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T0 TETRAHEDRAL SEXTUPLES
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P.J. VAN ALBADA (EINDHOVEN)

Introduction. H. Steinhaus [3] has posed the following problem:

There exist numbers & >b >¢ >d >e¢ >f >0 for which there
are 30 different tetrahedra with the edges @, b,c¢,d, ¢,f. Which other
values besides 0 and 30 can be assumed by N (e, b, ¢, d, e,f), i. e. the
number of all different tetrahedra which have the edges a,b,¢,4d, ¢, f?

In the first section of this paper we golve this problem by showing
that N ecan also assume all integral values between 0 and 30.

When 7' is a tetrahedron with the edges a >b >¢ >d >¢ >f >0,
we write T = (x, v, #) if » is the edge opposite to a, y is the edge opposite

" to the largest edge which remains if ¢ and x are omitted, # is the third

side of the triangle which contains # and y. In the second section we show
that there are sextuples for which the alphabetical order of the 30 tetra-
hedra (z, y,2) is also the order with respect to their size.

In the third section we study the semi-order of the 30 types of tetra-
hedra (x, ¥, 2) with respect to their volume. It is seen that this semi-order
is not quite the same for completely tetrahedral sextuples and for sex-
tuples which are not necessarily completely tetrahedral. (A sextuple
(a,b,c,d,e,f) is called completely tetrahedral [2] if all possible tetra-
hedra (x, v, ?) exist.)

I. Determination of all possible N(a,b,0,d,e,f). To prove
that N(a,b,c,d, ¢, f) can assume all integral values from 0 up to 30,
we adopt a method developed by Blumenthal [1] for other purposes:
we take @ = (- 5)'% b = (t+4)'"7%, ¢ = (1+3)'* d = 1+ 2)"% ¢ = (4 1)7,
f=1""; then N becomes a function of ¢ alone and is equal to zero if t = 0
and takes in succession all integral values up to 30 if ¢ increases to infinity.

If 4 is the set a,b,¢,d,e,f and if a;,b;¢4 for 4,j =1,2,3 with
all a;, b; different from each other, then, if a; and b; are opposite edges,
T = (by, bs, bs) is a tetrahedron if and only if the following two condi-
tions are satisfied:

Colloquium Mathematicum IX.2 (]


GUEST


252 P.J, VAN ALBADA

1. At least one of the triples by, by, bs; @1y @y, bs; @y, by, ag; by, ay, a4
forms & triangle.
2. The determinant

01 1 1 1
10 a g a
D=1|14da 0 b b
1 a} 80 b
1 a BB o

(which for a tetrahedrom gives the square of its volume multiplied by
288) has a positive value.

In our case the first condition is automatically satisfied since every
triple which does not contain f forms a triangle. Hence N(a, b, ¢, d, ¢, f)
is equal to the number of determinants D with pogitive value in the
complete set of 30 determinants.

For each tetrahedron of the set we have

0 1 1 1 1
1 0 ttat+p t+y
D=|1t+a 0 {+6 t+e|= 43002+ A¢--B,
1t4p t+6 0 td+¢
1Lit+y t+e ¢+ 0

where a, 8, v, d, ¢, { is some permutation of the numbers 0,1,2,3,4,5
and 4 and B are integral numbers.

The difference of two such polynomials is always a linear form in
t with constant eoefficients. Therefore if two of these polynomials have
a common root, this root is necessarily rational.

Below we give in Table I the polynomials U(t) = 4.D () — 268 — 152
and the values of D(1) for ¢ = 4, ¢ = 1, ¢t = ! and ¢ = 2. From this table
it is seen that:

1. All U(t) have integral coefficients.

2. For ¢+ = 0 all D; are negative.

3. 8ince $D; = 2831512+ g,8— oy, with positive o;, oy, the D; are
monotone increasing for ¢ > 0.

