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We obtain here explicit asymptotic expressions for the sum

Dg-,e) (#) = (i:) Z (ﬁ%ﬁ)ﬂe

nl...nb_,'ngév
F=1l,u.,k—7
(where n; are positive integers, z, g real, =1, ¢ >—2, 0 <7 < k) with
error terms of as small an order as we please. In the case ¢ = —1 the
above sum represents the number of lattice points in a region bounded
by the coordinate hyperplanes and a certain number of hyperboloids
in a (k—r)-dimensional Buclidean space. If, further, we take r = 0 the
above sum reduces to the kth divisor sum, i.e. the sum-function of the kth
divisor function dn) = the number of ways in which the positive integer n
can be written as the product of % positive integers. The related problem
of the lattice points in many-dimensional ellipsoids has been considered
by Walfisz (%).

1. We begin by proving a fundamental inversion formula.
TaeoreM 1. We have
]
RN P .
@ Fk(ﬁ)véﬁ-l() S; fisr Ny oo T for 0<E<K,

Nyenligtty ST
F=1,..,7

() For references and litterature on this subject, cf. [2].
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if and only if
k

@ A= [

where

Nyen gy r{z
F=1,.0,0"
denote respectively fu(x) and Fi(x) when r = 0.
To prove the theorem, we require the following lemmas:
LemmA 1. Let D, D;, i =1, ..., k, denole regions in a k- dimensional
Buclidean space By and let Diy i =1, ..,k%, be the set-complement of the
region D; in . Then

3 2 f(”l:--w'nk):{z— 2—— Z + .+
D DA

DaD{n..a D DA Dy

+ Z = ZDJ;D”—...—{—(-—l)" 2 }f(’nl,...,’ﬂ:k)

DnDinDy DaDin Dabia--nDe
where f(ny, ..., ng) 18 an arbitrary function and D, means that the sum is
D
taken over the lattice-points of D.

Proof. Any lattice-point (n,, ..., n;) of the region D lie in r of the
regions D, ..., D;, where v > 0. The number of times the point is counted
on the right-hand side of equation (3) is
0 if r>1,

1 if r=0.
Hence those lattice-points of D which lie in none of the regions Dj,
t=1,..,k% ie. the lattice points of D ~ D~ ...~ Di, are the only

points which are counted once in the summation on the right-hand side
of (3). Hence the lemma.

Levma 2. Let us assume that the conditions of Lemma 1 are satisfied
and further that D; is the transform of the region Dy for the permutation oy of
the coordinate variables @;, ; (1 < i # § < k), D is invariant for all permuta-
tions oi; and f(x,, ..., @) is a symmetric function of @y, ..., @. Then

{;“(]f)D%'l‘("(g)D DZU — ot (—-1)E 2 }f(o@l, ceey M)

Nninby DaDyn..oDy

1=+ ) =1y = (1—1)*:{

= Z F(Ryy oony )
DnD;n“.nD,’ﬂ

Laltice point problem of many-dimensional hyperboloids. I 155

Proof. Lemma 2 is an immediate consequence of Lemma 1.
In the following lemmas, ¢ is an arbitrary function.

Levmma 3. We have

@ i t=0,

i
(4) 2(~1)*(ﬁ) > g(ﬂq,ﬂz,-n,ﬂz)={g0 i 1>1.

= x Bt
r=0 ng <L, nyyy ST

F=140mea?s F=TF 10t
: s E Kt . .
Proof. The inequalities n; <@, #y...mm; <& 1=1,..,1,
j=r+1,..,t imply

¢ 7
k—1 k—t = (k—O+t-71
(1 <. Tp) l 1 (g ... ) < &F s
j=r+1

i.e. ny ... 0y < 2" and this implies in turn nE o <@ for j=1,...,7.
Hence the left-band side of equation (4) is equal to

1

2(_1)'@) > gmeny=0 it t>1,

= k-t
r=0 NGEL, Ny Ry ST

T=1,0iisly F=1enid
by Lemma 2, where we take D to be the region , ... nm?'t <z j=1,..,1
and D; to be the region nf < x fori=1,2,...,f;80 that D ~n Di~n Dz ...
~ D = @. Hence the lemma.

