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On a certain result of Leray
by
A. Deleanu (Bucharest)

The result to which we refer is Lemma 8 on page 121 of [5]. We
propose to obtain a more general result by using a modern proof based
on the theory of spectral sequences. We then derive as a corollary the
well-known. theorem on acyclic coverings due also to Leray.

The theory of covertures has been set up by Leray in [5] and [6];
good accounts of it may also be found in [1] and [7]. We recall some
basic definitions from this theory and refer the reader for the basic facts
concerning spectral sequences to [6], [4], or [3].

Let A be a ring and X a topological space. An A-compler ¢ on X
is an A-module with whose each element ¢« C iy associated a -closed
subset of X, called the carrier of ¢ and denoted by S(¢), such that the
following relations hold:

(S;) 8(c) =0 if and only if ¢ =0,

(Sy) S(c+c¢')C8(e)yvw 8(¢') (c,¢6 €C),

(8;) S(ac) = 8(c) (ceC, aec A, a0)

If O is graded and if ¢, ¢’ are homogeneous of different degrees, we
require that equality hold in (8,); if O is differential, then we must have

(S;) 8(de)C S{e) (ce (),
where d is the differential operator.

Let Y be a subspace of X and ¢ an A-complex on X. Let Cx-x
denote the elements of ¢ whose carriers are contained in X ~¥. We
denote by YC the 4-module 0/0Ox.r and by Yo the image of ce C under
the natural homomorphism C->0/0Ox-y. It is easily seen that we may
define for Y a structure of 4 - complex on Y by setting 8(¥e¢) = S(¢) Y.

If M is a graded differential A-module, we denote as usual by HY M)
the ¢-th cohomology module of M.

By an A -coverture on X we mean () a graded differential A -complex
K on X such that the degrees are >0, the differential raises the degree
by 1, and for each # < X the following conditions are satisfied:

(*) Tt should be noted that our definition is more general than the usual ones
(cf. [6], [1], [7]) in that we do not require K to have the structure of an algebra or
its elements to have compact carries, nor that K have a unit relatively to each com-

pact subset of X.
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(i) There exists a canonical isomorphism v, of A onto H(zK),

(ii) HP(zK)=0 for all p> 0.

The intersection Co 0’ of two A -complexes on X ig defined as follows:
For each g ¢« C® (', define the carrier S(g) to be the sefi of points e X
such that (p.®ps)g # 0, where p,: (a0 and pg: ¢’ —>xC are the
natural homomorphisms.

Then € o0’ is the factor module of C®C’ with respect to the sub-
module consisting of the elements with empty carrier. For any ce O,
¢ e (', the image of ¢®¢’ under the natural homomorphism C® 0/ - o ¢”
iy denoted by coc'.

Let A be a ring and X a topological space. An A -complex L is said
to be free, if there exists a family (I;);er of elements of I such that eaclh
element [ e L may be written uniquely as

1= D al

i€l

(wed),

where all but a finite number of the a,’s are equal to zero; moreover,

8 = U8,

where the union is taken over all indices ¢ for which ai#% 0 in the
above representation of I. The family of eclements (I;); is said to be
a base of L.

Let 4 be a commutative ring with a unit element and K an A -cov-
erture on X. If ¥ is a subset of X, an element « ¢ K is said to be a wnit
relatively to ¥ provided that for each ¢ ¥ the element zu of #K is homo-
geneous of degree 0, it is a cocycle and its cohomology class in H xI)
corresponds to the unit element of A under the isomorphism Ve given
by the definition of an A -coverture.

Levuma. Let A be a commutative ring with o wnit element and X
a Hausdorff space. Let K be an A-coverture and L a free differential
A-complex on X, satisfying the following condition:

(T') Por each element 1; of the base of L, there exists a unit uze
relatively to S(1;).