4. For t = 2 all D; are positive. Hence all D; have exactly one root
between 0 and 2.

5. No D; is equal to zero for ¢t =4, t =1 or t = L.
This completes the proof that all D; have different positive roots.

icm
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TABLE I
Order in
©
pv:gf;nfi};ls i | wge v | p(3) | b | D) |D@| root
pass 0
26 1 bde 4t—-53 | — 94 — 64 — 13 62 | 1,6001
25 2 baf 4—52| — 92 — 62 — 11 64 1,5852
28 3 bed T—T77| —139 —106 — 52 26 1,8506
27 4 bef Tt—173 —131 — 98 — 44 34 1,8017
30 5 bfd 8t—84 | —152 —118 — 63 16 1,9107
29 6 bfe 8t—81 — 146 —112 — 57 22 1,8760
16 7 cde Tt—17| — 19 14 68 146 0,8220
11 8 cdf T—13 | — 11 22 76 154 0,7021
23 9 ced | 11i—41 — 63 — 26 32 114 1,2484
19 10 cef 11t—29 — 39 - 2 56 138 1,0211
24 11 cfd | 13t—49 | — 77 — 38 22 106 | 1,3374
22 12 ¢cfe 13t—41 — 61 — 22 38 122 1,2060
6 13 de e 8t— 4 8 42 97 176 0,3111
1 14 dof 8t— 1 14 48 108 182 0,1043
21 15 dec 16t—36 — 48 — 8 57 144 1,0564
7 16 def 16— 9 6 48 111 198 0,4025
20 17 dfe 17t—37 — 49 — 6 58 146 1,0554
8 18 dfe | 174—18 |- — 1 42 106 194 | 0,5148
14 19 ecd | 13t—-19 — 17 22 82 166 | 0,7492
9 20 ecf 13t—11 — 1 38 98 182 | 0,5168
18 21 edo 17¢—27 — 29 14 78 166 | 0,8603
2 22 edf 17t— 3 19 62 126 214 0,1549
13 23 efe 19t—23 | — 19 26 92 182 | 0,7381
5 24 efd | 19t— 7 13 58 124 214 | 0,2964
17 25 fed 16t—25 | — 26 16 79 166 0,8354
12 26 fee 166—20 1 — 16 26 89 176 .| 0,7190
15 27 fde 19t—25 —~ 23 22 88 178 0,7823
4 28| fde 19— 5 17 62 128 218 0,2228
10 29 fee 20t—20| — 12 34 101 192 0,6527
3 30 fed | 20— 5 18 64 131 222 0,2145

II. It is possible to construct sextuples for which the volumes are
in alphabetic order. We have

THEEOREM 1. D,, > D,, ;.
If T,, = (b, bs, bs), b; opposite to a;, then
(1) 30w = (3 at+ 303) Yaibi—2 > albi(al+b])—bibis—
—ara3bi—aibiar—brala;.
Then Ty, ; = (by, byy a5), @; opposite to b;. Hence }(Dy,—Dy, ;) =
= (al—b?)(a3—b}) (a3 —B), where a; > b;.
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Now let b2 =1i+pi, ¢ =t-+a;. Then we hawe §(Dy,—Dy, ;) =

—B1) (63— f) (a3— Bs), independent of ¢ IHence for sufficient large ¢

the 30 determinants D; form 15 couples; the order of these couples

depends on the coefficients of ¢ in the third degree polynomials D (t).
It we take a;+ B; = Aiy aify = pi, 2 i =4 2 = p, then

3D =oprepilp = 5 (4 pl)— wl+ 1 D(0).

If we permute the ¢; and b;, this does not influence the values of 1 and
S'(ai+ ). Henece the order of the couples is the order of the cocfficients
—f = 2 aifi.
Now we write

a? =t-ta, bDE=14f0, 2=1]vy,

P =1+0, e=tt+s, =1
a>f >y >0>e>0 If y, is the coefficient x4 which occurs in the
determinant D,,, then the list of the w, is given in Table II.

TABLE II

pr = af+yd

pa = af+ye- py —py = p(8—e) >0

#y = of+de pa = fg = e(p—-6) >0

us = ay+po Hy gy = a(fey) = 8B 8)
us = ap+fe ta —ps = f(6—e) == 0

Uy = ay+-0e s — Mg = &(f—8) = 0

pr = af+-By po =g =y (a—f)—b(u-—e)
us = ad+pe My —py = B(y—e) >0

po = ad+ye Hs —py = e(f-y) >0

typ = ac+ Py Mo — oy = a(0—e)—y (B~ ¢
f1y = ae--f§d Mo fny = fy—8) > 0

iz = aet+yd Hay— g = 8 (B—yp) > 0

tan = By-de Mg~ faa =+ E(a ’rs)w'(ﬂ 0)
tha = Bi+ye My g = (e g) (o 8) T 0
pas == fetyd Hia= phgs = (Be-p) (5 €) = 0

I >y >06>e>0 are given, then wo can «Jmom» a larger than
the largest of B, 0(B—e)(B—»)Y (By— 8e)(y— 0)ty y(f-8&)(8 &),
0+ p(f— )¢t Then u; decreases JI 4 increages. If wu take ¢ sufficiont-
ly large, then the 30 tetrahedra are orvdered with respect to their volumne
if they are ordered alphabetically.

