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REMARKS ON FIXED POINT THEOREM
FOR INVERSE LIMIT SPACES

BY

J. MIODUSZEWSKI axp M. ROCHOWSKI (WROCEAW)

1. Introduction. A topological space X has the fized point property
(FPP) if for every continuous (single-valued) function f: X — X there
exists a point #*¢X such that f(#*) = #*. Let us consider an inver-
se system {X,,n), M} of spaces and functions (see [2]), where
7yt Xy — X, m = n, are continuous and onto (ny i the identity), and
m, neM, where M is a directed set. The inverse limit X = lim {X,,, )y, M}

consists of all points # = {w,}, meM, for which =} (v,) = ®,. Let m,:
X - X, be projections, i. e. functions defined by =,(#) = x,. We sup-
pose that X, are polyhedra (') and we consider the following question:
under what conditions concerning the inverse system the inverse limit
space has FPP. In this paper some sufficient conditions will be given.

It is known that the snake-like continua, i.e. continua which are
inverse limit spaces of arcs, M being the sequence of natural numbers,
have FPP (see [4]; in [7] a more general result is given, namely for some
class of multi-valued functions). We investigate the FPP in a more
general situation and the fixed point theorem for snake-like continua
is a special case of our theorem. But we do not know whether it is
possible to obtain in that way fixed point theorems (if they are true)

for so called tree-like continua (i. e. continua which are inverse limit

spaces of finite dendrites, M being the sequence of natural numbers)
and for continua which do not separate the plane.

We say that the inverse system {X,, n,, M} has the special inci-
dence point property (SIPP) if for every continuous (single-valued) func-
tion f: X, - X,, m >n, there exists a point =, such that f(z})

m * B
= 70, (Tpm)-

(*) This makes no restriction for the investigation of FPP on compact metric

spaces, as every space of this kind is an inverse limit of polyhedra with projec-
tions onto [3].
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We shall uge the following property of inverse systems of poly-
hedra (Theorem X.11.9 of [2] with Lemmas X.3.7 and X.3.8):

(1) Let Y be a polyhedron. Then for every continuous function f: X - ¥
and  every moel there emist an m, m =my, and a contin-
wous function fr: X — ¥ such that for every xeX the values f(w)
and fom, (@) le in the same simplex of Y, in other words, such

that the diagram
N
X, «—X

T,
18 “nearly commutative”.
Let M be a directed set. A net in X with respect to M, in gymbols
{@m)ar, 18 a function a: M — X, a(m) = &,. A point #X is said to be
the limit of {%y}ar, in symbols = lims,, if for every neighbourhood U

of & there is an mqeM such that if m > m,, then @, ¢ U. A subnet of {24}
is 2 net {#},}s, with a function g: M’ — M having the following pro-
perties: 1° Tpuny = @, 2° for every meM there exists an myeM’ such
that if p’eM’ and p’ > m,, then p(p’) > m. It is known (see [5], p. 136)
that if X is a compact Hausdorff space, then for every net there exist
2 subnet and a point of X which is the limit of that subnet.

We shall consider in the sequel nets {0} whose values C,, are com-
pact subsets of X. Suppose that

(i) for every finite open covering {U;}, 4 =1,2,..., %, of X there
is moeM such that if m = m, then C, lies in some U;.

Choose in every (,, a point &, and consider a point ¥<X and a sub-
net {@,)ur of {@w}a With @ = ]Jlénw;n We prove that

(i) the limit does mot depend on the choice of @y i Cp = Cymy).
To prove this consider an open finite covering {U;}, i =1,2,..., k,

of X such that z<U, and such that there is a neighbourhood ¥ of .

having no point in common with U; for ¢ # 1, Since # = lima),, then
M

there exists an mqeM’ such that if m’ > m, then #, V. By (i), there exists
an m,eM’ such that if m’ > m, then O, lies in some U;. Let mgeM’
be greater than m, and m,. Hence for m' > m, we have Cp.C Uy,
because C,, ~ V %0 and V C U,. Sinee the neighbourhood U, of
2 may be arbitrarily chosen, (ii) is proved.

2. The multi-valued functions F,,. Let X = lim{X,, n,, M} and
Y = lim{¥,, oy, N}. Let f: X - ¥ be single-valued function. Consider

icm
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the multi-valued functions (!) F,: X, — Y, defined by

(2) an(wm) = ﬂ'nfn;tl (mm) for
‘We have for every m’,m'’ e M and n', n'"eN,

B, sXm .