LeMMA 4.
1 3
AN Cjey i t=0,
) 2 W 3 g =N 2
Ny Ty 5 <
F=I,.t

Proof. When ¢ =1, the left side of (5) is

Ngn)— D gim)=0.
k k

n,<T n <z

Hence (5) holds when ¢ = 1. We shall now prove (5) by induction on .
Let (5) be true for values of t < I' (T'>1). We shall then prove (5) for
t=1T.

Taking D to be the region #.. nn "<z, j=1,.., T and D,
to be the regions n¥ <@, 1 =1,...,7, 80 that D A Din ... Dy =@ we
have by Lemma 2

(6) j(~1)s (T) 2 gy ) =0  (r=1)

8,
s=0 k. k—r
Ny KT, NyeesMydlj <z

T=1,008, F=100,T
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and hence

L\ﬂe

—1) (T) 2 g(ny ... np) =0.

.
7 —1) Ny e M
@ Y] X gow.nn = e,
Npeeifgly ST i=1..,T
7=1,00,T
z r The proof of Lemma 4 is complete.
T —1 [r
= 2(*”(7) D=1y (s) 2 glme.nn)  (by (6)) Proof of Theorem 1. Suppose (1) holds. Then if 0 <k < K,
r=1 =1 n;”,‘;:,;, nl...n,n:-cmrsx
Ji=1T, 4=1,..,8
T T 75 T v 21 ZFk_ ( )
/o —8
= Z (s) Z (—1)° 1( - ) P g{ny ... ny) ol
s=1 §'=0 k k~8—8' F=1,000,T
ML, gy by <z
T=1y000,8 =100, T 13 k—r
5 ’ k— £
(putting s+s" =17) . = 2(-1)' (f) 2 2( s ) Z fir-s (n.] 97,;3)
r=0 k s=0 :
Now the inequalities nf <@, i =1, ..., 8; My . Nergnf % < i, =54 J’:f"’r Ty "r“m_l'fﬁ-’s:m ‘<z
., T, imply (by (1))
, , , stk—s—8"), , % 1
(g oo M) (0 o M) (g o M) T < B e ’ 2 )l v () Z‘ ! ( . }
= \AJ T o Ll VYRR
ie. g . Ngeg < 2ETME and this in turn implies i=0 r=0 bz, ny. gy <z
i=1,u0,? F=r+1,u0t
Ry o Megets T < for  j=1,..,5 also. (putting »+s = 1)
Hence = fr(x) (by Lemma 3).
Z g(ny ... ny) = _2 g(ny ... g . Hence (2) holds.
R, myee gy i, myeng g e Conversely, suppose (2) holds. Hence if 0 <% < K, then
1=1,000s8, §=1,.00, T T=1,00,8 T=84+1,00,7
This relation together with (7) gives 2 (k) 2 i ( & )
T r Er\ny ... n,
r T v r=0 nl...n,m;-c_f<:c
2(—1) (T) 2 9(ny ... nr) ‘ F=Lonust
r=t nl....nm:f—rsz k—r _ "
e 2 Z 2 et ( ) 2 Frrs (nl Tops )
. 5 s—1 (T —8 ' ‘ ’ s=0 nl...n,n?_'sz T
Z( ) Z {2; (=1) ( s ) 2 gng .. ”/1‘)] . R 1, r F=rtlenrts
s fer ¥ gy g B by (2
,, , v 2
. - K i ! @
The inner sum inside the double bracket above is zero by the in- = Z (—1) (t) {2 (1) ('r) Z F""(n1 n,)}
duction hypothesis if T'—s >1 and equal to —g(n...ns) if T—s= 0. =0 =0 Bty <z
Hence =Lk
T (putting r+s=1)
- [T
Z:(—l)a B D s == 3 g n), — Fys) (by Lemma 4).
” " “r";c <o ni<n Hence (1) holds and hence the theorem.

T t5=1,0, T
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2. Defining the functions y,(x) by the equations

Y g2t .
(8) yal®) = — Zw @) if

p=—

n=l, wy@=1,

where the dash denotes that the term corresponding to » = 0 is omitted,
we have the well-known relations

(9) (@) = z—[x]—

whenever z is not an integer, [#] being the largest integer < .