Example. a =11, § = 4y =3, § =2, 6 =1; py == 50, Yy = 4T,
Mo = 46, py = &1, ps = 37, g = 35, py = 34, pg = 26, py = 25, pyo = 28,
P =19y pyg =17, pyy = 14, py, = 11, pys = 10.

- icm
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The result is given in Table III.

TABLE III

i | 3D—o—212 1D (89) i 1D—25—211 3D (89)

1 —561—371 1 570 924 16 —32i—123 1 573 308
2 — 56i—364 1 570 931 17 —31i—211 1 573 309
3 — 53i—431 1 571 131 18 —81{—139 1 573 381
4 — 531—403 1 571 159 19 —20t— 43 1 573 658
5 — 52— 444 1 571 207 20 —206— 28 1 873 675
6 — 52— 423 1 571 228 21 —256— 99 1 578 955
7 — 47— 209 1 571 887 922 —25t— 89 1 574 015
8 —47i—198 1 571 903 23 —23t—107 1 674 125
9 —48t—281 1572 171 24 —28i— 87 1 574 165
10 — 43233 1 572 219 25 —~206— 7 1 574 492
11 —41i—301 1 572 329 26 —20i4+ 4 1 574 503
12 —411— 269 1 572 361 27 —1Ti— 43 1 574 723
13 —40t— 76 1 572 643 28 —1T+ 1 1 574 767
14 —40t— 67 1 572 652 29 —16i— 44 1 874 811
15 —32(—204 | 1 573 227 30 —16i— 11 1 574 844

We can formulate the result as follows:
THEOREM 2. If the T; are in alphabetic order and if D; >D, for any
choice of & >b >¢ >d >e¢ >f >0, then © >j.

Ia. Semi-order in not necessarily completely tetrahedral sextuples.
Let (a,b,0,d,e,f) be a sextuple, a >b >¢ >d >e >f >0. We form
the triples T; = (=, ¥i, %), a8 mentioned in the introduction, whether
the corresponding tetrahedra exist or mnot. The T; are supposed to be
written in alphabetical order.

We will say that T; > T; if, for any sextuple, we have D; > D;.
If there are sextuples in which T; > T; and other sextuples in which
T; > T;, we will call T; and T; incomparable.

From theorem 1 we already know that T, > T, ;. From (1), by
interchanging b, and b, we derive, for b, 5 b:

(2)  3{D(b, by, bs)—D(by, by, bs)}

= (a7 — a3) (b} —B}) (ol + @} + b7 + b} — 205 — b3)
and for b, = b:
(3) 3{D(by, ag, as)—D(by, by, bs)}

= (a}— a3) (b} — b3) (@} + a3+ b+ b3 — 243 — b3).

From (2) we obtain: Iy > Tyy Ty >Ts; T1g > Ty Tap > Tioy Tas > Ty
Tog > Tyay Tay > Ty Tan > Trgy Tag > Thgy Tas > Tips from (3): Ty > Ty,
T1p > T4y Tos > T
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It we interchange b, and b, and if b, = b, we obtain

