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A note on the theory of propositional types
by

A. Grzegorczyk (Warszawa)

Let H be the theory of propositional types described by L. Henkin
in paper [1]. The primitives of H are: i-operator, the function of ap-
plication written as (Xq3Yp), and the denumerable number of constants
Qon. denoting, for every type a, the relation of identity in type «a.
For example, Quoo is the familiar relation of propositional equivalence:

(0.1) By =Y = ((Q(oo)o-%)?/o) .

Using quantifiers and higher types, we may define all connectives
by means of equivalence, as was first shown by A. Tarski in [4] and [5]:

(0.2) Ty A Yo = vzoa(v’l’o = ‘((zou%) = (zoo?/o))) ’
(0.3) F = Vaya,,
(0.4) ~%, =% =1

Conjunction may be defined, of course, in many ways.
Henkin formulate these definitions by wusing A-operator instead
of quantifiers. The aim of this note is to show that:
(1.0) Ewery constant Qua, 48 definable by means of A-operator, applica-
tion, and constanis: Quop, conjunction A, and F.
Proof. Let us write Q° instead of Quu.. We shall prove (1.0) by
means of three lemmas:

L,. Q% is definable by means of Q° and Q'
1 Q¥ = Muﬂ!luﬁf(((?oﬂlzﬁ T) 125 (@ (wap 29)) (’yaﬂzﬂ)))

where T is the constant of truth (T = (F =1)).
According to Henkin’s definition of quantifier,

Vg do = ((Q% A2, T) A5 4,)
the formula (1.1) may be rewritten in the following informal way:
s Q" Yo = V25(0ep25) Q" (Yo %)

which shows that (1.1) is an application of the principle of extensionality.
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L,. Q% is definable by means of the connectives and all individuals
Bi, ..., By of type B
12 Q¥= Z%M:l/oﬂ{((%ﬂBg) = (Yop BY) A e A ((op Br) = (yop Ba))} -

The meaning of (1.2) is evident.

L,. Al individuals BS, ..., By of type B are definable by means of con-
nectives, by means of all individuals of all types a < B, and by means of
all @° for all a<<f.

(I write o< 8 if the index a is a part of the index f.)

Every type-index 8 may be written as

B = ((0B)B) - P

where By, f, ..., B are type-indexes and obviously fi~3f for 1< i<k,
Hence, for every j (1 <j<n), the definition of B! can have the
following form:

B} = Azp, ... Ay, {[((Q%wa) B™) A ... A (@) B AV v ...
v (@5, B A .. A ((Qwy) BiE) AV}

This definition consists of an alternative of s conjunctions. Hvery
conjunction contains a component V¢ (1 <i<s). We have V'=1F or
V' =T according to the truth-table of Bf. B is considered as a func-
tion of % arguments of types B, ..., fr and taking the values of type 0
(T or F). Every conjunction represents a -dimensional point in the
%-dimensional truth:table of B}. Hence the construction of the defini-
tion ig evident.

(1.0) follows from the lemmas L,-L; by induction.

If we want to have only the equivalence as primitives, we can
assume two:

0 =Quomon 229 = (o(o0m)) 000 °

(2.0) Ewvery constant Quaa s definable by means of A-operalor, applica-
tion and the constants Q; and Q,.

Proof.
) P =g = ((QuAwop) M) ,
a8 = Ay, ,
T'= ((@a8)as),
ver = Ay, T,

F = ((@,a8)ver) ,
PAg= ((QsMwT)Z%(? = ((owp) = (‘”“"‘D))) :
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Two last definitions are analogoug to (0.3) and (0.2). Hence, from (1.0)
we obtain (2.0).

The reduction of primitive notions does not finitize the axiom
system of H. We need (as remarked first S. Le$niewski) the rule or the
denumerable number of axioms having the form of extensionalities
(e.g. (p = ¢ A (fooP)) —(go0q)) or the form of generalization rules (e.g.

((gwli’) A (gml’))e(gwq)). The first proof of the completeness-theorem
for the theory of propositional types (in Le$niewski’s formulation) was
given by J. Stupecki in [3].
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