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T(t) 0 . -
U such that T[U] = ( 0‘ o) Then the number of (rational) integral

representations of T by 8 is the same as of T, by 8 and so the corresponding
formula in [8] (Theorem 5) was easier to prove. For &, we can not always
reduce T to this form by a unimodular matrix over %, since the clags
number of % is greater than 1, in general. :
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Contributions to the theory of the distribution
of prime numbers in arithmetical progressions III

by
8. KNAPOWSKI (Poznan)

1. Continuing the research of [1] and [2] I shall prove in this paper
some results concerning the distribution of primes = [, (mod%) in com-
parison with those =1, (mod%). Once more I shall need the conjecture

(1.1)  In the rectangle 0 < o < 1, [t] < max (¢, k), s = o+ it, all L-func-
tions modk may vanish only at poinis of the line o =% (*).

Writing, as usually,

(2, k, 1) = 2 1, p primes,
p=l{modk)
P<T

we shall establish the following
THEOREM. Let 523, 0 <1y, <k, I, £, (I, k) =1, k) =1 and
suppose (1.1) to be satisfied. Then

T
(1.2) f 7@, by b)) —=(m, &, Zz)\dm> Tizexp (_7 logT )
p-q

@ loglog T
with .

X = Texp(—(log T)*)
for
(1.3) T > max (e, ¢) (2).

Remark. In the particular case of I, =1 one might prove a similar
inequality without assuming (1.1). However, for general 1,1, I have
not been able to supply any lower bound (e.g. TU4, as it used to be in
the investigation of (=, &, ,)—w(», k, I;) performed in [2]) for

fmln(m; k) ll);”(my k!k)‘dm
X

() e, and further c,, ¢;, ... stand for positive numerical constants throughout.
(*) Compare the similar, though weaker, Theorem 3 of [2].
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98 8. Knapowski lm Distribution of prime numbers in arithmetical progressions III 99
or even for Tet ay, day oy @z a0d o1, a3, ..., a, denote all incongruent solutions mod%
max (@, %y b)— (@, &, L)y of the congruences
X

o =1 (modk), a%=1I,(modk)
jecturing nothing concerning L-zeros.
vihen coniee ¢ X . respectively. Put, further,
2. Proof of this Theorem will base on the following two lemmas

(for proofs see [4], p. 52, [1], p. 419 and [2], p. 327). Puls) = Z O ( )
LemmA 1. Let m be a non-negative number and 2y, 2,, ..., 2y complen
numbers such that

1=ll>lal> >l > >, lal>2 2

and start with the integral

B — B
+N (3‘3) J” =__:!‘_: f { (30‘3____ e "8) (GABG —€ 3)" Fllll(s)—
Then there exists an integer » with m <v < m~+XN such that " i & 28 2Bs
8/2 [ ysl2 —y8{2\ 2 Bs|2 —Bsj2\ r
By} +Byed + .. —}-szN] ( N )N D (e —e ) (643/28 —e ) «

2.1 mm by+b b
( ) ;‘lz};l hé ll"" 2+ -+ 1{ 24.6 2N+m ) 2 P§ _Bgl

L ' ’

- onL \1-, L
where by < N is any integer for which |2,| < ]z;,[——milv—. In the case X E%IZ) (ZZx(aé)Z(s,x)—ZZ Z(a) 7 (8 Z))} ds
i=1 @ i=1 @

when there do not ewist numbers hy satisfying the latler inequality, we put
at the right-hand side of (2.1) min Ibl+b2+...+b,] instead.

LeMMA 2. Let & > 3, 0<ll,lz<k Iy # 1y (Ly &) = (I, k) = 1. Sup-

’

: L -
Using the well-known expansion of —-L—(s, %) and writing

pose (1.1) to be satisfied. Then there exists a number D, Jmax(cs, &*) < D 0t i (),
< max(cg, k), such that 2
- 1 _ . we obtain
o |y Sew-a 3o 5 | anees,
¢ G T = E’(ps)K'(Bs)ds—
where yp = 1/3.D, % runs through all characters modk and o(y) through the mﬁll(modk) (2)
zeros of L(s, y) lying in the strip 0 < o < 1. A(n) _D o4 2< s) K'(Bs) ds—
3. Proof of the Theorem. Similarly to [1] and [2] we shall examine - - 27 . T Y
only the case of ¥ sufficiently large. Therefore our conjecture (1.1) can "E;z(mow @ y
82 Ars(2
be reduced to _ M f—ll—%,—KZ(wSIMK'(BS/”d” .
Gy - J[Le,p£o wm o>p, <k = T
xmodk 8/2 Aralz
We introduce the parameters’ + Z 2 o f D E(ys[2) K"(Bs[2)ds
W’l:

T 7=1 nemaj(mod k)
In==e¢% (D, yfrom Lemma 2 =0. y . )
v . “2, 4 =02oglogl, We note that the first two integrals in the above formula disappear if