(4)  3{D(bs; as, ag)—D( (bys bay by)} =
= (ai— a3) (b—b3)(al+ b1+ a3+ b5 — 243 — b})
from which we have Ty, > Ts, Loy > Ty, Ty5 > T5y Ty >T.
If ‘we interchange b, and @,, and b, = b, we obtain
(B)  H{D(as, bay bs) =D (s, bz, be)} =
(ax-—bz)(b”—ai)(ai%ﬂbﬂ ag - by — a3 — 213),
which furnishes T > 1, Ty > 15, Ty > Ty, I'yy = Ty, Ty = T, Ty > 1.
If we interchange b, and ag, and b, = b, we obbain
(6)  3{D(as, by ba) —D(by, bay bg)} =
(ar—bz)(bﬂ—ai)(a?—l- bi+ a3+ b3 — az — 2b}),
which leads to Ty >T,, Tig > T.
If we interchange b, and as, and b, 7 b, we obbain
(7 %{D(a.\n bay by)—D(by, by, bs)} =
= (a7 — b3) (b} — a3) (a3 + b1+ a5+ b5 — 4y — 203).
From (7) we obtain Ty > Ty, Ty > Taoy Taa > Tuxy The > Taay Loo > Ty,
T3 > T4y
Less automatically we derive
1i‘(-Dm)'_-Du) = %(Dao—Dzs)"{“’}(D%—‘Dn)
= (b2— d?) (0% — 62) (b2 + 02 4- d2- 62— a2 — 2f2) |-
+ (a3 —b%) (62— f2) (@3 b2 - 034 f2— @2 — 262) >0,
%‘(Dao‘—pu) = %(Dzn—‘Dzs)"i‘%(Das—Dlv)
= (a2~ D?) (62— f2) (a®+ b2+ 62 f2 — 02— 2d2) |-
+ (a2 ¢2) (dn_ea)(a’n+ o2 d2 6’-—~ba—~2fﬂ)
> — (87— b%) (02 —f7) (@ %)+ (a2~ ) (@— 0*) (3= 2) 3> 0,
*(-Dav”’-Da) = 'L‘(Dzo"'"])ls) + ‘%(Dls"‘Ds) e '}(-Do“‘])s)
> (a2— 0?) (42— f2) (a® - 03 d2-|- f2 — b3 — g?) --
— (@) (02— 1) (@ o)
> (@8~ b3) (@2 — %) (02 47— 26%)— (0 — b%) (d2 — %) (0" — 0*) —
—(a*—b?)(e*—f2) (@2 —¢*) >0,
3(Dyp—D,) = D zs—Dw +3(Dyy—Dy)
= (a2 — %) (6 — f2) (62 + 02+ A2+ 3 — 203 — %) +-
+ (02— e?) (b — 0?) (a®+ b2 02 61— d2— 2%
> — (@' — %) (07— %) (b3 0%) + (4 — o%) (03— o) (0*— f*) >0,

icm
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‘%(Das“Dla) = ‘L‘(Des"‘pm)‘l“ %(DIB_DIV)—I" %(-DU_-D]
= (62— b%)(@ ) (@2 P+ @0 f1— 20— 6%) +

+(@— ) B =) )+

+ (02— o) (6 ) B+ 02+ 02+ 10—

5)

2d2)

> (a3— b?) (42— f2) (b2 — ¢?)+ (a2 — a2) (b2 — %) (6 — 6?) —

— (ar— ) (*— ) (2 o) — (b — %) (62— 1) (@*— ") >0,
%(Dzs“'Ds) = §(Dy—Dy)+ 3(D,—D,)
= (6 f¥) (% — o) (a3 + 6>+ o2 1 f3— D2 —2d%) +

+ (b3 f2) (@2 — e2) (202 + 02— b2 — 42— o2 — f¥)

> f{(0 =) (a*— o) — (5 1) (@ — %} —
— (@2 — e?) (62— %) (a2 — ¢?) 4 (d2— e2) (D2 —
> (07— 1) (@t @%) — (b — 0 (@ — %)} >

3Dz —Ds) = 3(Dar—Du)+ ¥( (Da1—Ds)
= (a2— oY) (e — ) (024 o o* -+ f— D1 2d%) +-
+ (a2 — @) (02— 0%)(a+ b+ @2+ 61— 20°— f?)
> — (@ o) (*— ) (@ — %)+ (a3 — %) (43— &%) (*— ) >0,
$(Das—Dg) = $(Day—Dy) )+ $(Dg,—Dy)
= (52— o) (@— ) (B2-+ 0+ @+ f1— @l — 26+
4 (a2 — @2) (b2 — e?) (a2 + b2+ d2 4 63— 20— f?)

— (b2 — %) (@2 —?) (a%— b?) + (b2 — e?) (42—

$(Dys—D,) = $(Das—Dyy) -+ 3 (Dig—Ds) — $(Ds—Ds)
= (a®— o%) (d2— e?) (a?-+ o+ 42+ 62— b2 — 2f?) -+
(a3 — %) (02— &%) (a?+ b2 4 2+ f1— 202 — 1) —

+(Da

— (@ b9) (@7 — %) (@) — (a7 B7) (0" —

—D,) = $(Dg—Dy)— }(Dsr—Diy)

P)ar—o)
0,

) (a*—a?) >0,

az(d@*—f*) >0,

= (a2— d2) (b2— f?) (@2 + b2+ @+ f2— 2c’—e’)

