. 294, th.3)
that for each peB, and a > 0 there exists a sequence {¢,} of mappings
guch that: @, — @ uniformly, the set ¢, (%) is isolated in 9, and ¢,<Ba
for every n.
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There exists therefore, by the lemma, a sequence {f,} of mappings,
guch that for each =, f,eB,, the sets f,(¥X) are isolated, and

If@)—fule)l <27 a.e.

Hence the set
Hyy = o2 o) —fas(@) < 3-27

is a Borel get of the additive class a. Using the fact that f,(X) and
fo_1(%) are isolated, it is not difficult to prove that H,, is of the same
GlaM.Novv we define a double sequence of mappings

[;81

2,1 Ga,2

U531 G352 Y53

as follows:

and for n >1
f’ﬂ (=) for wEHn,l?

Ina (@) = [f,n_l(w) for weHy,.

Suppose that the mappings guisfnes--«) Gomor X ®=1,2,...
are already defined. Let us write for m >2

Hymy = {2: 1gnm—1(®) — Gn_am_z (&)} < 3 '_2_n}~
We putb
om-a(@) for o eHym1,

gn,m(w) = ‘

Gn_im-1(w) for BeHpym 1.
Since, by the above,
1gn,m(.‘v) —fn »l,m—l(w)l <3-2™"

for each @<¥ and n,m = 2, 3, ... and the space ) is complete, {gn,n}
converges uniformly over %.

Since f, ¢ B, and the seb f, (%) (n =1, 2, ...) is isolated, by induction
the sets g,.(X) are isolated in 9, the sets H,, and their complements
are Borel sets of the additive class o, and all the mappings gnm. belong
to B,.

Thus the mapping ¢ = lim g,, also belongs to Bi.

N—00
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Let
2 o: |f(@)—fal@)] =27}

Evidently XelI. If ¥ — X then |f,(#) —f,_:(2)] < 3:27", whence zeH,;

and g., (%) = ful@
By mductmn w1th respect 50 My Gam(®) = fo (@) for zeX—X and
for each » and m =1,2,...,n. It follows for weX’ that

g(o) = limg, o (z) = imfn(w) = f(@).

In consequence
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Let (X, M, u) be a o-finite o-measure space. H. Steinhaus has
introduced the following distance of measurable sets of finite meas-
ure:

u(4=B) .

—Lif A+B) >0,
(1) 0. (4, B) =i u(4+B) mA+E) >

0 i p(d) =pu(B)=0,

where 4~ B denotes the symmetric difference of A and B, i. e. the set
(A+B)—AB. The distance (1) is discussed in [1] and [2]; it has been
applied by biologists.

In connection with a question raised recently by J.B. Falifski
from the Botanical Tnstitute of the Polish Academy of Sciences, J. Perkal
observes that there exist finite sequences of sets arbitrarily near each
other (in the sense of the distance o,) and yet having an empty inter-
gection. Namely, it suffices to consider the sequence S, .. ., 8, of all
(n—1)-element subsets of a fixed n-element set X and to a.dopt the
number of elements of 4 C X as the measure gy(4). Then

Oy (8iy &) =2/ for i #4 and 8-...-8, = 0.

We provide here the answer to a problem of J. Perkal by proving
that, for every o-measure p, if 0,(Aq 4y) < 2[n, then A,-. A, #0
(see 1.2(ii)). The preceding example of Perkal proves that our inequa-
lities in section 1.2 may be considered as the strongest ones.

The second part of this paper contains analoguous considerations
concerning the distance of functions.
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