(10) pp(®) = ppafe) i w22
3?1 ue”'/’l("’)
(11) Z pal@) U = g

n=0

We have from (11),

o) S wiielomsr

comparing coefficients of w* on both sides, we have

n=0

(12)

It is the purpose of this section to prove the following two lemmas:
LEMMA 5.

oo

w(%-+1) fq)l (yal®)q ‘“‘%Zy}r-—

1

{ k| gy () —

A
— 2 ar—Mikcoeff of v»* in {Zvnw(mif’v‘)u(u—kl)...(u +- n—l)}r

0<<A<m—1 n=0
== O(m(i'~m)/k) q,]‘

or alternatively, in case |u| <1,

%>—2(),

m

= Qpgpr—mik coeff of ym—! in {2’0 Ap1 = IM u+»1———-(,,uij_lli)l}

£ L— [uj/(n+1)
X 2 {2manlu(u+1)...(u+n-~1)|}‘rmﬂ_l(1"" ful)™*
0<e<r—1 =0 )

where v (ot necessarily the same at each occurrence) is independent of u and
18 such that |v| < 1,4 > 1, m is an arbitrary integer =1, and ay, =Max [yn(2)|.

() The constant in O-term here, in general, depends on u also.

icm°®

159
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LeMMA 6.

A
Coeff of »* in IZ?}”I]J,Z(J?)’M(’M—{—].)..,('u—'}-‘)l-—l)}f
n=0

A
= *,—L;;:-L_n P ERET PE) (T a—s1x

8+1

axs
x coeff of vs*l in {Z'o"zpn(())u(u+1)...(-u+n—1)}r.

n=0

Proof of Lemma 5. We have

(18) 1+ ua ey (V) —u(u+ 1)z~ 1k j wlyxi*yy—u2dy
1
m-1
yx“"”‘ (@Y u(u+1)...(u+n—1)—
n= 0

—u{u—+1)... (u+m—1)z-m* f Yn—a(yat*) y—u—md (yatlk)
1

by suecessive integration by parts. Now,
[ paalyzmy-s-mays
1

= pla) + f ynlyat) dy

0

§ 1 (logy)™  m(logy)’|
/ IL P
- "Pm ‘rl k) + fTPm at — { ym—rl ym+l Idy
? ) r s(lo m(logy)®
= 1/"m(ml/k + f y‘r"l]k { ( ﬁzz (ymgi‘/) }dy
=0 1

and

m*l

/L
1 f Puly )10gJ) ! <an f (logu) —.

oo

a
o [y -

o
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So

o0

‘ gty g

1

= 1wm(w1”‘) fm Yl (JM"")dy“““m’

12
am+am+2' (8 “"‘)

VAN

U .
=2am( — %) if m>=21, ju<1.
Hence for every integer m >1
{14) 1+ um“llkzpl(m”k) — (% +1):1:‘1/kf %(ymllk),y—-u—z dy
1
= Z.r*"/kw,,,(:c”")alr(u—i—l)...(lu—{—n-— )+ 2p—mikqy, I (u+1) (u+m—1)
— |ullm

2
N
where

a™ = g, = pu (@) u(u+1) . (u+n—1) F w=0,1,..,m—1,

(15) -
aﬁ,’{”=wam1u(u+1)...(u+m—1)|(1—%[) for m>1.

Taking m = 1, in the above, since a;, =% and > 1,

1t i) — w4 1)z [ g(yarn)y sy
1

v!u[m 1k v
=14 = .
—lul  1—uf
Hence (13), (14), (15) hold for m = 0, where now we define ay’ by
(16) @) = »|(1—|u]) .
So

o0
r
{1 - w3y (M) — g (14 - 1)~ Uk f (Yl y—u—2 dy}
1
—_ 2 @l 2 gl g PRl a%lwnﬁuﬂ-nr-{)

o<m<m 0ny<m—n, Onr<m~— Mg+ +npey)

