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On a classification of denumerable order types
and an application to the partition calculus

by
P. Erdés and A. H:;jnal (Budapest)

1. Introduection. In this paper we are going to give a classification
of denumerable order types, namely we are going to prove that every
order type of a denumerable set which does not contain a dense subset
can be built up from the order types 0,1 by a transfinite induction process
taking at every step the so-called w-sum and w*-sum of order types
previously defined. Thus every order type @ of such kind can have an
ordinal number ¢(0) less than w,, called the rank of 0, associated with
it — and several properties of denumerable order types can be verified
by carrying out a transfinite induction on p(©) (1).

As an application of the above-mentioned result a problem in the
partition calculus for sets will be solved. Finally we are going to state
some unsolved problems concerning non denumerable types (2).

2. Notations. Definitions. We are going to use the usual no-
tations of set theory and we list only those where there is a danger of
misunderstanding. '

Capital Roman letters denote sets, #,v,..., a, b, ... denote elements
of sets, «,f8,y,¢,7,... denote ordinal numbers, @, p,d denote order
types, «, k, I denote non-negative integers. No distinction will be made
between finite cardinal numbers and ordinal numbers.

n will denote the type of rational numbers ordered according to
magnitude.

X, denote the cardinal number of X and ¢ respectively.

If § is a set ordered by a relation R, then for an arbitrary pair
@,y e8 “o is less than y” will be denoted by z < y(R) and the order
type of X will be denoted by X(R). If there is no danger of misunder-
standing (R) will be omitted. ‘

(1) This classification seems to be so simple and natural that probably it is already
described somewhere in the literature; however, the authors have been unable to find it.
Therefore it seems worthwhile to give the proofs in detail.

. (*) For another application of the classification see [1].
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It an ordered set of type @, contains a subset of type @, we briefly
write 0, < 6.
If § is a set ordered by the relation B and 4, BC 8 then 4 < B(R)
denotes that
a<b(R) for every pair acd, beB.

DeriniTioN 2.1. Let Z be a set Z = ¢(T) and let @, be defined

for every zeZ. We define © = 3 0, as usual in the following way.
zeZ

Ee‘u 8z be a system of disjoint sets ordered by the relations R, such that
Sz = Oy(R;) for every x e Z. Then @ is the type of the set § ={J §,

xeZ

ordered by the following relation R.

Let a,be8, aelS,;, bely, a<b(R) if and only if either @ < y(T)
or x =y and ¢ < b(Ry).

It is well known that @ depends only on the ordered set Z and on
the function 6,.

6 will be briefly termed a sum of type ¢ of the @,’s.

If p = 0 or p = w* we may denote the 0,’s by @, and we can speak
of the w-sum or w*-sum of the sequence (@n)n<,, which will be denoted by

Oyt ..4On+..., .. +Op+..+6,, respectively.

Remarks. 1. If @, =y for every zew, then @ depends only on ¢
and y and will be denoted by v-¢, as usual.

2. Note that some of the 0,’s may be equal to 0, and thus, e.g.
o < Oyt ...+60,+... does not follow from Definition 2.1.

Now we are going to redefine the partition symbol defined in [2]
in the special cases needed for our purpose.

Let [X]" denote the set {¥: ¥ C X and ¥ = m}

DEFINITION 2.2. @,-(0,, @) indicates that the following statement
is true.

Whenever § is an ordered set, § = @, and [8]? = I, u I, is a partition
of the set [§]% then either there exists a set 8'C 8, 8§ = @, such that
[8'® C I, or there exists an 8''C 8, §" = @, such that [8"EC I,.

6, -+ (0,, 0, denotes the negation of the above statement.

If my, my, my are cardinal numbers, then the symbol My —> (Mg, Mg)?
has a similar self-explanatory meaning.

. However, in this paper we are going to deal with the case when
types and cardinals may appear in the same symbol.

Derivirion 2.3. Let @, @, be types and let m be a cardinal number.

