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conditions on the z, in order that a, shall ha,vc properties. (i) and (ii)

-above. In other words, we want: ¥|f(z,)[*/K, (2 & M||fll for all f in H,
and, given (¢;) in 1, there iy f in H ‘mch that f = 6, K, (%,) and [ijl!
< M) 10,]2 v

For example, in H, we want the necessary and sufficient condition
on 2, in order that the mapping 7' from H, to the space of all sequences
of complex numbers given by

ij = {f(z'n) (1 - 1211‘2)1‘2}
shall actually be a mapping of H, onto [,.

THEROREM. T' maps Hy onto ly if and only if there emist functions f
m Hy (k =1,2,...) of uniformly bounded norm such that

-rlka = {67»11'}714 '

where {Sui}y i the sequence that is zero everywhere except at the k" position
where it is 1.
The condition may be restated as follows:

[]f B =%
1“‘znzﬁ

This is also the necessary and sufficient condition that 7, maps H,
onto p (1< p < oo) where 7, is defined by

Tof = {f(2n) (1— lenl2)' "}

In the case p = oo (interpolation of arbitrary bounded values by
bounded analytic functions) the result was proved by L. Carleson, and
his result could be used to prove the general case. Our method is different
and yields a new proof of his results.

In examples IT i III it is easy to give sufficient conditions for prop-
erty (i), but so far we have not obtained necessary and sufficient condi-
tions for both (i) and (ii).

Added in proof. The lemma is due to N. Bari (U8, Zap. Mos.
Gos. Univ. 148, Matem. 4 (1951), p. 69-107).

=00 (k=1,2,..).
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Determinants in Banach spaces
by

R, STRORSKI (Warszawa)

§ 1. Terminology and notation. X is a Banach space, Z is the dual
of X. #, y, # denote elements of X, and &, #, { — elements of 5. £x is the
value of & at #. F iy the Banach algebra of all bounded endomorphisms
in X (called also operators), with the unit I. If y = 4 iy a bounded
endomorphism in X, then 5 = {4 denotes the adjoint endomorphism
in Z. Endomorphisms (operators) will be often interpreted as bilinear
functionals é4Ax = &(dwx) = (£4)w. For fixed x,, &, the symbol z,-&,
denotes the one-dimensional.operator Az = zy- &,

T eB is said to be quasinuclear if there exists a bounded linear func-
tional F on E such that £Tx = F(x-£). Then T is denoted by Tx, and ¥
iz called quasinucleus of T. E. g. if w,, £, are fixed, then F(A) = & Az,
(A <E) is a functional on H, denoted by &,®w,, which is a quasmucleus

of w;+ &;. All functionals in the closure of the set of all finite sums 251(8.191

are called mwleus If F' is nucleus, then T' = Tz is called mwlea,r and F
ig the nucleus of 7. For any quasinucleus F, F(I) is called irace of F and
denoted by TrF. The space ¢ of all guasinucleus is a Banach algebra
with multiplication: F,0F,(4) = %(FI(TFzA)—FFZ(ATFI)). The cano-
nical mapping F -> Ty is a ring homomorphism. We write sometimes
P (ET2) instead of F(T).

§ 2. The determinant system for an 4 <F is an infinite sequence

,1),,,,1),(51) (5“ ) ("’:1""’5"),...
By 2y, Ty Byy -eny By

such that: (1) D, is a scalay; (2) for n >0, Dn(sl”:.‘ ‘5:) is a 2#n-linear
funetional on E" x X", skew symmetrm in variables &, ..., & and skew
symmetric in @y, ..., ¥,; (3) Dy (‘1' " 5") interpreted as a function of &