(for every integer m > 0)

i::m©
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SR |

Oélém— Nyt -r-nr=l g=1

—m) (r—s— 1) (u-+n, 1)]
4+ % mik y (1—]’!&1) {r—s l)an ]"L&(’ll—|— +Ngy1— ] i
nﬁ..?yf;ﬂ:m — |u!freyy ]l Qg
0<a<r—1, ng4y>1
3
= 2 x~Hkcoeff of o* in {20%,,(#”“)%(%—&1)...(u—:—n—l)}r+
o<i<m—1 n=0 '
1 O —mjk _ —(r—s8—1) a,,lu(u—l—l)..(u—l—n—l)[
Fo ™ D (1) i x
0Le<<r—1
1<n<s<m
s
x coeff of vy in {Z aw"[u(u—]‘-l)...(u—i—j-—l)l} .

§=0
The second statement of Lemma 5, when |u] < 1, now follows. To prove
the first statement, we observe that, if « > —2, and m > 2

| f P s(y@ ) y=w-mal (yai)| — |wm(m1fk)+fsom(yzﬂlk) dy~u-m|

< am+am]fdy—"-"‘] = 2ap .
1

And so, if m > 2, we have from (13)

1 -ty (5%) — a0 (4 1)z [ oy () y—u—dly
1

m—1

= S’ =g () 0 (14 + 1) oo. (20— 1) + O (2~ ™F)

and because x> 1, the above result is true trivially for m = 0,1 also.
If we carry out the above arguments starting from this result instead
of (14), we have Lemma 5

Prootf of Lemma 6. We have

(A7) gilew, u, ) = gi{)

2
= coeff of »* in -[Z'z;"ﬂp,,,(:o)u(u+1)...(u+'n—1)}r
n=0

= coeff of »* in { 2 w"wx(—;—)(”ﬂ(:;), u(u+1)...

0<e<n<A

(u+n— 1)}r

(by (12))

Acta Arithmetica VIII 11
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= coeff of »* in { 2 v”ws(%)u(u—l—l)...(u+s—-1)1——mp1(w)‘(“+")}

0<<8<A
= coeff of v* in {1—uvy,(2)} ™" X

« el S [[mwetsray

0<n<i 8yt t8r=n i=1

1-n (wr+n) (ur+n+1).. (wr‘-l—)t—l)><
= 21/’1 (@) (A—n)!

o<

”"Psg ’M‘i"l (u—}—si—l)

81t eent8p=0 i1
,1.

2
= coeff of #* in IZ"u‘%ps(a})u(u—|—1)...(u—i—s—l)} Z (W"H“ ){'01/’1( ))i—n

§=0 n=0
—2 ) ) D)
n=0
Hence
3 gi@)?
(@, v, ,7) = G(@,0) 22 ur(ur-i—l;...(ur—l—ﬂ—l)
A=0
{2 }eWx(ﬂB)_
L U m'+1) w—}-n 1)

So- we have

(18) G(z,v) = G}, v)emn@
(19) — (02 T—m(z{’mﬂ( )) (by (11)).

Again from (11) it follows that yn(£) = 0 if » is odd, and so gx(4) = 0 if 2
is odd.

Hence
G(3,0) = G(§,—9).
From (18),
G(0,0) = G(§, v)e?,
and so

G(O, -*’I)) = G(%, q))g”/z .
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Hence from. (18) we get

6(s,0) - L0 =000, ) Z”Ww)}

- { i W‘g(z(tg)—fl—)lwl)} { ’g; "’n%(m)} .

Comparing the coefficients of v* on both sides, we have

2
—WL Zw_nm{u( )"}(Z ) A=) gnsa(0)
n=0

9lz) =

thus proving Lemms 6.