— (@2 — c?) (62— f2) (a3 o2+ 62+ f2—
> (a2 — d2) (b*—f?) (a®-+ b2+ 42 — 203__61)__
— (a®— 0?) (62 — f?) (a7 + 62+ 62— b2 2d?)
> (a2— d?)(e*—f?) (a2 — %) —

— (a2 — %) {e*— f2) (4P — b2t 02— d2) >0,

— 2d2)
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%(DM—DG) = %(-Dlv—Da)_%‘(Ds”‘Da)
= (62— f2) (b2 — d%) (@2 D2 - d2 |- f2— 203 — %) —
— (62— @2) (e — f2) (62 d2+ 62 | f2— a2 — 2b?)
> f2(ad— f2) (b2 — %) — f* (62— %) (62— f?) > 0,

‘L‘(Dw"“Ds) = '&(Dm"’ps)”‘" %(Do"‘])s)
= (a%—f2) (6 — d?) (a2 62 |- g2 | f2— 2b2— 02) |-
+ (a2 — %) (D2 — 0%) (a% - b2} ¢%-|- ¢2-- 244 — %)
> — (a2 —f2) (63— @%) (b2— %) |- (a%— 02) (b2 ) (a2 — ) > 0.

The present results can be found in table IV. Thug the re-
lation T',; > Ty is indicated by a black mark at the place (15, 3). From
the above inequalities other relations can be derived. Thus from Ty > 1y,
Ty >Thy, Ty >Ty; follows Ty > Ty, This relation iy indicated in
table IV by a cross at the place (28, 11). The above relations and those
directly derivable from them are the only possible inequalities. All other
couples are incomparable. Counterexamples are given in table IV and
table V. So a 7 at the place (24, 15) in table IV signifies that in column
7 of table V there is an example of a tetrahedron for which 41,5 = 609
> 608 = {D,,. Since in the example of table IIT we have Dy > Dy
the tetrahedra 7'y, and 7,, are
incomparable.

Table IV containg also zero
marks, grouped in square blocks
of four. To explain what they mean
we have to go back to table II,
There we listed 15 coefficients u;
oceurring in the third degree poly-
nomials 4D;(t) which arise from.

If we can find numbers «, 8,
yyewith a>f >y >80 >e>0
guch that w; > uy, ¢ >j, we have

Fig. 1 an examploe that both elements of

the couple Ty, Ty, aro incompa-

rable with Ty and Ty_,. They are even incomparable if wo rogtrict
ourselves to sextuples which are completely tefrahodral. For if wo take
¢t very large, all edges have nearly the same length; thus thoe set is
completely tetrahedral. In section II we showed that the term. b Was
the only non-congtant term which was different in D, and Dy . Therefore

TETRAHEDRAL SEXTUPLES 259

from u; > w; follows Dy;_y << Dyy < Dyy_y < Dy Figure 1 gives the lattice
of the couples C; = (T, Toi_y), Where we now define Oy >0 if py < yy
for all quintuples a, B, ¥, 8, &. Again, if there are quintuples a, 8, y, 6, ¢
such that p; > p; for ¢ >j, we call 0; and O; incomparable.

The inequalities in table IT give the lines in fig. 1 which are paraliel
to the short sides of the parallelogram. R

To prove the other inequalities given in fig. 1 we have to con plete
table II by

TABLE Ila

pi—y = (a—8)(B—y) >0 pr —fo = a(0—¢) >0
pa— s = (a—e)(f—yp) >0 s — gy = (a—p)(0—¢) > 0
pa—ps = a(f—y) >0 do — 1z = (a—y){d—e) > 0
pa—pn = (@—B)(y—0) > 0 0= pyg = e(a—8) > 0
s —pg = a{y—28)y>0 forg— g = E(u—yp) > 0
Us—py = (a—e)(p—38) >0 Hys— s = ela—f) > 0
s — o = {a—B)(y—e) >0 ts — sz = y(a—pf) >0
fa—ps = (a—8)(f—0) >0 Hy —piag = 0(a—p) >0

