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On the different in orders in an algebraic number field
and special units connected with it*
by
E. C. DADE and O. TAUSSKY (Pasadena, Calif.)

To L. J. Mordell to his 75-th birthday

1. Introduction. An order O in an algebraic number field 7 is called
principal if it can be generated over the rational integers Z by a single
element. We are concerned with relations between two possible genera-
tors of the same principal order.

Our result was stimulated by an attempt to explain the following
phenomenon:

Let © be a principal order in a cubic field and let 8, A be two dif-
ferent generators of O. Then a set of relations of the following type must
exist for rational integral a; with |am| = 1.

any =1,
(1) gy - Ugo O+ pg 6 =2,
g+ Gy O 055 6 = 27,
Clearly,
a. /7%
2) 2 o) 1.
Oy A3y

Let 0 be a zero of the irreducible polynomial
(8) f(X) =X+ aX*+-bX +c.

Since the third equation in (1) is obtained by squaring the second
equation the quantities ay, ag can be expressed in terms of @y, day, Gos
and a, b,c. An easy computation shows that the left-hand side of (2)
is a cubic form in # = @y, ¥ = aux:

(4) @ — 200°y + (a* -+ D)2y’ + (e — ab)y*.

* This work was carried out (in part) under a National Science Foundation Grant
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We noticed that this form is the norm of the elemont
(6) 7 = &y (0x+ Os)
where § = 0, 0y, 0, are the zeros of (3). By (2) and this observation,

7n must be a uwnit. The unit 7 i3 in F and is connected with the system

(1) in another manner.
The second equation of (1) implies that

(6—6,)(6— 03)(W+?/(01+ 02)) (5”4‘?/(914" 03)) = (A= A} (A — Ay),

where 1,, 1; are the conjugates of 2 = A,, corresponding to 0, 0;. Since
both 6 and 1 generate the order, the ratio of the differents (0— 04)(0— )
and (A—24;)(A—7%) is & unit &. We have
6) (w+y(0+ 02))(“/'4"!/(01']‘ 0;) =& = g,
This unit is in F and has norm --1 because this norm is the squave
of the rational integer [] (m+y(0¢+ Gi)). Since 0p-+0y = —a—0, we
i<y

may express 7 in the form o —ay—y0. It is noteworthy that » is of a spe-
cial form, not containing a term 6%

2. Some polynomials connected with the generator of a princi-
pal order. Now we consider a more general situation.

Let O =Z[0] and O’ = Z[A] be two principal orders in the alge-
braic number field F' of degree n. Suppose that O’ CO. Then

(7 VIS (RN o/ R N ol
for some rational integers X, ..., X,_,.

Let
(8) fo(X) = X"~ X" Lk,

be the monic irreducible polynomial for 0 over Z, and let f,(X) be the
corresponding polynomial for A.

Let Xyy...,%04,0,,...,0, be independent variables over .
Define the polynomial I by

(9) l(Xl, ceey Xﬂ—-l; @,5, @]) B

.Let by = 0, 0y, ..., 0, be the distinet conjugates of 6 in some con-
venient normal closurg of F. Let 4, = 4, A, ..., A, be the corregponding
conjugates of 1. Then (7) implies that, for ¢ = j, '

A

—
(10) ET:O; =Xy oovy Xnoaj bz 0y).
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Define the polynomial y by

n
(11) y(XU R X’n-—l;@) = nl(XU LR Xn-l; @: Bi)~
=2

The following lemma gives some basic properties of y.

Lemma 1. y ds homogeneous of degree n—1 in X,,..., X, ;. The
coefficients of y lie in O = Z[0].

Proof. By (9) each factor I is a linear form in X;,..., X, ;. So ¥
is homogeneous of degree n—1 in these variables.

Since the coefficients of I are rational integers, it is obvious from
(11) that the coefficients of y are symmetric rational integral polyno-
mials in 6,, ..., 8,. Hence they lie in 7 = @ (8) (where, as usual, @ is the
rational number field). It will follow from the following more general
lemma that they actually lie in Z[0].

LemvaA 2 Let g(@qy...,0,)eZ[0,, ..., 0,] be symmetric in the va-
riables Oy, ..., 0,. Then g(0s,...,0,)eZ[0]. In fact g(Oy,...,0,)¢
Z[6y, Ay, ..., A,_1], where Ay, ..., A, are the elementary symmetric fun-
ctions of the variables @y, ..., 0,.