3. THEOREM 2. If in Theorem 1

( )Z( 1y ( ')us_("—'—l)a’,ﬁu« X

8=0
00
k—r—s
x {1 + s — ug(us +1) f ply)y e dy}
1
where
u,;:?.g——ﬁ., rF0, 0>—-2, k=2r>0, and Felz)=0 if 0<k<r,
then
—fu(@) =
k~r
Py Jek—r—p—1 1k +1 3 u \F
=m'<1+g)/k2 A+ (1)}, p(a'%) coeff of wptt in 1) T
p=0

Idk—r

—{—% (f) Z 2lr{i+e) ik 2 {1

1<A<r+m—%k—-1

k—r
[ s (k—7\  —(k—r—1) [Ueh—r—8-+-A+k—7
% 12(_1) ( § )us ( At+k—r—p ) X
=0

(A+k—r—p)! } B
B e — 0 k—r— 0 (p(re+k—mk
usk~r—s+l+k—rg”+1( S Usy K—7—38)1 O )

1P} pa—r—p( %) X

where gix, w, 1) is defined as in (17) and m is an arbitrary integer > 1.
11*
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Proof. We have

d
fule) = Z("l)s (f) >, P g(nl : m)

- Ic
s=0 ny<w
P

- Searlin Sty
e

§=0 »=0
l b . ‘k~r—s~p \1 - 8
) Lt Byt 1) [ )y, > i
1

P

k-1

= l (k) Z (— 17 (k——r) ’Mz;m—r—anuﬁ Ill + St — up(thp 1) _J Pu(y)y " dy —
e} & P i
N7 el
—y > mTIve
néc;fﬂ" J

k—r

_ 1 (k) 2 (— 1)1, (k;r) ﬂ;(kAr~1)w(1+up)("+17)/kX
eV prs

k—r—p
llml/’v A () — up(1p 1) J py (yatlE) y =2 d J}
1

(by Euler’s summation formula (¢f. p. 25 of [2]) applied to L n i)

gk

k—r .
1 (% p [(b—1\  —(F—r-1) (k+or—A)k
(20) =- 2(—1) Uy 2 [ X
e (7‘) p=0 ( ¢ ) 0Kasm—~1
A
k—r—p
x coeff of v* in {2 v"%(wl/")u,,...(u,,-!—n—l)}- + O (atter—m)ik)

n=0

by the tirst statement of Lemma 5, for every integer m > 1. Now

aleer—lle
o<Ask—r
k%r f J’_\‘ et
X coeff of v*in Z (=1 (k ;T) up T IZ Y (25) Uy (uﬁ,—!—n—ml)’-
»=0 n=0
' g 4 k—r—-g—1
iy her\ N (1 P\
= et g2k i 2 _ v( ) rrp %
Z af coeff of v*in (—1) p ) 2\
o<i<k—r p=0 8=0

]k»‘?“ﬂ

A
'

X coeff of u® in I‘Z v“an(m‘/’“)u...(u—}—n——l)j
n=0
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= v k+or—A)k
P gikrer—Aik x
0<ASKk~—T
0<s<min(2,k—r—1)

A
Pruswk—T—s—1 . I k—r
X coeff of For—s—) in ewle ln; P2y (e -En—1)— e“’lef} +

+ ar@+alk coeff of (wv)r—rin x

k—r

= k—7—
X Y( 1) ( f)rmp{ 'u"ﬁp () ... (w+n—1 )} v
p=0
k— 20
= gri+alk goeff of u*—r in \ 17 (k;'r)re'?'p {S (kY 1&”}%7_17.

p,

(The 4, s-sum in the previous expression vanishing, since each term in
A

the expansion of {3 T () sh.o. (4 +m— 1) — 90" iy of combined
n=0

degree at least k—r in u and w while the required coefficient is of combined
degree k—r—1 in u and w.)

1
© i . @™ \l-r
(21) = rpa"(1+olk coeff of w*F-* in f(m—y Yy idy
]

e

()

coeff of w*—<in I,

g+t coeff of w*~+in I, , say,

where

ueupVE)

1
= k—8 § Lr —1, -
coeff of u mr fa -y iy, R e
o

1
—_ k—$ 7 — (a__l)k—r—i-l ] ')‘(T~1) ] o— 14 —2, l
= coeff of u m{ r(r F—rT1) Tk—r—{—l(f)‘.f(a_y)k yr dﬁ'/[

1

1) f (a_y)k«r+lyr—2dy = Ir—l} jf r < s,
L3

= coeff of v~ in {(r— 1)

Hence we have, if 2 <7r<s,

coeff of #¥—* in I, = coeff of w*~*in {I, = ¥ — (e—1)*} .
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So
m 6“1“(1;1/1»

k
2) gince r>1.

