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ON SOME EXTREMAL FUNCTIONS OF LEJA IN THE SPACE
BY
W. BACH (CRACOW)

Tet B"™ be m-dimensional Buclidean space, m =2, B a closed and
pounded set in E™ and

a (|p—ql for m =2,
ol 9) = P for w3,
Let ¢™ = {g, g1, ---, s} De an nm-th extremal system of F with
respect to w(p,q) (see [2,4]) and p™ = {py, P1, ..., Pa} an arbitrary
system of m+-1 different points of E. We put

n kil

at (7, Gr) a { w(r, p;) }

N — AL B,(r) = inf {max ———

4u(1) m(%X s © (@5, ¢’ ) pmce U (0 g o (P> 1)
o kel

Tt is known [2, 4, 5] thab if m = 2 and r¢E, then

1

) lim —log 4, (r) = G ("),
oo T
1

@) lim —log B,(r) = @(r),
nsoo M

where G(r) = I—u(r) (see below). o

Let D,, be the component of the complement of ¥ containing the
point # = co and F, the boundary of Dy. If m = 2 and reD, then G(r)
is the Green function for D, with a pole at infinity and for r¢D,, we have
G(r) = 0 excepting a set of capacity zero. .

The object of this paper is to prove (1) and (2) in general case (for
m = 2).

Denote by M the class of all positive Radon measures » such that
v(B) =1 and v(e ~ B) =0 if enB =0.
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Let 4 be the measure of M such that

] e

The number ¢~*

dv(p)dv

;W in) = int f f log —

is the capacity of B. It is known that

at
®) u(p) = [log aulq) = 1

(p, 9
for peFE excepting a set of capacity zero.

Let p,(e) = k/(n+1), where & is the number of points of ¢™ contained
in e. Since the measure x is unique [1, 3], the sequence u, is convergent
to u. Hence we obtain (1), because the Fekete’s radius and the capacity
are equal.

Proof of (2). Let z be the measure of M such that

= inf { flog———-—‘ dv(p)dv(q)

= af 1
I — 10g——-— u(p)du(
{Ef o(p,q,7) i wlp, g;7

where o(p, q;7) = w(p, ¢)/o(p,)w(r, q). Using the same method as
in [3] (see also [2]) we can easily prove that

4 a(p) = [ 1 L g =1
(4) W) = [ o 0

for peE excepting a set of capacity zero. Integrating (4) with respect
to # we obtain

3) ¢0) =T+ [10g w(l di(g).
B

q,7)

Let §™ = {Go, %1, ..., Gu} be an n-th extremal system of ¥ with res
pect to w(p, g; 7). Without loss of generality we can assume that, for
j=1,...,n,

nw (@05 T) <nw(qf,qk

k=0
It
Using the same method as in the case of m = 2 we can easily prove
that the Fekete’s radius of B with respect to o(p,q;r) is equal to the
capacity of F with respect to w(p, q;r). Hence

(6) hm[nw @ g0 " = .

N0 T

icm®
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Let s, be the measure defined similarly as Uy but for the system g™.
Since the measure  is unique (the umqueness can be proved by the same
method a8 for x) we have lim g, = u. Hence, for ¢ F,

Ne—>00

n
.1
(7)  lim— log - —
nsoo M £t o(r, Gx)

=lim flog d,un(q flog d,u(q
N ->00

From (5), (6) and (7) we have
1 1
lim {max[ log ——— —1o; — ]}
T—>00 2 q“ qlc & @ (qi: 1‘)
k]

- 1
=TI+ | lo
E{ & (g, 7

du(g) = G(r).
Hence and from the definition of B,(r) we obtain
—1
(8) lim —log B, (r) < G(r).
nsco N
Let {m} be a sequence such that

1 1
hm——loanl (r) = hm_logB ().
koo g n

Let ¢™ = {¢, @1, ---, @u} be an n-th gystem of points realising B, (r)
and u, the measure defined with respect to g™ analogously as was g,
with respect to ¢™. Without loss of generality we may assume that the
sequence {n} is such that the subsequence u,, is convergent, say: oy, =l
Writing
o(p,q) =6
o(p, q) <4,

w(p,q), if

ws (P, )~l s, i

we have for every sufficiently small § > 0 and p belonging to the support

of u
hm—loank(r f log ——— dﬂ(q)

ko0 Yop

1
wa(.’l’, 7)
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and hence
1 1 - 1
im— = e ] —log — .
o 0B = 108y gy T

Since both the measure w of a set of capacity zero and the measure P
of a single point are equal to zero, integrating the lagt inequality with
respect to p we have, by (3),

hm—loan,c(r { [f og ———dfi(q) - log—(«——)—]d,u(p)

koo ¥

r 1 g 1 —_
_ —du(p)— 1 )| i
E{LJ T KA AT Ha

= [@mdute) = 60).

¥4

Hence and from (8) we obtain (2).

Remark. Let
n
ar . (T, pr)
C,(r) = inf {max _.___}
wlr) 0) n w(py, Pr

pMCE

g
From (1) it follows that
- 1
(9) lim —logC,(r) < G(r).
nsoco M

Let §™, Zn, M and u be defined analogically as in the proof of (2).
Then we can prove similarly as before that for p belonging to the support
of %

1 =
- 1 d — | log—————du(q).
i log 0,1 fog o) = [ log s (0

Integrating now this inequality with respect to u we obtain by (4)
and (B)

i log 0, (1) > [ [ [10g dﬂ(p)“log*a"a;';;)“] 3i(g)

z ‘i

= [emdit) = ).
B
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Hence and from (9) we get the equation
.1

lim—1logC,(r) = G(r).
n—co

This result was also obtained on another way by F. Leja (see [5]
and also [4], p.267) and by A. Szybiak [6].
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