Let 1= 2 aili be an arbitrary element of L. Then the element Y 1,0 a1l

i

1
of KoL does not depend on the choice of the units ;.
The mapping defined by

1) = X uo aily

i}s{ a.Lmonomorphism of the differential-module L into the differential module
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Proof. Let u; be a second unit of K relatively to §(I;). Since (K o L)
= oK ®uxL ([7], p. 165) and since for x ¢ S(l;), al; =0 and for » e S(L),
wus = 2u;, we may write for any » e X:

@ (U 0 aily—uio agly) = (Wus—2u)) @as- xly = 0.

Hence S(u;o0 aili—uio aily) = @ and, by (8)), %0 ails = w50 aili.
Assume now f(I) = X #;0 a;l; = 0. This means that, for each & e X,
i

we have
27 1 E
.’ﬁ( Ui o (Ml,;) Y mn@amtl, = aimm@ml; =0.
i i

=4
1
But «L is a free module having as base the elements zl; such that
2 e S{l;). It follows ([2], Exp. XI, p. 5) that sK®«L coincides with the
group of finite formal linear combinations of elements zl; with coefficients
in K. Hence we have for each ¢ such that # e 8(I;), ;- zu; = 0, i.e. a; = 0.
As the point # is arbitrary, we infer that a; = 0 for all ¢, and therefore
1 =0. Thus f is a monomorphism.
We now prove that f commutes with d. We have

daf (l;) = d(ug o Z{) = dgo lz+uzodl;.

Since wdu; = d(wus) = 0 for any = e S(l;) and xl; = 0 for any x¢ 8(l),
we have @w(dusol;) = 0 for any x ¢ X and therefore dusoly = 0.
Hence
(lf(li) = HUjo dli .

On the other hand, if dl; = ;b;iz]- we have

fa) = Yojy) = Xuso it
7 i
Let # be an arbitrary point of X. We may write
o (af (W) —fa (1) = o(wio X bity— X ug o bil)
7 i

= m(Z(’lM—%j) e b;ll) = _E(wm—mq)@bwlj .

7

If ¢ 8(l;), we have zl; = 0; on the other hand, since
U 8(l) = 8(dl) C 8(l),
vi0
wy is 2 unit relatively to S(I;) for each j, so that for & ¢ 8(}) we have
wus—zu; = 0. It follows that z(df (L)~ fd(ly)) = 0, whence clj.(h) = fd(l:)-
We conclude that df = fd, i.e. f is a homomorphism of differential modules.
1*
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We call f the canonical homomorphism of L into K o L.

THEOREM. Let A be a commutative ring with a unit element and X
a Hausdorff space. Let K be an A-coverture and L o free differential
A-complex on X, satisfying the following conditicn:

(A) There exists a base (Li)ier of L such that for each e I:

(i) There ewists an isomorphism @i of A onto HYS(L)K) such that
for each x € S(l;) the diagram

A
i v
({10 - K) > HOk)

is commutative, where p* is induced by the natural homomorphism of S (L) K
onto x- K and v is the canonical isomorphism of A onto H%x- K) given by
the definition of a coverture.

(ii) H(8(ls)- E) = 0 for all p > 0.

Then condition (T') stated in the above lemma is satlisfied and the can-
ondeal homomorphism f of L into K oL induces an isomorphism * of
H(L) onto H(K o L).

Proof. For each i eI, select an element u; ¢ K such that

Pill) = 8 (L) uq,

where 1 is the unit element of the ring A.
By the commutativity of the above diagram, we have for each
weS(li)

@ ur = pH(S () wi) = prpill) = (1),

hence u; is a unit of K relatively to & () and condition (") is satistied.
We now introduce on the module T =K oL a filtration by means
of the following submodules: ° '

T7= MK,
i<p

where p is an arbitrary integer.

On L we consider the null-filtration; we then have in its spectral
sequence: i

B,=L (r<0), E.=H(L) (r>0).

Tl.le ca,noni@l hon.wmorphism f is compatible with the filtrations
and with the differentials, so that it induces a homomorphism of the
spectral sequence of I into that of K oI,

The following relation holds in the spectral sequence of K oL:

T = 0 = K? o [ 4 -7,

icm®

A result of Leray 5
Let d, be the partial differential of K oL with respect to K and let
Z and D be the cocycles and the coboundaries with respect to ¢,. Then
CP=T7"Aa™(T7%) =Z(B® L)+ T7°%,
D+ 0 =T A @D L 7P A @I %) = D(EP o L) - T7PF.