=(logTy)=0%,  m =lfi%—10g“’81’1(loglog ), n is outside of the interval
7 an integer, to be defined later, with (X, 20y De-2vet4-Br < n < Deeeld+Br (& x,)
’ .
: and similarly do the remaining integrals if = is outside of
(3'2) m<r <= ]‘Og Tl ( log T, iy -
T4+B loglog T,/ * X <n < X

7*
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4

ibuti = p, p%, ... to the sums
The contribution of n = p3 p4 ity methotsy

2
of m =p% % b0 S D > ), as easy to see, does not

)
j=1 n=cy(modk) 7=1 nf—‘a;v(modk)
exceed ¢z 704
Hence we have

ﬂ Ars
e 3 [P s

pelimod k) &
X<p<Xe
3 Ars
T logp Dpu Bys) K'(Bs)ds—

omi
p=l(mod k) ©)
X1<P <X,

8 Ars
- Iogf’ f Do giys) ) (Be)ds—

»= le(mOdk) (2)
X1<p<
Ds Ars
- R [ DO K ys) K (Bs)do
plslz(moﬂ k) (2) »
X1<13 <X,

1o gp Dslz eA-rs/a
- Z 2 Dt (J “opr  K(ys[2) K'(Bs/2)ds +

=1 p=aymodk)
Xlr<p<xiP

B
+2 logp fDalz Ars/z
=1 p=a,’(muﬂk)

Xlrgp<xl

E*(ys/2) K"(Bs[2)ds + O(T*) .

We can obviously move the line of integration of the above integrals
t0 ¢ =0 and substitute s = 2w in the last two expressions. This makes
the integrals concerned equal to

Dw Arw .
e KE*(pw) K'(Bw) dw
©
ie. equal to the ones occurring under sums > and > . Since

pﬂnh (mod Ic) pimly(mod k)
<X, X &pi<Xy

Tequirements p? =1, (modk), X, < p* < X, a.nd P = a; (modk), Xi” <p
<X (and similarly those involved with l, and o) are clearly
equivalent, we obtain finally

1 8 A8
B4) Iy = 2 oip Do K ye) K (Bs) s logp
Prdnodly ply(moar)

Xi<psXy

Ds Ars
f E*(ys) E'(Bs)ds + 0 (1) .
©

and
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Using Stieltjes integral we get

T+ 0(T™)
Xo 5
_ f {lgif f D™ sy B Bs) ds}d(n(m oy ) — (e, T, )

DB r8 r
= ln(, By W) —a( @, %, 1)) 1"5'” Eys)K Bs)ds -
( H ’

X1

F 1 1)
_ f ((@, oy b)— (@, &, zg))d{ 0g® (ws)K’(Bs)ds}
Xy

Zza)

Xy
= [ {nt@, b )=ty B, ) %
X

i Bit\r
x{ 1 fcos(t(logl)-!-AT 1Ogm))(511;;p) (Suil?t )dt
0

== logm f sin (t{log.D+ Ar— 1ogw))(—— %}(_s_n;_tW) (SI%ft) dt}d
(1]

Hence

l1()gg,rar,'clac><

]

L1 sinye)
X f k] ( it

[

Xa
[T1g,] < f]”(‘”’ k:ll);n(w,k,la)

gin Bt
Bt

]rdt + g TO4.

Noting that

fmt-]—l (s sin Bt
¢ T wt

Bt dt+f( b

o[ (o) <oae,

sin Bt | 1 (f
@<= t
Bt dt\ﬂ P

o0
1 lf
<;(§zo

further, by (3.2), that
X, = Deta+Birize Doy = T,

sinu|"
“u

X, = De4—Br-2 > Dexp (_ 2p—2Br+log Th— (4 +B)log® T,(loglog Tl)z)

0.75 075
> Texp (—— 4p—10 (IISgglf:g) T —logs# Ty(loglog Tl)s) > Texp(— (log T)*™),
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we get

T
(@, b, L) —a(x, &, L) '
(35) |l <Qogrype [ I =T B Dz o s
x
with
X = Texp (—(log T)*") .
4. As in [1] and [2] we consider the infinite broken line U, lying in

5 S o<4Y,
and such that

1% 6,.0| < ebog? (ki +1), 2 modk

on U.
Applying the theorem of residues to the integral (3.3) we get

WD) Ty = D ER-TW) D) Do) K(Bo)-
(7]

e=e(x)>U

"
— 27}(_’;) Z 2 i(a;’) 2 D"IZGAW/Z-KZ('PQIZ)KT(BQ/E)+

=1 () e=e()>U
A
1 0 ”
o D D ) D) DR g2 K (Boj2)+
? J=1 () e=e()>U

1 / re ,u—l .
+5D" 4 P E’(y/2)E"(B2) +0(T™*)