@—>((~)1,m)2 indicates the following statement. Whenever & is an
ordered set, § = 6 and [§P =I, U I, is an arbitrary partition of [87?,
then either there exists an §’C 8, §' = 6, such that [S'RC I, or there
exists an 8" C 8, §' =m such that [8"RCI,.
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0 > (6, m)® indicates the negation of this statement.
The symbol just defined has the following obvious monotonicity
properties

0->(0,,m)* implies 6'—(6O;,m)® for every 6 <6,
O—(0,,m)* implies O-=(O;,m')? for every ;1< 6, m' <m.

3. Classification of the denumerable order types. Let §
be an ordered set ordered by the relation R, and let a < b(R) be two
arbitrary elements of S. (a,b)(R) denotes, as wusual, the interval
{z: ¢ e Sand a < x < b(R)}. The ordered set S is said to be dense if (a, b) = 0
for every pair a << b ¢ 8. The order type O is said to be a discrete type if
8 = @ and § does not contain a dense subset.

Let 4 denote the set of all denumerable order types and let Ap be
the set of all discrete denumerable order types and put dg= A4—Ap.

Considering that every denumerable dense set is of type #n, 1+,
n+1, or 1+7+1, the following statements are immediate consequences
of the above definitions.

3.1. If O e 4 then ©eAp if and only if 1L O and O ¢ Ag if and only
if 9<0.

Now we are going to define a class O of denumerable order types.

DEerFINITION 3.2. We define the classes O, for every o < w; by trans-
finite induction on ¢ as follows. O, consists of 0 and 1. Suppose that O,
is defined for every o’ < ¢ for a g < w;,. Put @, = U Oy. Let O, consist

of the w-sums and of the w*-sums of the seqnencesq@ﬂ, ey On, ... satis-
fying the condition 6, ¢ @, for every n < w.

It is obvious that OG_C_...QOQQ w for p<w,. Put 0=1{J 0,.
Then there exists a least p << w;, corresponding to every O e Oe,qéluch
that @ € 0,. Put p = ¢(0) for this g. ¢(@) will be called the rank of ©.

The main aim of this section is to prove the following

THEOREM 1. The discrete denwmerable order types coincide with the
elements of O and the non-discrete ones are sums of type n, 1+, n+1, or
1+4+7n-+1 of non-vanishing discrete ones.

To prove Theorem 1 we have to verify the following statements.

3.3. 0 = 4p.

3.4. If O e Ag then there exists a function O, defined on a set Z of
type n (or 1+m, or y+1, or 14n+1) satisfying the conditions O # 0,

0,0 for every v e Z and O = ), @,.
z€eZ

Before proving these we need some further preliminaries.
3.5. Every order type O €0 of rank o(0)> 0 is either the w-sum or
the w*-sum of order types On e O of rank less than p(®).
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In fact, @Oy implies ¢(O) < o', hence the statement follows
from 3.2.

Considering that 0 and 1 are discrete types and that the w-sum as
well as the w*-sum of discrete types is again discrete, it follows from 3.5
by transfinite induction on ¢(6) that the elements of O are discrete types,
ie. we have

3.6. 0C 4p.

To prove the inverse inclusion we need another classification of the
elements of 4p.

Let § be a set ordered by a relation R.

DErINITION 3.7. The collection $* of subsets of S is briefly said
to be a splitting of § if it satisfies the following conditions:

Ux=8,
XeS*
and either X < Y(R) or ¥ < X(R) for every pair X = Y ¢ §*.

Then §* may be considered as a set ordered by the relation R*
defined by the stipulation

X < Y(R*) if and only if X < ¥Y(R).
Let S*(w) denote for every x ¢ § the uniquely determined element
of §* for which » e 8*(z).
Let 8t, 8% be two splittings of 8. 8 is said to be a refinement
of 8% if 8¥(x) C 8(») for every x e 8. 8f is a proper refinement of S¥ if
there is an « ¢ § such that S¥(z)C Siw).

DErINITION 3.8. Let (Sf)s<. be a sequence of splittings of S such
that 87 is a refinement 8, for every f < §' < a. Put Si(z) = U SE(x

Then the set 8%, which consists of all different Si(z)s, is a sphttnng of §
- called the sum of S}'s and every S8} is a refinement of it.