and @, only iz a bilinear functional on Zx X of the form &, Cwx, where
(el; (4) for an integer 7, D, does not vanish identically (the smallest
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L " 6. Effectiv alytie f lae for i .
is called the order of the determinant system); (5) the following identities any iumsinucle;seﬁ‘m:ety e Tormulae for u deforminant system. For
hold: o ) 7
AL, o o Ey _ o 1 _
) Do T S = Ny g, (B o) 2 Doty = N b =012, )
Loy Lryoony iy ‘:OJ Loy« y By 1y By s By, : me=0 :
" where
(D) n,,n(AE“’ E"""ff”‘)mZ(A)fffaao-nn‘(é“"”’ B Gise 5"‘)- ' £y, b
Loy Mgy orvyily p . (N y Ty <3> D, o F) = l)n rn(F)
’ * Ly y ooy LY
§ 3. First fundamental theorem. If 4 ¢ H has a determinant system, pre .
then A is Fredholm. Viz. if the order r iy 0, then A"! = D,/D,. If » >0 S1ilyy ooy &ty
and 9y, ..y ey Y1y - - -, Yy e fixed elements such that § = D, (’71’ ”’) # 0, - H, p.o T |
k Y1 -oos Y, ) Sn i R b 1 St N
let &y, ..oy &y 21y .-vy% and BeE be such that, for all & . T e
én nl's s ey Eu iy, m‘
@1 Yareees Ur The sequence (called the delerminant system of F)
Mg cvevnenvenanenennns ey M
@ = D) -
Z:' r(yu-ny?/i--lamyyi-}-ly "~7"r)’ (l) [)O(F)"Dl(lﬂ))1)2(1')7"'
&g =D, (Z” o M-l ity o Z') Iy a determinant systemw for A = I +7,. Moreover,
17 e e s Yr
Then y,..., ¢ are linearly independent in &, and so are z,, ..., s lon m—1 0 o 0
in X. The linear equation Az = ®, has a solution x if @y =0 0y o m—2 0 0
for 4=1,...,7r; then & = Bwy+¢2,+...+0.2, is the general form | ‘
of the gsolution. The adjoint equation £4 = &, has a solution £ if Dy o (F) = |2 T2 o M3 0 ,
§g2 = 0 for 4 =1,...,r; then & = £ B+¢,¢+...4 0.8 is the general Lo oo
form of the solution. . ‘ Gl Gug eerneenannnins o, 1
§ 4. The second fundamental theorem. If 4 is Fredhoim, then A (0w Gy e Oy 03
has a determinant system. The determinant system of A is determined (5) )
by A uniquely up to a sealar factor == 0. o 0 L . OJ
§5. Examples of determinant systems. (a) Let X be the m-di- 7 T
mensional space, and 4 an endomorphism in X, determined by a square " |
matrix (a; ;). Let Dy, = deti(a; ;). For 0 <<n < m, the set of all algebraic Dy o (F) = i ; (n=1,2 )
minors obtained from (a;;) by ommiting # rows and m columns is an ' f Dy (1) T

n-covariant and m-contravariant tengor, i.e. a 2n-linear functional

s eees bn o ! s & ’
D"(it, 52) on E"xX". Let D, (i: w’:) = det (&), and D, = 0 o
for » >m. Then D;, D, D,, ... is a determinant system for 4.
(b) It X is any Banach space, and A< ¥ has the inverse 47!, then where @, = Te(F") = F(T% '), and T} ix the 2n-linear functional
i ¥ =1 hd. D* 517"':&1 = det(& 41 v it Ely'--asn ‘7 — T
(1) o =1 an am ) = det(éd ™) (8) el = ), Aet(§T%y) = det(&T%m,).
Ly eeey iy Ly y ounyily o A .
is a determinant system for 4. s 0

Studia Math. Seria specjalna T 8
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determinant system (4). Let

§7. Some identities for the
Dy(F; i) = Y (Dy(F -+ eF,) — Do(F)) /e, and, by induetion

o0

(M DS”](F; By ooy By)
= Hm (D (F 4 eF5 By, oo

&0

7]’1':1» 1)—])n(ﬁ'§ lﬂl’ ey Fnu-l))/é"

We have

(8) D, (F) (5“ S En) = D{]n)(]’,; EL®2y,y oy En®ity).
Dyy ooy il .
Dy(F) is the only analytic solution (in @) of the differential equation
(89 Dy(F; B+ F-Fy) = Do(F)-Tr(F)
with the initial condition D,(0) = 1.
For |F| < 1, ‘
(9) Dy(F) = expTrlog(J +F),

where J is the abstract unit added to the algebra . For all ¥, F, Fye @),
(10) Dy(F+Fyt-Fy - Fy) = Dy(F1) Dy (F)

(theorem. on multiplication of determinants), and

(11) D, (F) = Dy(¥)- Dy,

where D}, is defined by (1) with 4 = I+Tp.

§8. The case where X is the m-dimensional space. Then for-
mulas (2), (3) yield the algebraic determinant system. described in § 5 (a).

§9. The case where X, 5, are spaces of measurable fnnctions
defined on a set I' with a measure u, &z = [E(t)2(H)du(l). Let z(s,t)
r

be a function such that the funetional Fy(K) = [[v(t, 8)x(s, t)du(t)du(s)
rr

iy continuons on the class of integral operators K: Ku(s) = J w8, t)du(t).

