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SOME APPLICATIONS OF THE METHOD OF BXTREMAL
POINTS IN THE THEORY OF ANALYTIC FUNCTIONS
OF ONE COMPLEX VARIABLE

BY
J. GORSKI (CRACOW)

We present here an outline* of some recent results obtained with
the aid of Leja’s method.
Let R be a topological space, B a bounded closed set and o(z,¥)
a real function of two points z,yeR which satisfies the following con-
ditions:
oz, y) =20, w(@,y) = oy, ).

Denote by f(z) a real function defined on E and consider the product,
Vo™, 0,4 =[] o, p)expalf(p)+fow)]

1gi<kgn

®
where 1> 0 is a parameter and p™ = (py, Ps) ..., Px) a0 arbitrary sy-
stem of n points of E.

Let V, (o, 4) be the upper bound of the product (1) when the system

p™ varies in B. When f(2) and w(2,y) are continuous functions there
exists at least one system of n points ¢™ <E such that

Valo, Af) = Vg™, o, &).
A system ¢™ = (g, ..., qn) is called the n-th estremal sysiem of
points of B with respect to w(z,y) and Af ().
It has been proved by Leja [6] that the limit
Lim Vy(w, 4" = o(w, 4f)
n—s00

exists. The number »(w, Af) > 0 is called the ecart of the set B.
Let & (z,p™, 0, Af), j=1,...,m, be the sequence of functions

(%, Dr)

] expnf (py)-
o (p; D)

@(i)(m’p(n)’ o, i) = [”

Fes]
k=1

* Presented to the Third Conference on Analytic Functions, held in Cracow,
30. VIII-4. IX. 1962.
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Put )
D, (5, 0, Af) = inf maxd®(z, p™, w, ).
M)y 7
The following theorem has been proved in [1]: If v(w, 4f) > 0, then
the limit

@) D(v, o, if) = lim [D,(z, w, )"

exists for ©eR. The function @ (v, w, Af) defined by (2) is called the ex-
tremal function of H with respect to w(w,y) and Af(x).

On the other hand, consider the functions @Y(s, ¢™, w, Af) where
¢™ is the n-th extremal system of points. Denote by 49,5 =1,2,...,n,
the product

49 = gw(Pi’Pk)eXP(*lf@k))
k=1
and suppose that the indices are chosen in such a way that AQ < 4%,
j=1,2,...,n In [7] the following has been proved:

If imy 4D = o > 0, then the limit
N0
quj(l)(a"a q(n)’ w, }-f)lln = @(z, w, i)
N—rc0

exists for ve R—H.

We present now some applications of the extremal function
(@, if).

1. Green’s function. Let 1 be 0 and let w(z, y) be the distance of two
points of the complex plane. Then log P (z, »,0 ) is the generalized Green’s
function for the unbounded component D, of the complement of H with
the pole at oc.

/2. Conformal mapping. Le 6 be a real number such that the function
Yo (@) = ¢ @® (w, Q(n)y w, )"

i positive at a fixed point @,eD,, of the domain D, which is supposed
to be simply conmected. Then

w = limy, () = p(2)

is the conformal mapping function of D, onto the circle |w] > 1, w(co)
= 00,

3. Dirichlet’'s problem. Let o;, ¢ =1,...,% be non-negative and
such that a = Yoy > 0. If

1@y == Y afi),
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then
k
[ 7@, 0,5 < (@, o, 5.
=1

This inequality implies the following: If f(z) and f(z) are real func-
tions defined on E and 0 <1 < 1, then

Moreover, the function

b(w, wsf‘!‘af)

lim ;1
1131 o8 Dz, w,f)

is harmonic outside E.
In particular: If D is o simply connected bounded domain whose boun-
dary is E, then
limAog @ (z, w, if) = u(x)
A—>0

s the solution of the Dirichlet problem for D with boundary wvalues f(w).
This result has been generalized to the case of multiply connected
domain and to the case of a domain in n-dimensional space with #n >3
(see [97 and [2]).
4. In the case of the 3-dimensional space and of the equation Au— c*v
= 0 the first boundary value problem for a given domain has been solved.
It was necessary to choose for w(z,y) the funetion

o—Clz—Y!
exp {1 @) +f@]— TﬂG——(l/I} .

For sufficient smooth boundary of the domain and for the boundary
value f(#) which satisfies the Lipschitz condition the second passage to
the limit A — 0 is unnecessary [4].