Proof. If §f(x) = Sj(y) for a B < a then Si(w)= Si{y) for every
B<p < a hence S:(m) = 8;(y). If 8j(w) +# Si(y) for every < a and,
for instance, # < y(R), then by 3.7,

Sh(x) < Si(y) for every f<a
Si(@) < 8i(y)(R)

DEFINITION 3.9 Let S8 be an ordered set.

Put N(2) = {y: (y <2 and |(yo)] < 8,) or (< y and |(zy)] < 8o)}.

It is easy to verliy from 3.7 and 3.9 that the set &', wh1ch consists
of all different N (w)’s, iy.8 splitting of § which satisfies §'(z (x) = N (»)
for every s ¢ 8, and it iy easy to see that

3.10. §'(z)(R) = N(@)(R) is o ¥, o* o, or finite for every w e S.

and thus
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Drerrnirion 3.11. Suppose now that § is a set ordered by R and
that 8* is a splitting of it. Consider the set §* ordered by R*. Apply to
it the operation defined in 3.9. Then we get & splitting 8*' of it: Define
the splitting 8 of § induced by 8* by the stipulation

S@y= U S84y

8*{y)e N(8~(x))

It is obvious that §” is a splitting of § and §* is a refinement of it.

On the other hand, it follows immediately from the definitions 2.1,
3.10 and 3.11 that

3.12. Under the notations of 3.11, 8" (x)(R) is an o-sum, an o*-sum,
an w*+w-sum or a finite sum of the order types S*y)(R) for S*y)
eN (S*(m ) .

DEerINITION 3.13. Let 8 be a denumerable set ordered by the re-
lation R, § = @ (R).

We are going to define a sequence S% of splittings of § for every
o < w, by transfinite induction on « as follows.

Define 8§ by the stipulation Si(z)= {z} for every z ¢ §. Suppose_
that 0 < a < o, and that 8} is defined for every f < a in such a way
that 87 is a refinement of S‘ for every 8’ < f < a. Distinguish two cases

(1) a=y+4+1 for a y <aq,

(ii) @ is of the second kind.

In case (i) let 87 be the splitting 8 of § induced by S} (defined
in 3.11).

In case (ii) let 87 be the sum of the splittings S5 (8 < a) (defined
in 3.8).

It follows from 3.8 and 3.11 that S} is a refinement of 8, for every
B < a in both cases, and thus S7 is defined for every a < o,.

Put ¢(0, a) = S5* (R¥) for every a < ;.

In the rest of this section S denotes a fixed, non-empty denumerable
ordered set, S = @ (R). We need the following lemmas.

3.14. If 87 = 8y11 for a y <, then either ¢(@,y) =1 or ¢(O,7y)
=7 (or 14+, or n+1, or 1+n+1).

Proof. By 3.13, 8., is the splitting 8" of § induced by S; defined
in 3.11. But then by 3.11

8= U Siy) for every meS.
S, eN(Sy@)