(¢ > U means that the ¢’s are to be taken to the right of U). The con-
tribution of the ¢’ with |Jo| > ¥ 2log#s T, will not exceed ¢ T0,
whence all infinite series in the above formula can be reduced to sums
|s%;y' Let o, =4+14y; be that zero from 0 < o<1, |t| <% which
e>U

has the greatest absolute imaginary part. We have then (see [1], (4.8))
(4.2) |E(Bo)| > | K (Bey)|

for all zeros ¢ = 3§41y, |y| < |p|—1. Let, further, o, = 44y, be the
zero in |{] < 2k%5 with maximal y]. Lastly, denoting by E the set of
o = e(x) modk, |3¢| < Y, ¢ > U plus number }, we introduce the number
o € B, o =uy,-iv, such that

(4.3) max |e4K (Bz)| = |e4=K (Bw)|.
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Now, with aim to apply lemma 1, we define numbers 24, b;. These will
be of three categories (indices are chosen so as to have 2] = 2] = ...).

K(Bo
1. zi=e*4<e-w)K—((——Bw)), [Sel<Y, o>71,
L i . .
b = oy (7 (B) =2 (W) DB (pe);
ooy & (B[2)
2. 2 = edlel2 )‘-K(Bw) 3 ]39‘ < Y, o> U,
== . of2
where 4 is one of a, or o (and +1 is to be taken accordingly);
__E(BJ2) 1 pu—2
3. — pdQj2—w) T \D[=]) — = DI )
24, € .K( 0)) ? bfn 2 D q)(k) I (11’/2) .
With this notation we put formula (4.1) simply as follows
N
(4.4) Ty = (“E(Bo)) D b +0(1)
. =1
with

N =[log*8 T\(loglog T,)1]

(it ¥>1+@0+24+x)> 3 1 we can introduce still another ca-
@ 1%<F o>T

tegory of 2’s : 2; = b; = 0 for the remaining §’s). Finally we define

K (Bp,)

. = gdlar—w) 1 _S1/

(45) = R Bo)
and

K (Bo,)

. = edle—ay —\202)

(4.6) = e Bw)

5. Now we shall use lemma 1 and estimate |Jy,| from below. First
of all we have

— = pd(lf2— )]K(B@JL)[“]K(BQz)l
|zh[ lzhl € . '_—“I__"—‘K(Bw)l
> 60y (Byi—13) + O(B**)} > 0% ™42 B = o,(log T) "%,
On the other hand
2N _2N _2log"Ty(loglog T, _2(loglog Ty _  eyk®

F+m~m = logTifloglogT, ~ (logT)® — (logTy)s’
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whence
N

(5.1) [enl =l 2] > 5

(and also |2] > 2N/(N +m)). Now I assert that
are absolutely less than |27,]. In other words

#;’s of the second category

(5.2) ¢48P| K (Bo[2)| < e4| K (Bgy)|
for o = f+4y, 0 > U, |y| < Y. Using the well-known inequality (see [3],
p. 295)
o
(5.3) f<1— -

max {logk, log”" (|| +3)floglog ([ +3)""] ’

which, owing to (1.3) and |y| < ¥, can be put as

1

64 (Toglog T

p<1l—

we obtain
o491 K (Boj2)| <
while the right-hand side of (5.2) is

— 0.1
i o612 < s edl2 @ (loglogT'y) y

> 042,

This proves (5.2). Therefore, and also by (4.2), we have

T by bt b
7<
1 - - 0 eW_e-'ﬂe)z D 10g7mﬁ
> m—);’ (70 —7 (L) Mg_ D (—%—— — Z_ 5 12
1l-1 n2lyi|~2
eve _ g—ve logh
‘ k)z (lz (ll ZDQ( 21#9 ) _GuDs 2 g 07’1/_0161)1/2
n>4ks-5

1 = o [€ve—e—ve _ .

>!¢(k)§(x(lz) Z))%'D (_‘-‘2«#@ |~ o restogte.

Hence, by lemma 2, (2.2), we get

(5.5) min [b; +by+ ...+ bs| > ey k*logh .
h<j<hy

Using now lemma 1, (4.4), (

4.5), (5.1) and (5.5) we have with an ap-
propriate r

(5.6) || > ”ls( =

- . N ) eAr/z
246 2N +m

E(Bgy)| +0(10s).

icm°®

- We obtain further the inequalities
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2 — 0,8 - .
6Arl2 > T}/"e (log 7'y) ~ Tllz6 (log T)0-2

and

- log T

>e >e¢ loglogT

r

e¢Ba1_ g—Bo

1
§K(Bgl) T iBa

which together with the (rough) one

1 N W
I S — (log T)0-5
(24@ 2N+m) > et

clearly convert (5.6) to

dog T

(5.7) lJllliI>T e loglog.’[‘

This and (3.5) prove our assertion (1.2).
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