The first of these relations is evident; to check ths second one, notice

that
7P A @ IT?) C TP,

T7% A dT" " C D(E? o L) + T™P*,

hence the left-hand member is contained in the right-hand one. Con-
versely, if a e D(E” <L), a is of the form

a= Dldd o py=a( X af o py)+ (-1 X ad e apy)
i j 7
(e K" Byel),
hence a e T2 A dT™ " - T77% A ¢7Y(T7P). Finally, we have
TP C TPt A TN

According to the two relations we have just proved, we may write
in the spectral sequence of K o L:

Be? =070 + DY = Z(RP o L)/ D (K" L).

Consider now a d,-cocycle z ¢ Z(K” o L); it has the form

Z=Za§lol{,

e

‘Where af e K and J is a finite subset of 7. For each z e X, we have

zd,z = 0, i.e. in 2K?@xzL:

dea}’ Dl =0.

ied

But zL is a free module, having as base the elements al; such that

x € 8(1;). It follows ([2], Exp. XI, p. 5) that 2K*®xL coincides with the
group of finite formal linear combinations of elements xl; with coefficients
in #K”. Hence we deduce that the relation xl; + 0, i.e. @ ¢ §(l;), implies
2da] = 0, i.e. z¢ S(daf); we have therefore for each ieJ:

8(da?) ~ 8(ly) : g.

This relation and the condition (A) imply that:
a) If p > 0, there exists an element of ™' ¢ K*™ such that

S(l)dad ™ = 8 (k) a?,
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whence
do ol =dlol;.

Since this relation holds for each 4 e J, it follows that & = dy( 3, i? o1y,
ieJ "

hence 2z € D(K” o L).
Finally we have

Z(EPoL) =D(E?oL) (p>0).

b) If p = 0, there exists an element a;e.4 such that
pila) = S ()5 -
If «; is the unit of K relatively to S(I;) defined by
pid) = 8 (1) i
we have
S(li) - ((li’llri) = S(ZZ) a(} 3
whence
@itgoli = ayoly.

Since this relation holds for each e, it follows that

z=2u;omli,

1eJd)

ie. zef(L).

Conversely, let z ¢f(L), i.e. z = Z 13 o a4lg. Then

dz = de o ail;.

[zeJ
For each z ¢ X, we have

wd 2 = 2 (du) @ (ails) .
ied
It & ¢ 8 (L), then @ (a:li) = ai(zl:) = 0. If & e 8(1y), then o (du;) =
= 0, because xu; = y,(1), so that au; is a cocycle of K.

Consequently, for each ¢ X, wd;# = 0. Hence d,2= 0, i.e. z ¢ Z(K % L).
Finally we have

d{wus)

Z(K* o L) = f(L)

From the above considerations we infer that we have in the spectral
sequence of K o L:

Bi=f(L), Ey=0 (p=0).
Since H (B?) = BY,,, this implies that B2 = 0 for 7 > 0, p %0, hence
dy =0 for » > 0. Therefore

E1=E2=...=Em=G(H(KcL)),
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where G(H (K o L)) is the graded module associated to the filtration of
H(K L)
But

GHE L) =HK-L).

For, in the filtration of H(K o L) induced by the filtration of KoL
there appears only one filtrant grade; to check this it is suffielent to
show that for p> 0 we have

-0 _ G-—p-‘rl_i_D‘p"

It is obvious that the right-hand member is contained in the left-hand
one. Conversely, let » e (7", Then o is of the following form:

= w+2 adloly, welT 7", o K",
i
But
dv = dw+ D da? o T+

17 Y aPedli=0.

i

Since K o I is the direct sum of its submodules Ko L, it follows that
Naatoti=a( > oo u) =
i i

However, we have proved above that for p> 0, Z (KE* o L)
which yields a te K*™* o L such that

dltz‘Za?cli.