This means by 3.9 that in the ordered set.S}(E}), N (X) = {X} for every
X ¢8;. But then again by 3.9 either §} contains exactly one element or,
for every pair X <Y eS8}, (X, X¥) (R})| >8,. But this means that S is
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either of type 1 or dense, and——being denumerable—it is of type 5 (or
149, or 41, or 1+5-+1).
Now we prove that
3.15. There ewists an ordinal number y, < w, such that 8f = Sk ..
Proof. By the definitions 3.7 and 3.11 corresponding to every
element 2 of 8, §}(z) is a non decreasing sequence of subsets of §, and
thus—§8 being denumerable—there exists a y(2) < w, such that S} = 8*
for every y > y(x). Using again the fact that 8 < s, we infer that there
exists a y, < w, such that y, > y () for every @ ¢« § and consequently 8, ()
= Sy+1(x) for every xS, whence S = 8¥..
DerFiNiTION 3.16. By 3.15 we can make the following definition.
Let y(O) =y be the least ordinal number y < w; for which 8} = 8%,,.
- (@) will be called the order of .
Remark. It is obvious from the above considerations that S} is
a proper refinement of 8 for every f < a<y(0) and that S8}y, = 8
for every y > y(0). It follows that the sequence (@, y) is non-increasing
®(0,7) <90,y for y =4') but it is not strictly decreasing even it @
is an ordinal number. For example, put 6 = w®, § = W(w®). Then
7(w?) = o, plw®, w) =1 but ¢p(w?, n) = o for every integer n.
By 3.14 we have ¢(0,y(0)) =1, 5, 1+7, y+1 or 1-+7+1. Con-
sidering that 87(w) # 0 for every z ¢S, y < o, ¢(0,y(0)) #1 implies
© < 0. It follows from 3.1 that
3.17. If @ e Ap then ¢(0, y(0)) = 1.
Now we need preliminaries concerning the class O.
3.18. Suppose that Z =g, ¢ e 0, and Oy e O for every weZ. Then
60=230,¢0.
. zeZ
Proof: By induction on ¢(p). The statement is obvious for o(¢) = 0.
Suppose that it is true for every type ¢’ with ¢(p)' < o for a 0 < ¢ < ;.
Then, by 8.5, Z is either the w-sum or the w*-sum of the sets Z,
of type g, of rank less than g.
The types @, = ), O, then belong to 0 by the induction hypothesis

zeZ,
and O is either the w—"sum or the w*-sum of them, whence @ ¢ O.
3.19. a,a* € O for every a < w,.
Proof. By symmetry it is enough to prove this for «. We use in-
duction on a. 0 € 0 and if « > 0 then either « = 8+ 1 or « is of the second
kind and eonsequently is cofinal with w. Hence in both cages it is the

w-sum of ordinals less than « which belong to O by the induction hypo-
thesis.

Now we are going to prove that :
3.20. 4pC 0, (0, ¥(0)) =1 implies @ € O for every O e A.
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Proof. If O ¢ dp then, by 3.17, ?(0, ¥(0)) =1. We are going to
prove by induction on y(6) that ¢(6, y(@)) = 1 implies 6 ¢ 0. If y(0) = 0
then, by 318, S(R) = S}(R¥) =1, whence @ =1, O ¢ 0.

Suppose that y(@)=y >0, y <o, and that 6’ ¢ 0 for every O’
provided y(0') <y and ¢(@, 7(") =1.

We distinguish two cases: (i) y = +1, (ii) y is of the second kind.

Ad (i). 85 =1(R}). Hence S%xz) =48 for every ae4. By 3.3,
87 is the splitting 8" of § induced by the splitting 8} (defined in 3.11)
and thus

8 = 8}(z) = U Sy

Spu) e N(S3))

It is obvious that the order of the sets S3(y) ordered by Ris <p<y,
and thus _Sﬁ) (R) belongs to O by the induction hypothesis. Considering
that by 3.12 @ is the w-sum, the w*-sum, the ®*+ w-sum, or a finite sum
of them, © belongs to 0.
Ad (ii). 8§} = 1 (R}), whence by 3.8 and 3.13 § = 85 () :BU SE(m,)
<y

for an arbitrary fixed x,¢S. Considering that the order of every Si(xz)
is < f < a, we infer from the induction hypothesis that 8%(x,) (R) belongs
to O for every B < a. Put .

Ag={z: 8 and x <z, (R) and © € S5(z,)— U 83(m)},
8'<p

By ={2: zef8 and o> x, and x ¢ 8}(z,)— | 8%{z,)} .
p<s

Considering that every section of an element of O belongs to 0, we
get A4(R), Bs(R) € 0. y,9* €0 by 3.19, hence the sum of type y or y*
of the sets By, As as well as their sum 6 belongs to O by 3.18.

3.6 and 3.20 prove 0 = Ap, hence 3.3, which is the first part of
Theorem 1, is proved. If we replace in Definition 3.2 the w-sums and
w*-sums by o*+ w-sums, then it is easy to verify that ¢(0) = y(0)
for every @ ¢ O = Ap, but we do not need this and so we omit the proof.

