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2° It follows from Grothendieck’s result quoted above that there is
no linear continuous mapping of m onto ¢,. Moreover, every linear map-
ping of m into ¢, is compact.

P 351. Let ¥, <X, < §. Does there exist a linear mapping of m(S)
onto its subspace m(S|X,)? (We recall that m(8|8,) denotes the space of
all functions f(-) in m(8) such that {seS: |f(s)] > ¢} < §;, for any & > 0.)

We note that there is a mapping T of the space m(S) into m(8|R,)
such that

U {se8:(TH () > 3) > M.

fem(s)
This may easily be deduced from. the foilowing result comunicated to us
by prof. C. Ryll-Nardzewski:

Let § = ¥,. Then, under the assumption of the continuum hypothesis
there exists @ fam'ily (Va)aea (@ = Ry) of findie-additive set functions with,

{aeas v (4) ;éO} R, for any 4 CS8. *

8° It is interesting to compare our result with the following genera-
lization — due to Griinbaum [4] — of the theorem of Sobezyk [8] con-
cerning projections onto ¢,.

Let § =8, > Ry, lot the space m(S|R,) be isomorphically embedded
into a B-space X and let the quotient space X/m(8|¥,) contain a dense
get of cardinality < §,. Then there exists a projection of X onto m (S|N,).
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ON BOUNDED SETS IN F-SPACES
BY

{*. BESSAGA axp 8. ROLEWICZ (WARSAW)

A subset Z of a metric linear space X is called bounded if
limsup (0, tx) = 0. If every bounded subset of X is compact (i.e. its
0 xeZ

closure is compact), then X is called a metrisable Montel space.

J. Dieudonné [2] proved that every locally convex metrisable Montel
space is separable. Using the .continuum hypothesis Diendonné showed
in his paper [3] that there is & non-complete locally convex linear metric
space which is not separable but every bounded set in this space is sepa-
rable.

In this paper we prove that Diendonné’s theorem on the separabi-
lity of Montel spaces is valid in the case of arbitrary metrisable Montel
spaces; we also give an example of a non-separable complete linear metric
space in which every bounded set is separable. The construction of this
example is also based on continuum hypothesis. The problem whether
there exist B-spaces (i. e., according to [5], locally convex complete
metrie linear spaces) having this property is still open.

1. TesorEM. Bvery meirisable Montel space is separable.

Proof. Let X be non-separable linear metrio space and. Z an arbi-
trary uncountable set in X, such that

(1) 0(2,2) =206 >0 for z,2eZ, z#£7.

Let us define the sequence of quasi-norms (Hyers [4], see also
Bourgin [1] and Rolewicz [6]) by

[#], = inf{t >0: ¢(0,1r) = 1/n}, @eX.
It is obvious that a set 4, 4 C X, is bounded if and only if

(2) ' sup[a;]n <o (n=1,2,..).
Since Z >¥,, we can find such M, >0 that Z, =Z~ {weX:
[#]; < M,} is uncountable. Further we can define by induction a sequence
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of-set§ Z D Z, D Z,... and a sequence (M,) of positive numbers in such
a ‘way that

Z,>%o, sup{[oliweZy,i=1,2,..,0) <M, (n=1,2,..).

Let us choose a sequence (2,) with 2, €Zy, % 7 2 for ¢ ¢ k. We have
suple, e < sup{ My, [oule, -0y [k} < 00 (B =1,2,...); therefore, ae-
cording to (2), the sequence (z,) is bounded. We conclude from (1) that
the set {z,} is not compact. Hence X is not a Montel space, q. e. d.

2. Example of a non-separable complete metric linear space in
which every bounded set is separable. We shall need the following
LevMA. Under the assumption of the continuum hypothesis there
ewists such an wncountable family {f;} (A runs over an abstract set A of indi-
ces) of real nmom-negative concave continuous Sunctions vanishing at ¢ = 0
that no uncountable subfamdily {f,), x<K C A is equicontinuous at the point 0.
Proof. Let E be thé space given in Diendonne’s 3] example, let
(Iln) be the system of homogeneous pseudonorms determining the topo-

logy of B and let o(2,9) = 3 lo—yl,/[2"(1+ jo—y],)]. Obviously for -
=1

every seE the function g,(f) = o(0,1x) is continuous, concave and
vanighing at ¢ = 0.

Since ¥ is not separable, there exist 6 >0 and an uncountable set
{1}y Aed, such that o(e,, e,) > 6 for 1 % A'. Put

fi(t) = ¢(0, to).

The family {f;}, e, has the required properties.

In fact, if a subfamily (f}, xe K C 4, K > &, were equicontinuous,
then the set Z = {e,: <K} would have to be bounded, which would con-
tradict the properties of the space B.

Example. Let {f;} be the family of funetions mentioned in the
lemma. Let X be the set of all real functions @ = 2(4) such that

Aed:a(@) #0} <%, D'flo(A)) < oo,
ded
congidered as a linear metrie space with the metric
ela,y) = 3 fllo(a)—y ().
g4 )
It is immediately seen that X is a complete and non-geparable

space. We shall prove that every bounded set in X is separable. Let Z
be a non-separable set in X. Let

4y = Ufhed:0(2) 0.

iom
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Sinee Z is non-separable, 4, > X, and for some s >0 the set
Az = U {led: [B(2)] > &}

2eZ
is uncountable. Hence the functions f,(f) (AeA%) are not equicontinuous
at zero, therefore there exists a 6 > 0 such that

0 < 8 < limsup fi(te) <limsupsup filtlz(1)]) < lmsup o(0, tz).
>0 e A} L0 x6Z e ASZ 0 zeZ

That means that the set Z is unbounded, q. e. d.
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