To prove that the system of relations is exhausted by those given
in fig. 1 we have to prove Oy L0y, 031 Cyo, CsL 01, 051 0y, 015104y,
where C;IC; means that C; and C; arve incomparable. These relations
follow from

py — iy = a(f—0)—y(f—e) <0
for a= 6,f8= B, y=4,0=23,e=1;

ts — o = pla—y)—ela—8) <0
for a=11, =10,y =9, 6 =8, e =T;
g — 1 = aly—e)—6(f—e) <O
for a=10, =9, y=4, 6§ =23, 6 =2;
s —pag = 6(a—e)—f(y—e) <O
for a=6, =5, y=4,0=2,¢e=1;
pra— s = e(a—y)—d8(f—y) <0
for a=6,f~=5, y=4, 6=3,e=1.
From C,1C, follow 0,10,, 0,10, C;10C,, C;1C,;, C310,.
From 0,10, follow C31C;, GOy, Cy L Cyq.
From Oy L0y follow 010y, CyI0y;. .
From Cg 10y, follow CgI 04y, Oy Cyg, Oy 1045, Crp T 0. ‘
From 07;]:01 follow TziI.ng, 1‘21’.—1:[1]27‘7 TziITZ:/'—U —TZi—lITzi-—l-
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Then in table IV there are marks 0 at the corresponding places.
We have proved that table IV gives the whole system of inequality rela-
tions and incomparability relations between the tetrahedra. For the
inequality relations the corresponding graph is given in figure 2.

Tig. 2

HIb. Semi-order in completely tetrahedral sextuples. In table IV
there are 11 places marked 10 or 11. These are the places (30, 12), (30, 18),
(29,9), (29,11), (29,12), (27,11), (24,12), (24, 18), (28,11), (23,12),
and (17, 11). They refer to column 10 and column 11 in table V, where
the corresponding sextuples are seen to be incomplotoly betrahedral.
In this seetion we are going to prove that the schemo of relations for
completely tetrahedral sextuples can bo obtained from. table IV by paint-
ing all these places black. Then the corresponding graph becomes that
of figure 3.

From (1) we have:
1Dy = a®2(e+ 424 62+ fi— g2 — h2) — 62(0% — d%) — @2 (02— f*) —

— 03(0% — ) (82— 6%) — (D% — ) (08 — &) (62— f2)
— (@ =) (0 — %) (o2 — ).

icm
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In any case }D; < a®?(c2+ d2+ 6?4 f—a?—b?). Now

J(Dyu—Dy) = (02— %) (a2 — o9 (2D — a?— *—d2—¢?),
3(Dya—Dyg) = (02— e?) (a?— ) (2b*+ f2— a2 — 62— @2 — ¢?),
}(Dyg—Dyy) = (di— %) (a2— %) (2024 ' — a* L 0 — 2 —e?).

If 20+ f2—a2—c2—d>—e® >0 it follows b2 >e2+d?, a® >e24-f2,
from which it is directly seen that D; < 0. Hence, for completely tetra-
hedral sextuples, we have Ty, > Ty, Ty > Ty Ty > Ths, and conse-
quently also Tps > Ty, Tay > Taay Tao > Thyy Ty > T4y. Further