Now we are going to prove 3.4. Suppose that @ edg, y(0) = ».
Then 7 < © by 3.1. By 3.20, ¢(0, »(0)) = 1 implies 6 ¢ 0 = Ap, whence
we have ¢(@,y) =17, 149, n+1 or 14+n+1. Thus SH(R}) =1n, 1+9,
n+1 or 14+5+1. By the definition 3.7, S} consists of the different S¥(z)’s
for z « 8 and thus by the definitions 2.1, 3.7, © the type of §(R) is an
7, L+, 7+1 or 149 +1 sum of their types. Thus to prove 3.4 it is suf-
ficient to see that Sj(z)(R)eO for every zeS. Put 6, = 3(x) (B). It
is obvious that y(6:) <y and ¢(8;,y) =1, whence (6, (6,) =1
and consequently 6,0 by 3.20.

Thus the proof of Theorem 1 is finished.
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It is obvious that the above constructions can be generalized to
non-denumerable ordered sets. If in the definition 3.2 we replace the -
and o*-sums by w,- and w,-sums we get a class O(x,) of order types of
power at most %, (O = O(s,)). One can associate with every @ ¢ O(x,)
a rank ¢(0) < w,+1 and one can prove in the same way as in case a= 0
that O(x.) consists of all discrete types of power at most s, and further

that every type & < x, is a sum ) @, of discrete types where the ordered
X ez

set Z is dense.

However, here the dense sets cannot be characterized so simply
as in the case of denumerable sets and therefore we do not give the detailed
proof of thig result.

4. Results concerning the partition symbol. As a con-
sequence of the well-known theorem of Ramsay we have ,—(N, &)
and this clearly implies w —(w, 8,)? and o*—(w*, 8,)% On the other hand,
it is proved in [2] that 5—>(n, &o)* holds. Considering that € < y for every
denumerable type, it follows that

O—(0, 8, holds for every @ e dg. ’

The following problem arises now: are there any other denumerable
order types @ satisfying 0->(0,8,)*? We are going to prove that the
answer is negative.

THEOREM 2. If @ ed then ©—(@, ) holds if and only if O =w
or 0 =ow*or n<g o,

We have to prove that if @ e Ap and @ # w or 6 *, then O (O, &, )
holds.

Instead of this we are going to prove the following

THEOREM 3. Suppose @ € Ayp. Then there exists a partition [SPE = I,
w I, of [8] satisfying the following conditions:

(x) Whenever 8',8”C 8, 8' < 8", § = §" = o, then

(8,8 FEL I, where [8,8"F = {{oy): @8 and y' 8"} .

(ax) Whenever 8'C 8, §' = x,, then

Wre¢r.

First we prove that Theorem 3 implies Theorem 2. The implication
is obvious if @ e Ap is such that 020, 0*2<K0, 0*+w<<O or
w+o* < 6. But it is easy to see that if none of these conditions hold,

then either ® = w-+n or @ = n+o* and a trivial construction shows
that o —+n-e (0 +n, 8)? 1+ w*>> (n+ w*, 8.

Proof of Theorem 3: By Theorem 1. 0= 4p, hence we may
prove our theorem by induction on o(@) = - For =0, @ =0 or
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6 =1 and the statement is trivial. Suppose that ¢ = ¢(0) > 0 and that
the statement is true for every order type ©'e Ap of rank less than o-

By 3.5 there exists a sequence @, e 4 of types of rank less than o
such that & is either the w-sum or the w*-sum of the sequence (Op)p<y-
By symmetry, we may suppose that

) 6 =0yt .tOp...

Then there exists a sequence (Sn)n<o Of subsets of § satisfying the
following conditions:

2 US=8, 8p<8 and Sp=06,, provided n<n' <o.

n<eo

By the induction hypothesis, for every n < w there exists a partition
[82 = IT + 13 of the set [S,F satisfying the following conditions:

(3)  Whenever 8, 8" C 8a, 8'< 8", §=5"=x,, then (&', 8" ¢ I
(4) Whenever §' C'8n, §' = x,, then [S'F ¢

The sets S, are denumerable, whence there exists a 8, < » such that

(5) 8y = @uilrcs, (i S8a is empty 6, = 0),
Tnge 7 Tnge  for k#k <.