(22)  coeff of u#~"in I, = coeff of uf-rin (eu/:—é—T/

Using (21) and (22) in (20) we have

. yern@t®) \k
(28)  fulw) = @7@+0% coef of u-r in (m

T
)2( 1 (k 1") —(lc~r 1)

1<agr+m—k~1

Nk 1k
(r(1+e) " Prtte— 1(50/ » Unpy 76—7"——p)—{-

+ 0 (m(rg+k—m)/k> .
Now,

ueuw(“”h) )k
2

(24) coeff of ¥%~7 in (W

. S " 1 W \F — \E
= — coeff of u*~ in { ED (uk) zpn(wllk)} Wc{(eT:i) — (e—:“—:T) }
pryms
I
=— E L4 (=1 Py p(2") coeff of uP*? in (e il) .

Theorem 2 now follows from (23), (24) and Lemma 6.
THEOREM 3. If in Theorem 1,

Fu(z) = coeff of b~ in gt+® {1 +iu—u(u+1) f wiy)y—»*? dy}k
1

where + = 0, and |u| <1, then

—fu(®) = arlk 2 A+ (=17 BTNy x
=0

w \k
x coeff of wz+ in (__:.) +
Ath—r
+ Z m("—ﬁ.)lkz 1+(= l)ﬂ}"l’ﬂ+ln-r—-p(mllk) X

1<A<r+m—k—1 p=0

o s (Wl A4E—r\ (A+Ek—7r—p)!
x coeff of u* rm(z.uc r—‘p) Py iy

- 9p+1(0, u, k) +
1 0 (atk-mik)

for arbitrary integer m > 1.
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Proof. We have
k
o) = Z 1) D B2

= coeff of w*~7inx
&

x =1 (fume | 3w (14 fu—uu 41) fw %(y)y—""zdy)k_

=0 n<al/k

= coeff of w*—in m1+“(1 +3u—u(u+ 1)f ply)y— v 2dy—u 2 n- —")
n<zgl/k

= coeff of ¥*~7in {wllk + up (M) —u (u41) f oy (yal¥) y*“‘zdy}k
1

2
y &=k coeff of wh—Tv* i {y'v“%(mll")u (w+1).c(u+n— 1)}

0{} <m—1 n=0

+ O (wlh—mik)

by the second statement of Lemma 5, provided |u| <1. Now

2
(26) 2 a®=dk coeff of uk—mp* in {2 V(e u(u+1) ... (U +n— 1)}Jc

0<A<k—r n=0

k—r

— 2 coett of (wo)k—r in {va“:p,.(m‘”‘)u(u 1) ...(u+n~1)}k
n=0
(@l%) \ k
= g"/% coeff of u*~7in (%)

Theorem 3 now follows from (24), (25), (26) and Lemma 6.
THEOREM 4. If in Theorem 1,

Fy(w) = coetf of uk—11i 111

{1+%u %(u+1)fw1 y‘“‘zdyj +

apite <

+— {1+29 e(e+1f (Y)Y~ de}
o*

where '

0#0, o¢>—2 and |u]<min(fe],1),
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then, for k=1 and arbitrary integer m =1,

k
—p— s . u \F
— flw) = E L+ (—~1P (@) coetf of u¥ " in (67;—1) +
p=0
Ik
v
+ D ™ Z L (L psrcnle™) X
1<A<m—k—1

4 e [ukATA (k+A—p)!
x{meﬁofuk 1111(7“_1_? Muk—}—k—l—z

1 (o +k+2\ (k+21—p)!
?‘(kﬁ-l—p)wgk-*-k—i-l Ip+1(0 :Q:k)}-i-

Ip+2(0, u, )+

+0 (ate-mE)