3} (D1a—Dyy) = %(Dlz“Dze)+%(Daﬂ_Dzs)
= — (a%—~ b2) (0% —J2) (a2 + b2 4 0% f2 — 242 — %) +
+ (52— d2) (0? — 6%) (202 f* — b2 — 02— 4% — 6?)
(5% — d2) (02— 62) (b2 f2— ¢ — @2 — 6®) —
— (a2 —bB){(c®—J?) (a2 — b2+ 62— e f2) - 2 (b2 — %) (6% — f2)}
< (b2— d2) (02— e2) (b2 + f2— 0> — d2— ¢?).
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TABLE IV
TABLE V
8 9 101112 1314 151617 18 19 20 2122 23 24 25 26 27 28 29 30 L1233 ]afs]e]7][s]o9 10 11
11 a,b |20,19]20,20| 5,4 |20,20|21,1029,11| 15,8 |10,10| 7,7 6,6 11,11
11 e, d |19,19|12,12| 4,8 |12,11] 9,9 |1L,10| 7,7 |10.8 | 6,6 3,2 5,5
1 ef | 9,8 (12,7 | 3,2 {117 | 8,8 |10,10| 7.6 | 83 | 32 2,2 3,3
1 1
M e 1 |4301| 900| 52 | 205| 627| 309 | 473 | 608 | 105 | —110 | —702
o o 9 |4301| 900| 53 | 205] 627| 309 | 478 | 608 | 105 | —110 | —702
232 3 13861 900| 52 | 208| 609 309 | 473 | 608 | 57 | —110 | —770
: 5 s 4 |3071| 900| 53 | 205 620( 309 | 473 | 608 | 57 | —110 | —770
6 m 5 3861 | 900 51 129 | 609 | 309 | 473 | 598 57 —110 — 770
6 |3071| 900| 51 | 120| 620] 309 | 473 | 598 | 57 | —110 | —770
2 7 | 4301 8012 52 |2653| 927| 300 | 609 | 608 | 128 22 126
8 | 4301|3332 | 53 |2041| 927] 309 | 617 | 608 | 124 22 126
9 |3861|3012| 52 |2653| 895| 309 | 609 | 608 | 93 22 46
10 | 3971|3332 | 53 |2941| 919 309 | 617 | 608 | 109 22 142
11 | 3861|3202 | 51 |2833| 895/ 309 | 608 | 598 | 92 22 46
12 | 3971|3202 | 51 |2833| 910 300 | 608 | 598 | 107 22 142
13 | 43013012 | 61 |2653| 927| 867 | 609 | 608 | 123 22 126
14 | 4301 {3332| 61 |2941| 927 867 | 617 | 608 | 124 | = 22 126
15 | 3861|3012 | 61 |2640) 895| 841 | 609 | 650 | 93 18 46
16 | 3971|3332 65 |3045| 919| 860 | 617 | 678 | 109 34 142
17 | 3861 |3202| 61 |2896| 895| 841 | 608 | 650 | 92 18 46
18 | 3971|3202 | 65 |3013| 919| 860 | 608 | 678 | 107 34 142
9 19 | 4181|3012 | 61 |2653| 1148 | 867 | 809 | 608 | 93 22 46
8 20 | 4181|3332 61 |2941| 1161 | 867 | 617 | 608 | 109 22 142
7 21 | 41813012 | 61 |2640| 1148| 841 | 609 | 650 | 93 18 46
6 22 | 4181|8332 | 65 |3045| 1161 860 | 617 | 678 | 109 34 142
5 23 | 4181|3292 | 61 |2896) 1147| 841 | 608 | 650 | 125 18 130
4 94 | 4181|8202 65 |3013| 1147 | 860 | 608 | 678 | 125 34 130
3 25 | 4180|3292 | 63 | 2833 | 1148 | 867 | 713 | 598 | 92 22 46
2 26 | 4180|3292 | 63 | 2833|1161 | 867 | 713 | 598 | 107 22 142
1 27 | 4180|3292 | 65 | 2896 | 1148 | 841 | 713 | 650 | 92 18 46
28 | 4180|3202 | 68 | 8013|1161 | 860 | 713 | 678 | 107 34 142
20 | 4180|3292 | 65 |2896| 1147 | 841 | 713 | 650 | 125 18 130
. Thug if D,, > D,, we have 3412 > 0t @2+ 6%, and Dy < 0. Hence, 30 | 4180|3202! 68 |8013| 1147 860 | 713 | 678 | 125 34 130
or %’;I;iﬂiggl};aiztmhedml sextuples, Ty > T, and Ty > 1y, Thus again, if Dig—Dy, >0, then Dy < 0. For completely tetrahedral
sextuples Ty > Ty

Tt remains to prove Dy < 0 if Dy > Dyy.

3{(Dg—Dyg) = %‘(Dn—DmH‘ %(Dlo—Dao)
= — (0t — o) (b — o) (d — f) —

%(Dla“Dso) = %(‘Dls"DZB)'}' %(Das"‘Dan)
= (a2— bﬁ)(dz-fﬁ) (202 02— @2 — P2 — A f2) -

+ (b2 — o%) (@2 — ¢?) (20242~ b2~ g2 — 2 — 2) — (a%— d%) (c*—f2) (0% 6%+ A% f2— 2b% — ¢?)
= (b2— 02) (42— ¢?) (b2 f2— 0% — g2 — g2) — = (b2— d@2) (02 — d2) {2 — 02 — A%+ 62— f2 (0 — f2) (02— a1} —
— (@ = Y@ =) (a2 — bt 6 ) 4 2 (02— o) (2 1) — (aF— b3) (¢ — %) (02— D2 0P — o+ ) —

< (B0 ) (@2 ) (b4 2 02— G 3). — (@ B2) (B 2) (82— 1) — (b2 — %) (@ — %) (82 — ..
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Thus if D, >—Dan; then b2+ 62 > 0% dﬁ_(_lfﬁ, A= (02_f2)(02_dz)_1
>1. In that case
4D = bi(c?+ A2+ 2+ f2— 2b%) — b2(a?— b%) (% + 2b% — 02— 2 — 62— f2) —

— (b2 — %) {0* — d%) (62— f2) — 62 (0% — )% — d* (2 — f2)2 —
— (a®—f2) (62— d*) (62— f*) — a*(e* — f*) (d*— ¢7)

< bA{o2 d2+ 62 f2—2b%).

