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This is a report * on some results in the theory of analytic functions
obtained in Lublin in 1959-1962. Since the problems concerning the
relations between majorization and subordination are treated in a separate
paper by Bielecki [1], the corresponding results will not be mentioned
here. The results dealt with here concern mainly

(i) the class § of functions univalent in the unit circle K with stan-
dard normalization and various subelasses of §;

(ii) the class M of functions univalent in K with Montel’s normali-
zation F(0) = 0, F(z) = 1 (0 < |2] < 1).

Lewandowski [13, 14] showed that the class L of close-to-convex
functions introduced in 1952 by Kaplan [5] is identical with the class of
“linearly accessible functions” introduced by Biernacki [4] in 1936.
Since the class L contains such classes of functions as starlike with respect
to an arbitrary point, convex, convex in one direction, with derivative
of positive real part, Lewandowski’s result arose great interest in this
class in the Lublin centre. The original proof of Lewandowski presented
at the Conference on Analytic Functions in Lublin four years ago, was
rather involved. Recently Lewandowski published together with Bie-
lecki [2] a mew, concise and elegant proof based on the concept of ho-
motopy.

Using some results of Biernacki, Zlotkiewicz [18] found recently
a sharp estimation of argzf (2)[f(2) and argf(z)/z for feL. Although Bier-
nacki [4] determined the domains of variability of =f (2)/f(2) and f(2)/e,
for a fixed 2 and f ranging over L, the results were stated by him in such
a form that explicite bounds of argument could not be derived immedia-
tely from his final statements.

In connection with a result of A. Marx (for reference see [12], p. 26)
concerning the domain of variability of f(z)/¢ for a fixed z¢K and fran-

* Presented to the Third Conference on Analytic Functions held in Cracow
30. VIII-4. IX. 1962.
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ging over the class §* of functions starlike with respect to the origin,
Krzyz [12] determined the domain of variability D, of W = logf (re")
for feL and fixed r, 0; D, does not depend on 6, is symmetric with respect
to the lines Re W = —log(1—7"), Im W = 0 and arises by reflecting
a convex arc (whose equation can be given in an explicite form) with
respeet to the axes of symmetry. In particular, |argf (re®)| < 4 aresinr.
This implies e. g. that for |2 < g Where g, = sin}n, we have Ref >0
for any felL.

A similar problem was treated by Lewandowski [14] who found

the radius of starshapedness 77 = 4Y2 —5 = 0,6568... for the class L
which shows to be just slightly greater than the corresponding radius
for the whole class 8.

In 1952 Kaplan [5] put the problem of determination of the radius
of close-to-convexity 7, for the class S. He remarked that, if the map
f(K(r)) of a circle K(r) = (2: |¢| < r) under f is a close-to-convex do-
main, so is f(K (r,)) for any 7 < r. Thus the problem arises to deter-
mine the greatest number 7, such that for any feS and any 7, 0 <7 <1,
the domain f(K(r)) is close-to-convex. Clearly 7, > r™* = tanhn= /4, since
the starshapedness implies close-to-convexity. Recently Krzyz [8] could
solve this problem; r, turns out to be the unique root of a transcendental
equation ¢ (r) = 0, which is rather complicated, but in view of the fact
that the L h.s. ¢(r) is a monotonic function of r, it can be solved easily
by successive substitutions. We have 0,80 <7, < 0,81.

Tour years ago Lewandowski [15] found a generalization of the Marx’s
result mentioned above. He found the domain of variability of the fune-
tiomal [2f(2)/f(2)]* for fixed # and 2, and f ranging over §*. The do-
main of variability turns out to be the circle with radius |[s—z)|/(1— 2%
and centre (1—7)/(1—|2*). Using this he also determined (see [16])
the domain of variability of f(z,)/f(2.) for 2, and z, moving on the cir-
cumference || = r and f ranging over S*. This domain (depending on 7)
is of considerable importance in the theory of subordination.

Also a result of Zlotkiewicz [18] is connected with the class S*.
Using a result of G. M. Golusin he found a simple derivation of Hummel’s
variational formula for feS*.

‘Some four years ago Z. Charzyfski put the problem of evaluating
the local and global distortions for bounded, convex mappings of the
unit circle. By means of Hadamard’s variational formulae Krzyz [6, 7]
found precise bounds for |f(2)|, |f’(0)] and also for (1—|2|)[f’ (2)], the last
estimation depends however on |f|. The extremal function is the same in
all cagses and realizes the conformal mapping of the unit circle on a cir-
cular segment of radius M the segment being chosen so that the inner
conformal radius of it with respect to the centre is equal to 1.
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Bielecki, Krzyz and Lewandowski [3] determined the exact domain
of variability of f(2), if # is a fixed complex number contained in the unit
dise, and f is ranging over the class of typically-real funetions with a preas-
signed second Taylor coefficient at the origin. For real # the domain de-
generates to a segment determined previously by J. A. Jenkins.

Zmorovié [20] who was concerned in detail with functions f such
that Re f' > 0 put the question, if this class would be a subclass of S*.
Both classes are evidently subclasses of L. As pointed out by Krzyz [10]
neither of both classes does contain the other.

In 1933 P. Montel put the problem of estimation of |F(z)| for func-
tions univalent in K which satisfy F(0) = 0, F(z) =1, 0 < [2] < 1.
Let M denote the class of functions subject to such a normalization.
Krzyi solved Montel’s problem by using Schiffer’s variational method.
This, as well as an approximate solution in terms of elementary functions,
is contained in [9] and [10].

Lewandowski [15] found in an elementary way the Koebe constant
for the clags M, i. e. the radius of the greatest disc covered by the values
of all functions FeM; it is equal to (L— |%|*) [4]z.

o0 o0
Tt is well known that, it ' |a,| < |ay|, then the function a2+ 3 @.2"
T2 N2
is univalent in the unit circle. Mrs. Pilat [17] obtained some theorems
on the class of functions which are subject, moreover. to the Montel
normalization,
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SOME APPLICATIONS OF THE METHOD OF BXTREMAL
POINTS IN THE THEORY OF ANALYTIC FUNCTIONS
OF ONE COMPLEX VARIABLE

BY
J. GORSKI (CRACOW)

We present here an outline* of some recent results obtained with
the aid of Leja’s method.
Let R be a topological space, B a bounded closed set and o(z,¥)
a real function of two points z,yeR which satisfies the following con-
ditions:
oz, y) =20, w(@,y) = oy, ).

Denote by f(z) a real function defined on E and consider the product,
Vo™, 0,4 =[] o, p)expalf(p)+fow)]

1gi<kgn

®
where 1> 0 is a parameter and p™ = (py, Ps) ..., Px) a0 arbitrary sy-
stem of n points of E.

Let V, (o, 4) be the upper bound of the product (1) when the system

p™ varies in B. When f(2) and w(2,y) are continuous functions there
exists at least one system of n points ¢™ <E such that

Valo, Af) = Vg™, o, &).
A system ¢™ = (g, ..., qn) is called the n-th estremal sysiem of
points of B with respect to w(z,y) and Af ().
It has been proved by Leja [6] that the limit
Lim Vy(w, 4" = o(w, 4f)
n—s00

exists. The number »(w, Af) > 0 is called the ecart of the set B.
Let & (z,p™, 0, Af), j=1,...,m, be the sequence of functions

(%, Dr)

] expnf (py)-
o (p; D)

@(i)(m’p(n)’ o, i) = [”

Fes]
k=1

* Presented to the Third Conference on Analytic Functions, held in Cracow,
30. VIII-4. IX. 1962.
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