Proof. We have, if & >1,

k
@1 Jufe) = 2 R Fk—s<n1 2
Pl

14 < k
— coeff ofuk—lmﬁ”—"(w% (u+1)f () o2y — uzn—w) +
e 1 n<alik
pite [
ot |

n<allk

1+3e—ele+1) [ miyy-dy—e
1

k
= coeff of u¥~1in ;é——e {m‘”‘ 4y (2%) — u (u4-1) f wl(ywlf")y—“—2dy}

1

v k
+ ; {ml/’”r ovy(2*)— (e +1) f waya) ”“dy}

= coeff of ¥ in Z o~k coeff of »*in 1 X
o<ism—1 U—e
2
k
X [{Zvﬂwn(w”k)u (uw+n— 1)1 — ‘Z Vg (2M) g ... (0 +n—1 } ]
n=0
+ O (at—mik)

"’y the second statement of Lemma. B, since |u| < 1.
Now, because u— o divides the expression in the square bracket

above, if 2 <k, the coeff of v* in %ﬂ) % square bracket term is of degree
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at most k—2 in u, and so the corresponding terms of the sum for 2<%k
vanish. So
(28)
2
M 2E-2ik coeff of uk-1v in [[ vv () u (w4 1) ... (4 +n~1)]'k#
L2 = N !

=)

2
2 vMpa(aF) 0 (0 +1) (0 +0— 1)}k]

n=0

k
il-g [{gvn%('”uk)“(“%-l)...(u-}-n_l)} _

= coeff of u¥—10%in Z

— [ N ornzmofe+1) lotn=1) |

k
3k
= coeff of ¥~ 1111—-1——[{ \ a2y (w4 0).. (u—i—n—lv)} -

Qv Ll

—{an(-’vl”‘)e(wl)- (e+n—1v) |

n=0

(replacing » by ufv so that now ju| < le

. el ) \k
= coeff of ¥*in {( ) }

[1o1, lo})

6"/2 — e—u,,‘2

Theorem 4 follows now from (27), (28), (24) and Lemma 6.

4. We are now in a position to prove our main theorems on

(r.0) _ (¥ \ kd e
(29) e -() N (=5
m...nk.,n;:ﬁz
J=1yuk—T
z>1, o> — 0<r<k.
We require the following
Lesoma 7. If o < 0, then DY¥(z) = O (2" 7*™).

‘We prove the result by induction on %. The result is obviously true

for k=r and k =7r+1.

Assume the tesult for all & such that r +1<k < K. We have by

Theorem 1
E—r . .
x
' PNEE Z D, ( —)=o.
k=0 K) -
5 <o
F=Lyesk
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So
K-r

DEe) = D) (~1

f S e

k=1
i= 1, ,lc
=y 1422
=0 X X i)
= Ny, ves T,
F=1uk
(by the induction hypothesis)
K—r
_er ek
= O{Zx”zc—k K(K—Ip)}
k=1
= 0()
Lemma 7 now follows.
THEOREM 5. .
- Di@) = PLO(a) + 40(a)
where

bl

-7

(—1)° <k;r) g Tt
0

7
&

i) =2 (1)

[

o fi -t +1) f my-uiayl

if  us=grfir+s) and or+0;
1+u r
= coeff of u%~1in ;’_ . {1 +iu—w(ut1) f wl(y)y‘“‘zd@/}k +
1
alte 1 ro 1%
+?{1+ze—e(e+1)fwl(y)y‘"‘gdyf if r=0,0%#0;
1

= coeff of o/~ in g {1 Fiu—u(utl) f %(y)y*”—“dy}k if o=
1

k—r—1

(“’-"(m) 2 (Zﬂ) 2 6;:;93, < %—93',,'[
1 e

) +0 (w('ro+k—m)lk)
8=0 T 8, !

i—8
Ny <

7=1,u.,8
At-Te—r
(1) Lo Ak
87 (a) L+ (=1 g (@) a2,
0=<ISr+m—k—1 Pp=0

(rs k—r—p—1 . k
afy = B TP coett of 4P in ( uu 1) ,
e g—
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when 1 >1
1 k—-r
k s (k~7 us - 1) uk—r-—s+l+7.,~r)
o) D (T () >
=0
(At+k—r—p)! o . .
us(k——r—s)-[—l-}-k—rng(O’u‘g’k r—s) i r,e#+0,
1 juktk+2\ (+21—p)!
(ro) k-1
airp = coeff of ¥ in Q(k+z_1,) PP k+lgp+1(0 U, k) -+
1 fok+k+a\ (k+2—p)! ; -
+Qk(k+z_p)mgw< Lo k) i e#0,r=0,
by 1o [UEHEAA—T (k4 A— ) 5
coeff of u ’1n(k+l_1_p) uk+k gp'rl(o u, k)
if  0=0;

g being the function defined in (17),
and m > 1p.