5. Bremermann’s problem. Let w(z,y) be the function

b (@, y)lexp {—A[f (@) +F ()1},

where & (2, ) is an analytic function of two points & = (21, 2,), ¥ = (&1, &)
defined in a domain D with the boundary E in the space of two complex
variables. Using the method of extremal points Goérski [5] constructed
a plurisubharmonic function

() = A~ ,-,;f log (2, 9)| dua (y)
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with the following properties:

< Zf_ +f(x) almost everywhere on E,
U, (%) .
= ZZL + f('g;) almost everywhere on F;,

7, = const = [ [ogih(a, )l duadis—2 [ 7o)y,
where B, is the support of the mass distribution defined by extremal
points on K.

6. The sequent results [9] concern the Tchebycheff interpolation
polynomials.

We introduce the following notation:
f(®) is semicontinuous and bounded function on H;

w(z, ), f) = [p—al...Je—ca [exp(—nf(2);
(B, f) = maxw(z, £, f);
2¢E

on (B, f) = min {maxw (2, ™, ) = mi}”’”(@ "I(n)’f)-

dMep 2B
Then
Tulz, B, f) = w(z, f‘"‘),f)expnf(‘z),
P.(2, B,f) =w(e, ﬂ("):f)expnf(z),
Y T, (z, B, f)| = iV [Po(e, B, f)| for 2¢E,
P — Y — [
lim Voo (B, ) = limV (8, ) = 1/lim (;;f)-
Nn—aro0 N0 B—r00

7. A very short proof of the uniqueness of the equilibrum masgs distri-
bution on & given compact F has been given by Bach [1].

8. Coefficient problem. Let
() W =f(2) = 2+ @, 0,2 +...

be an analytic univalent function in the unit circle K: |2| < 1 and let 4
be the image of K by (i). We denote by D the image of 4 under the trans-
formation & = 1/w. D is a bounded simply connected domain which con-
tains the point co. The boundary ® of D is a bounded continuum with
capacity 1. Let 7™ be an n-th extremal system of points on B, i.e. a system
My ...y N Such that for any &, ..., &,¢H we have

T mi—ml =[] 16— &l
i<k i<k
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It has been proved in [8] that
1. the limits

'] k k
Him 7]1'[‘712":--"“‘777;

N-r00

= 8, k=1,2,.‘.
exist,
2. the coefficients b, of the inverse function

2 = w4 by’ +byut ...

are given by
1
bk+1 = 70- (sk+ b2£k—1+-'-+ bksl)y

3. the coefficients a,, @, and a, of the function f(2) are given by

2 3
3818 — 887+ 68,8, — 83
ay = ——=, @y = —— 3 .

y = —8y, )

TFurther coefficients a;, can be easily calculated from the identity
2 = (84,88 +.. )+ by (et a2 .. )

Moreover, the following results have been obtained:
(I) If |a3] = max, then |b;] = max;

(XT) the sharp inequality |s,| < 6;

(IIT) |@y+b,y| << 103

(IV) if |ay] = max, then |by| = 14.
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EXTREMAL POINTS IN THF SPACE O
BY
J. SICIAK (CRACOW)

This is a report* on an extension of Leja’s method to problems in
several complex variables.

1. Interpolation formulas. The Lagrange interpolation formulas
for ordinary polynomials of n variables and for homogeneous polyno-
mials of » variables are basic tools in the method of extremal points in
the space C" of n complex variables.

Any polynomial P,(z) of degree » may be written in the form

v.
%17 K )3
(1.1) Po(&) = ) Gy, 1y Z00 2,
i=1

where (Fygy Kapy eeos Kut)y 1=1,2, 00,0, % = (”:”), is the sequence of

all solutions in non-negative integers of the inequality &+, +... 4 Tn < 9.
Analogously, any homogeneous polynomial @,(2) of degree » may
be written in the form

4]
(1.2) Q@) = D taypg, g AT A0,
1=1
Whete (g, Bazs vy Bad)y T =152, 00y %y vo=(”j;ﬁ‘ll), is a complete

sequence of the solutions in non-negative integers of the equation h,+
+hyt. by =

Suppose p® = (py, Doy -, P,) 18 8 system of », points p; = (2, ...
s fui), 5=1,2,...,9, of O" such that the determinant V() =
= V(py, ..., p,,) defined by
(1.3) V(p¥) = det[1f2.. .41, i, 1=1,2,...,%,
is ditferent from zero. Then the following interpolatiom formula holds:

(1.4) P,(5) = D P,(p) Lz, p%), #eC",
g=1

* Presented to the Third Conference on Analytic Funections, held in Cracow,
30. VIII-4. IX. 1962.
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