Let F be any extension of F, over the whole K. Then (4) is the determinant

system for the integral equation

(12) : a(8)+ [ (s, Do) du(t) = u,(s),

and I'r is the integral endomorphism with the kernel 7(s,t). The deter-
minant gystem (4) does not coincide, in the case X = O, with the original

icm
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Fredholm determinant and subdeterminants. The Fredholm determinant
gystem coincides with the sequence {D,(F)}, where

(13) D,,I(F)(El’ ey En) = D,”(F)(EIII, AR 5:1,»/1') — J‘),,(F)( 51) ey 511 )

DBy ooey By Byy ovny By Tay, ..., Tw,

and. 7' = T',. The same integral formulas for (13) can be written ag in
the case investigated by Fredholm.

§ 10. The case of infinite square matrices. Substituting in §9:
I" = the set of powitive integers with a trivial measure, we get a gencr-
alization Koch’s theory of determinants and subdeterminants of infinite
sguare matrices.

§ 11" The 110n~1iniqueness effect. Observe that the canonical map--
ping I -+ Ty is not one-to-one; consequently the determinant system (4)
for 4 is uniquely determined by F, but it is not uniquely determined
by 4 =I1+4Tpr. In many concrete cages we know that the canonical
mapping is one-to-one on the class of all nuelei. Then, if we restrict our-
selves to examine only the operators 4 == -7, where 7' is nuclea,
we can uniquely assign, to every A of this form, a determinant system,
viz. the-system (4) where F is the only nucleus of 7. In the general case
we cannot prove that the canonical mapping is one-to-one on the set of
all nuelei. The problem whether the canonical mapping is one-to-one
on the set of all nuelei is equivalent to the problem whether every compact
endomorphism ix a uniform limit of a sequence of finitely dimensional
operators.

Observe that, for every quasinucleus F, the sequence

(14) {D, (F)exp (—TrF -+ §Tr F2)}

is also a determinant system. for A = [-+-7p and is uniquely determined
by A only! The sequence

(18) (D, (F)-exp (—Tr )}

hag the sane property, provided 7'p is o uniform limit of finitely dinensio-
nal operators. Flowever, in the case where X is a finitely dimensional
space, neither (15) nor (14) coincides with the algebraie determinant
yystem § 5(a).

§ 12. The Carleman determinant system in L2(I', u). If the kernel
7(s, ) of the integral equation (12) is such that Pfflr(s, DI2du(t)du(s) < oo,
T

the determinant system (4) does not exist, in general. However, the
expreggions (15) vemain sensible and give a whole determinant system
for (12).
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O ky6arypubix gopmynax

Gl COBOITE B (HopoenGupok)

DOpPMYL0Hf MEXAHUUCCKHX KYBaTyD HasbBaloT 06BYHO 1pUBHHiel-
HVIO popMyay

" [ Seuntan,

k=1

rge £ — mexoropas 06IACTL #-MEPHOrO npocrpamcersa, Tourum r cyrn
HAKIE TO TOUKH BEYTPM aToH ofiactn, a xosdduuuents: ¢, — 3aKaHHasn
cucrema wacen. QmuOra Popmyisn 3aBHCHT 0T QYHKUMEH ¢. LA pasiumu-
HBIX IACCOB  (OYHI:UIE 3Ty OWIMOKY MOMHO OUEHMBATL IO DABHOMY.
B upocrpanersax €™ (m 1) u WE (m >n/p), wax aro cirexyer us
TeopeM BIOErHsl, (YHKIMOHAL

(2) (ly) = J il — B“oa

lr]

ABJSCTCH JIMHEHHpM. MAKCUMYM TAROPO (YHKIMOHAJNA HAa eMBHMHOMN
chepe B W momer Geirh wafimen addexrusmo. Huxe Gyper monasano,
ran ATo upousBecT. MMest BRIPAMCHNe T MARCHMYMA MOMHO II0CTaBUTD
A7y 0 HAXOMRICHAN

(3) min [max (I, ¢)],
FICRAMTES

T. 0. 0 IOCTPOCHHM OIFMMAJSLION (POPMYJIB MEXBHHUCCKHX KyfaTyp ¢ au-
JAHHLIM UHCIOM TOUCK, T0 MPEHCTABIACT €0B0I0 Baady 0 HAXOMJIEHIN
DRETPEMYMY (PYHEKIME KOHEUHOIO YHCIA [TCPEMEHHBIX.
Baan sa mopwy »n W sesmamry
o2
('L) W'””.(Iu) e ”H{/’H,g(m 1) f H(Nl (,m ’
{ I

rige 8D ppoeTpaReTBO  MEOTOWIRHOB  cTementn  m—1, LY garrop,
IPOCTPANCTRO

(5) 115_,'” [V “’.&”' l)/‘q(m 1],
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