Frns) = 0% P (A7) 1) 0T Bppe € X

Note that if ) are continnous, then (7})~! are upper semicontinuous
(see [6], II). Therefore, if f is continuous, then F,, are upper semicon-
tinuous.
Let Uy, U,, ..., Uy be a finite open covering of X. Then
(8)  There emists an myoeM such that if m > m,, then cvery set ;' (%n),
By eXy, les in some Uy, i =1,2,...,k
This is a consequence of lemma X.3.7 of [2].
From (1) and (3) it follows that
(4) For every neN and m,eM there exist an m = my, and a continuous
(single-valued) function fu,: X, — ¥, such that the values fip,(%n)
and B, (%,) le, for every x,, e X,,, in the star of the same vertes of ¥,.

Proof. Consider the finite open covering of Y, consisting of stars
of vertices of ¥,,. Let U,, U,, ..., Uy be a finite open covering of X such
that every ¢,f(U;), ¢ = 1,2, ..., k, lies in the star of some vertex of ¥,.
Let m,eM be such that m, > m, and every ;) (w,) lies in some U;,
$=1,2,...,k if m' > m,. Such an m, exists according to (3). By (1),
for f = o,f, there exist an m, m >m,, and a continuous function f,,:
X = ¥, such that o,f(z) and fp, 7, (z) lie in the same simplex of ¥,
for every # ¢ X. We see that if 4, ¢ X, then fo,wnan (%) and o,f75 (@)
lie in the star of the same vertex of Y,. But we have fu,(#,)=
Frn®mstn (@) 0L Fonp (@) = opfrm’ (@), Thus (4) is proved.

3. The fixed point theorem. Let {X,, z,, M} be an inverse system,
where X, are compact polyhedra and =, are continmous and onto.

TuEOREM. If {X,,«), M} has SIPP, then X =lim{X,,x}, M}

has FPP,

Proof. Let f: X —+ X be a continuous (single-valued) function. Let
Fon: X — X, be multi-valued functions defined for f by the formula (2)
for X = ¥. Consider an element neM and the element meM, m > n,
for which (4) holds (for X = ¥, M = N and » = m,). According to SIPP,
there exists a point ), eX, such that
(5) (@) = Fn(ah),

where fun: X, — X, is the function whose existence was shown in (4).

(1) See [2], where Fp, are defined for multi-valued functions F: X — ¥.


GUEST


70 J. MIODUSZEWSEKI AND M. ROCHOWSKI

Consider the compact sets O, = =, (25). Here m depends on
and {Cp,)ar is & net whose values are compact subsets of X. According
to (3), condition (i) holds. Hence let us consider, according to (ii), a subnet

[Omiw}arr 08 {Cmnar and a point 2*eX such that o* = h;;nm,;m, for
, , .

every net {%pm)ar, wWhere @ €O,

fact, we have

We prove that f(z*) = a* In

(6) 7 f (Cmn) = 77‘71..775771 xm) =T mn(mj;n),
7 (Con) = 90,70, (m;‘:t) = n?bl(wm)

By (4) and (5), the values F,y,(2y,) and «;'(«7,) lie in the star V,,, of

some vertex of X,. By (6), the same is true for =,f(C
(7) fa(‘amn) © O C 7‘;;1 (Vinn) -

Assume that the triangulations of X, arve such that {m; (Vi) u
form a net having propetdy (i) of § 1 (see Lemma X. 3.7 of [2]). Consider
the subnet {m;'(Vipw)lar- Lot {#emtar be a net such that @, eChn. .

Hence, by definition of M’, limay,, = z*. Since {m;'(Vym)lar has
M
property (i), themn, by (7) and (ii), we have Hm{&,m,}y = @* for every
M.

wn) A0 70, (Cr), 1. €0

net {Eplar With & emy' (Vo). In particular this is true, according
to (7), for {f(wj,,,n,)}n,, Hence, by the continuity of f, we obtain (see
[‘)] P 86) f f hnl’l;m'n' = lj_-‘llnf(m;n'n’) ="

4. Remarks. We do not know whether the theorem is true under
the hypothesis that every X, has FPP. If #) are not onto, it is not true
because there exists a continuum (see [1]) which is the common part
of a decreasing sequence {@,} of solid spheres in B2, which does not have
FPP. Such a continuum may be considered as the inverse limit of
{Qn, 7}, where = are inclusions.

However, we have the following

COROLLARY. Let {X,,, sy, M} be an inverse sysiem such that
1° {X,} 4s an increasing sequence of compact polyhedra with FPP,
2° m are aetmmons, B 6. T (@) = 2y if BpeX,C X

Then X = lim{X,,n,, M} has FPP.

Proof. It is sufficient to show that {X,,m,, M} has SIPP. Let

f: X, - X,, m>mn, be a (single-valued) continuous function. Consider

=flX, and a7 =y |X,. We have f(X,)c X, and a'i(a,) = &n

for ,, X, ¢ X,,. By FPP for X,, there exists a point 2} X, such that
Fzh) = o Hence we have f(ay) = oy (wh).
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