Define the partition [87 = I, u I, of [8] as follows.

(6) Let {w,y} e[S be arbitrary. Then o = T,3, y = typ for some
k<dn, k' < bp. :

Distinguish two cases: (i) n = «', (i) #n # 2.

In case (i) put {&ux,ow,r} €I; if and only if

{@ns Bww} eI  for j=1,2.
In case (ii) we may suppose n <n’ and put
{Tnxs owplel, if and only if k<¥,
@iy Tt eI, if and only if k>¥ .

Suppose now that §,8"C8, 8 < 8", 8 = &' =x,. Then by (2)
there exist n, < mg such that §-8u, = 8, and 87 Fp; = x,.

If my = ny then [§8', 8”® ¢ I, by (3) and (6). I ny< nj, then there
is a ko such that Zaris € 87, and considering that 87-8,, = 8, there is
a ky > kg such that @z, € 8', whence {Zn,x,, Znz e} ¢ I by (6), and con-
sequently [S', 8"} g: I, also in this case. This proves that («) holds.

Suppose now that §'C8, § =, and [§'CI,. Then N -Sm< 8o

for every n < w by (4) and (6). Hence there exists an increasing sequence
{ns}1<0 of integers such that {&nkn,}i<, C §'. But then [8'] C I, would
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imply by (6) that ks, > kay for every j<j < w, but this is a contra-
diction, whence (xa) holds. Q.e.d.
We obtain from Theorem 3, the following

COROLLARY 1. O-=(0', 8,)? for every Oedp provided O # w-n or
O # n+ o*.
Thus to complete our results it would be necessary to decide under

what conditions for @ we have @—>(w-n,8)? or @—(n-+w*, §,)? for
1< n < w. Here we have the following

THEOREM 4. (a) O—(w+n, 8)? if and only if v -o* < 6.
(b) O—(n+ow*, R)* if and only if o*-0 <O for ewery LL<n<w
dnd for every denwmerable type O.

Proof (in outline). By symmetry it is sufficient to prove part (a)
of our theorem. First we prove the negative part of it.

(1) 0w (w+1,8) provided w-0*g @.

By o-0*£0, 0 is discrete and by Theorem 1 it has a rank ¢(6). It is
easy to verify, for example by induction on ¢(@), that @ is of the form

2 B%, where « and B, (» < a) are ordinal numbers.
y<a

Suppose § = @ (R). Then there exists a sequence {S,},<. of subsets
of § satisfying the following conditions.

2 8=US8,, S =p8(R), B8 <8/ (R) forevery »<i <a.
y<a

Let W(a) = {a}n<o be a well-ordering of type w of the denumerable
set W(a).

Define the partition I, v I, of [S]? as follows. Let {w,y} «[S] be
arbitrary. Suppose z € 8,,, y€8,,,

(3) Put {z,y}el, if vo=wp. If v, # » and, for instance, n < »’, put
2,9} eI, if vy <wy, and put {w, y} e I, if v, > vy,

__ Suppose 8'CSH, [§FCIL, § =w+1(R). Then considering that
8,, = B, (R) for every n < w we have §-§,, < o for every n < w. Thus
we may suppose §'-8,, = 1-for every n < o and then, by (3), § < w (R),
which contradicts our assumptions. Hence we have

{4) 8'CR8, [8PCI, implies that J' £ w-+1.

On the other hand, suppose that 8'C 8, [8'CI,. Then §'-8, =1 for
every n < o by (3). ’
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Then §' = 8y would imply by (3) the existence of a decreasing in-
finite sequence of ordinal numbers, which would be a contradiction;
thus we find that

(5) 8C8, [FPCI implies T <xy,.
(4) and (5) prove (1).
To prove the positive part of part (a) of Theorem 4 it is sufficient
to prove
(6) o 0*>(w+n,8) for every n<w.