We may therefore write

= D(K?1),

v =w+dt=w+(—1)Pdt+at,

where d, is the partial differential of K o L with respect to L.

We have

dteD?,  wt (=1 dst e O,
since
w4 (—1)Pdyt € T7PH
and
d(w—}—(wl)"'dgt) =dv—dt) =dv—d*=0.

The inclusion ¢~ C ¢+ D" is thus proved.

The canonical homomorphism f induces a homomorphism of the
spectral sequence of I into that of K o L; according to the above lemma,
it induces an isomorphism of Eﬂ = L onto B, = f(L); it induces therefore

an isomorphism f* of H(B,) = B, = H(L) onto H (B)) = B, =H(K o L).
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This concludes the proof of the theorem.

We may derive from the theorem the following

CoroLLARY (Theorem of Leray on acyclic coverings). Let X be
a locally compact Housdorff space and let A be a principal ideal ving. Let
U be a locally finite covering of X consisting of compact subsets such that
for each finite non-void intersection F of members of U the relations

H(F,A)~d4, H'F,4)=0 (p>0)

hold, where HP(F, A) denotes the p-th Alexander-Spanier cohomology module
of F with A as coefficients.

Then the simplicial cohomology module based on finite A.-cochains of
the nerve of the convering U is dsomorphic to the Alexander-Spanier
cohomology module of the space X with compact carriers and A as coef-
fictents.

Proof. Let L be the differential complex of finite. A4 -codhains of
the nerve of U where the differential is the usual coboundary operator
and the carriers are defined as follows: to each simplex s? of the nerve
we associate a compact subset S(s?) of X, namely the intersection of the
members of U corresponding to the vertices of s». For each finite 4 - cochain
¢?eL we define its carrier §(¢?) to be the union of §(s?), where s runs
through all simplexes on which ¢# is not zero. As easily checked, L is an
A-coverture and at the same time a free differential A -complex on the
space X.

Now let K be a fine coverture of the space X ([7], p. 141). For each
element I; of the base of I, 8(1;)- K is a fine coverture of the space S (1).
According to our assumptions on () and to the uniqueness theorem
of [7], p. 183, condition (A) in the above theorem is fulfilled. The theorem
then yields an isomorphism f* of H(L) onto H(K o L). On the other hand,
according to [6], p. 54, KoL is a fine coverture of X, so that, again by
the uniqueness theorem, H (K o L) coincides with the Alexander-Spanier
cohomology module of X with compact carriers and A as coefficients.

Since H(L) is nothing else than the simplicial cohomology module
based on finite 4 -cochaing of the nerve of U, the proof of the corollary
is eompleted.

References

[1] A. Borel, Colomologie des espaces localement compacts, d’aprés J. Leray,
Seminar Notes, Ecole Polyt. Fédérale, Ziirich 1957. :

[2] H. Cartan, Séminaire de topologie algébrique, 1° année, 1948-49, Ecole Norm.
Sup., Paris.

|;3] — and 8. Eilenberg, Homological algebra, Princeton 1956,

4] R. Godement, Topologie algébrique et théorie des faisceaus, Paris 1958.

icm

A result of Leray 9

{51 J. Leray, Sur la forme des espaces topologiques et sur les poinis fizes des repré-
sentations, J. Math. Pures et Appl. 24 (1945), pp. 95-167.
[6] — L’anneaw spectral et Vanneaw filtré d’homologie d'un espace localement com-
A . i 139,
act ef d’une application continue, ibidem 29 (1950), pp. .1 1 i ) )
P [7] M. M. Postnikov, The homology theory of differentiable 'mamfolds anfl its
generalizations, Uspehi matem. nauk 11 (1956), Nr 1 (67), pp. 115-166 (in Russian).

INSTITUTE OF MATHEMATICS
R. P. R. ACADEMY, BUCHAREST

ROUMANIA

Regu par la Rédaction le 2. 2. 1963


GUEST