Thus from Dy > Dy and Dy >0 it follows 3e* > o*-- 42 (24— 1) f2,
whence e2—f2 > ¢2—d?, from which 1 > 2.

Sinee b, ¢, f are sides of a triangle, they satisfy b2—e2—f2 < 2ef.
Now take f =1, d2 = €2+ 8, ¢ = e2+y, b2—¢?—1 = f. Then § < 2,
further 8>y 4 6+Ai—1 =y 64 (€24 6 —1)(y—8)"1 > 26-|- 2 (62 6 — 1)~
TFrom 26+ 2(e2+86—1)"2 < < 26 follows 0 <1, and even 6 < ¢—
—(e2— 1) = {e+(e2— 1)1 From p >2(e*—1)"* follows B = 26— 0,
0 < {e2— 1), From y— d+ (e2+ 8 — 1) {y— 8)~1 < 2¢— 24 follows (y — 8)2~—
—2(6—8)(y—08)+(e— )2 < 1—0--062—260 <1, or e~1<yp<etl
From e* >y 6+(2A—1) >e+2 follows ¢ >2, § < 2—38"% 0 < 312
If we now compute 3D, for a? == b2 = (¢--1)2— 0, 6 == e2--¢--{, d* =
= ¢24- 0, || <1, the vesult is }D; = —4e*—pe®-qe*-+-re-|-s, where

p=16—90—55—4f >24+2-3'" >5,
q = 240—20-4118+8,—802— 82— {2— 80— 200—2{0 < 3,
r = 196—8-50-+-2L—1102—660—~4L0-4-20,+ 2 < 0,

s =1.

Hence 4Dy < —4et—Dbe+3e*+1 < —91 for ¢ > 2.

REFERENCES

[1] L. M. Blumenthal, 4 budget of curiosa metrioa, American Mathematical
Monthly 66 (1959), p. 453-480.

[2] F. Herzog, Completely tetrahedral sewtuples, ibidem 66 (1959), p. 400 464.

3] H. Steinhaus, Problem 309, The New Scottish Book, Wroctaw 19461958,
p. 33.

Regu par la Rédaction le 5. 6. 1961

93 © -
EM corLLoQUIUM MATHEMATICUM

VOL. IX 1962 FASC. 2

TRANSFORMATIONS OF COMPLEX SERIES
BY

B. JASEK (WROCLAW)

Even the most recent editions of the book “Theorie und Anwendung
der unendlichen Reihen” by K. Knopp do not mention certain problems
concerning rearrangements and some other transformations of complex
series, in particular, problems that have been solved since the first edition
of the book had appeared. The intention of the present paper is to give
a review of recent research in this domain and of its bibliography.

I. INTRODUCTION

1. Notation. Let § denote a geries S = 2;-+#,+ ... We assume
that the sequence {2,} (2, = w,+ 1y, for n = 1,2,...) contains infinitely
many terms different from 0, and that its limit equals 0.

A sequence differing from the natural sequence 1, 2,3, ... at most
in the order of terms will be called a permutation and denoted by N == {N,}.

By ¢t we denote a sequence t = {t,}, each term of this sequence being
a number of a fixed set of complex numbers T.

By St we mean the series St = ;2,4 t5%-F...

S(N) denotes a series which arises from the series § by rearrangement
of its terms according to the permutation .

Complex numbers will sometimes be treated as vectors and vice
versa; the double notation, however, will not be introduced.

The “ordinary” complex plane will be denoted by H.

A space obtained from the plane H by joining to it a point at in-
finity will be denoted by H'.

H* will denote a plane H with joined elements of the form (oo, ¢),
for which we assume |(co, ¢)] = oo, and arg(co,p) = ¢, where 0 < ¢
< 27. By the neighbourhood of a point z,¢ H* we shall mean the interior
of every circle with positive radius and centre at point 2, if |2, << co.
In the opposite case, by the neighbourhood of a point z,¢H* we shall
mean the set A(z,,¢) of elements satisfying (for ¢ > 0) the condition
1/e < |#] < oo and |argz—args,| < e. It is easy to check that in the to-
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