For n = 0 this follows from Theorem 2. We prove it by induction
on n for every n < w. Suppose that the theorem is true for an = <
and let S be an ordered set § = w-w* (R).

Put

‘ T@)={y: ye8, y<z(R) and {oy} e L.},
To(z) ={y: ye 8, y <x(R) and {ay}el,}

for an arbitrary 8. It is obvious that either 7,(#) = w-o* (R) or
Ty») = w-w* (R) for an arbitrary = < S. Suppose that 7T,(x) = w-w* for.
an 8. Then by the induction hypothesis there exists a subset &’ C Ti(=),
8= w+n (B) such that [§'2C I,, and then 8§ = § -+ {#} satisties the
condition .

) 8"C8, [8"BCI, 8" =w+nt+l(R).

Thus we may suppose that Ti(z) (R) < w-o* for every x «g.

We define a sequence {zx}x<, by induction on %. 2, is an ar-
bitrary element of 8. Suppose that m,, ..., s, are already defined; then
TIy(@y) v ... v Ty(az) (R) < w-w*, whence there exists an #.; e § such that
Zr+1 € To(ws) for every ¢ <k-+1. The set 8’ = {#x}r<. then satisfies the
condition
(8) 8C8, 8=x, [§PCIL.

(7) and (8) prove (6) and thus Theorem 4 is proved.

As to the case of non-denumerable types, the problems are more
difficult. Generally one can ask the following question: which are the
order types @, 6 = p satisfying the condition @ (@, m)2? It is obvious
that if we have p - (p,m)? then there are no such order types. Thus the
genuine cases are when the corresponding partition symbol for eardinals
is true.

For the results concerning this symbol see [2] (a complete discussion
of it will be given in & forthcoming paper by P. Erdos, A. Hajnal and
R. Rado). i

If m> x5y, then we have m > (m,m)?, at least if m is not strongly
inaccessible, and it is not known whether m—(m, m)? holds for any m > &,.
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Thus a direct generalization of the question treated in Theorem 2 cannot
be asked.

However, using the generalized continuum hypothesis, one can
prove that

Rap1—(Rar1y Ra)? @8 true provided s, s regular (3),
and this implies that

, 0->(0,8,)2 holds provided 6 = w41 or O = oy, .
~ P. BErdés and R. Rado have proved () that the same is true for
0 = 7,4, provided &, is regular and the generalized continuum hypothesis
holds where 7, is the normal type of power 2% given by Hausdorff (®).
It is not known whether there are other types 7..: £ @ of power
Rat1 (= 2%) for which @->(©, 8,)? holds.
Thus the simplest unsolved problem is

PrOBLEM 1. Suppose that (2% =1x;), @ ==x,. It is true that
0 —(0, 8,)* holds if and only if @ = w, or @ = of or 5, < O?

Remark. Using the methods of this paper it is easy to prove that
under the condition of Problem 1 @-5 (0, x,)2 holds for every discrete
type 6.

We would like to mention a few further results without proof.
010* —>(wy +a, K)? for every a < wy, but ww*H(w,-2, 8)?; in fact the
same holds if w,e* iz replaced by any discrete type.

We further have w,wf->(w,+m,8,)? for every n < o provided the
generalized confinuum hypothesis holds. We can not decide whether
Wa0f = (wy+w, ¥,)% is true or mot. Clearly many more problems could
be stated, but we do not discuss them here.

The investigation of the statement ©—(@',n)? for n < w leads to
more ramified problems, even in cases where @ is a denumerable ordinal
number or order type. For a recapitulation of problems and results of
thig kind see a forthcoming paper of E. C. Milner and R. Rado and [4].

Here we mention only one problem of this kind. Let 1 denote the
order type of the continuum. It is easy to see that for every & < A, & > x,
we have @ (&, 3)* provided 2% = x,. It would be interesting to charac-
terize those non-denumerable order types for which A—(P, 3)* holds.

Although we have s, —(x,, 3)2, we do not even know whether such @’
exist. :

(*) For singular ®,’s this is false.
(*) See a forthcoming paper of P. Erdss and R. Rado.
() See [3], §8, Normaltypen.
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