Proof. Let 8;,..., 8,_, be the elementary symmetric functions of
the variables @,,..., @,. Since the &’s are independent transcendentals
over ¢, so are the §’s. Hence Z[S,, ..., 8,_,] is integrally closed in its
quotient field Q(8,, ..., 8,_,) (since it is a unique factorization domain).
Since 0y, ..., O, are the zeros of X" ' —8, X" *4...48,_,, they are inte-
gral over Z[8;,..., S,_;]. Therefore

Z[0yy...; On] ~ Q(Syy ey Bua) = 481, -0y Spal

Our hypothesis is that g(0,, ..., @,) lies in the ring on the left. So
it lies in Z[8,..., 8p_1]. But
8, = Al*@u
S, = 4,—4,0,+ 6,

Sn—l = An—l —AﬂAz@y‘f— . 6‘)’11—-1 .

Therefore Z[8;, ..., 8»_1]CZ[6,, A,,..., A,_,]. This proves the second
statement of the lemma.

If @,...,0, are specialized to 0,,..., 6,, then 4,,..., 4, specia-
lize to @), ..., ayeZ. So

G(O0sy ..oy 0)eZ 6y, @y, .., @] = Z1{0].
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3. The main theorem. Bach element of the ring O[X,, ..., X, ||

=708, Xy, X, 1] has a unique expression of the form:

(13) Bo+B,0+... By, 6"

where the B; lie in Z[X,, ..., Xn_1]. We apply this to the powers of
the element:

(14) A= XX, 04 X007

obtaining unique polynomials By, in Z (X,,..., X,_1] such that:

(15) A= Big+Bu 04 .. 4By 077, 420,
Clearly By, = gy B = = X, and By, is homogencous of degree 4 in
YO!"')-X?L»I ) .

‘We form the matrix (By), 4, b = 0, — 1. Its determinant must

be & homogeneous polynomul M(X(,, R A,, I) of degree n(n--1
the ring Z[X,, ..., X, B
The two polynomials (X, ...,

related by:

)/2 in

X,_1;0) and 2(X,,..., X, ) are

TJH‘ORI‘M 1. The norm from F(X,, ..., X,1) to @(Xy, ..., X, )
of y (X1, ooy Xy 0) ds 2( X, ..y X1 In particular, X, does mot appear
in @

Pro of. Let /A, = A, 4y, ..., 4, be the conjugates of A corvespond-

ing to the con]uga‘ws 01, wory 0, 0f 6. By (15), we have the matrix equa-

tion:

1 L1 1

6 ... 0y A Ay
(16) . (Br) ==

I =T B VSR

Taking determinanfs, we obtain:

vy Xy [1 (0= ) = ](A‘/“‘Ai)'
ez

Furd

) #(Xy, ..

By (9) and (14), for ¢ % j, we have

A‘L— Ay

0,— 6, X

Frs=1

ey K13 04y ).

Therefore (17) implies
#(Xyy ooy Xnoa) = [ UK, ..,

i<y

Xn—ﬁ bz, 05).
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On the other hand, by (11),

n 1;0)):17 ceey

[JUE oy B 65, 0)= e(K, .., Koy
137

uorm( (Xyy oony KXoo1; 05)

4. Further remarks. The main theorem generalizes the fact ob-
served in the introduction for cubic fields, not only to fields of arbitrary
degree, but also to generators of two orders O, O’ with O D ©. Since
the order O’ is a sublattice of O the absolute value of the determinant
of the transformation sending the basis of 1,0, ..., 6™ of O into the
basis 1, 2,..., 4" of O is (0:9’). By definition, 2(X,, vy Xpq) s
this determinant. Therefore

(18) (0:90) = +o(Xyy .oy Xpt)-

Hence we have the following theorem.
THROREM 2. The following three statementis are equivalent:
1. O =9,
22Xy, X]L--I) = +1,
3.y(Xy, ..., Xaly; 0) s a unit in Z[0] with norm -+-1.
An alternative proof of our results can be obtained by noticing that

8) = f2(2)[fo(6)

is the ratio of the differents of the two elements 4 and 6. We call, as
usnal, (—1)*™=Y" times the norm of the different of an element its dis-
criminant. The diseriminant of 6 coincides with the discriminant ¢(O) of
O and that of A with the diseriminant d(D’) of O'. Further, for any two
orders © D O’ (even for non prineipal orders)

0)[A(D’) = (D : O)°.

Y( Xy ooy Loas

Hence, we have again

[#(Xo, -y Xny)]' = norm(y(Xy, ..., Xpa; 0)) = (D: D).
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