Proof. First, if in Theorem 1 we take f{x) = al*e, fi(x) =0, k # 1,
the corresponding Fylz) = Dy?(x). Secondly, if in Theorem 1 we take

and m is an integer such that m =1

Fi(x) = PT(x), then by Theorems 2, 3, and 4, the corresponding fx(x)
is given by
__m—rg
fulz) = —80z) + 0@ F ).
Hence if we take
Fy(x) = D{o(a)— PIo(a) = A5 (w)

in Theorem 1, the corresponding fx(z) is obviously given by -

_m—fte
ful) = !5""’( #+0@ ) it k>r+l,
0 if k<r, since 6(’9>(:c)~01fk<r,‘
l and 8§ x)=—aTC it k=7

ro—m

aoe = 3 () X (i) ol )

8=0 g n,n =
F=Les8
k—r—1 k—r—1 ro—m
T (k‘s’ =1
S3H Y el Y o ey
La \s My -ne g
5=0 -8 =0
nenny ST
j=1,e0es8
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Since rp—m << 0 we have by Lemma 7

k 1 ro— m)

;5”;_ .D;(ck—s, ks

s=0

re—m
1427
+ k

=0(z ).

Theorem 5 is now immediate. The following theorem results at once

from Theorem 5 when we take m = 2.
THEOREM 6. If 7o < 2, using the notations of Theorem 5,

7(1-+e)

1
M) (e E @ 1 x ey
Ap¥(@) = — (r+1) (T +1) Z (,m,bl_‘_nk_r_l) 1P1(—%1m ,nk_r_l) -+

NyoeMpppyPy <D
7=Lyen—r—1

+ O(m(lc-}-re—ﬂ)/k) .
Particular cases:

1. If we take r =0, ¢ = —1, k=2 in Theorem 6, we get
(30) 270@) =—2 ) pfaln)+0(1),

n<z/2

aresult due to Landau [1], which was the starting point of Van der Corput’s
investigations of the Dirichlet’s divisor problem.
2. Taking r =0, ¢ = —1, k=3, in Theorem 6, we get
N T
(31) 4@ ——3 ) %( ; )+ O (@) .

. _/_I \ Ny Mg
NN, MNP

We have, from Theorem 6, trivially

(r.0) (T-H’rg—_ll
A (@) = 0Dy (@)} + O (eI
= O(af%+e-Dk)  if yp <1, by Lemma 7.

T shall return to the general problem of the order of A{¥(z) in a sub-
sequent paper.
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of Prof. Dr R. Vaidhyanathaswamy

1. In many problems in the analytic theory of numbers, it is necessary
to obtain non-trivial inequalities for exponential sums of the form

(1) E e'lni]'(n)

n

where f(n) is a real function. An important method of obtaining such
inequalities is due to Van der Corput (*). Titchmarch ([10], [11]) has
extended Van der Corput’s method to two-dimensional sums of the type

(2) Z eﬂzif(zmn) .

m,n

We consider here sums of the type

(3) Z e2mif(ni,...np)

N1geneslp

for arbitrary positive integer p and extend, step by step, Van der Corput’s
theory in one dimension to these p-dimensional sums. In the case p =1
the present method reduces completely to Van der Corput’s method.
Tn the case p = 2 the present method includes (and in fact, slightly re-
fines) Titchmarsh’s method (cf. [8] also).

The method seems to be of general importance, but in eaeh applica-
tion there arve considerable difficulties of detail. As a straightforward
illustration, I consider here the lattice point problem of certain many-
dimensional hyperboloids which I have considered elsewhere.

() For an account of the method and references, cf. [12].
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