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ON INVERTING THE LAPLACE TRANSFORMS
CONNECTED WITH THE ERROR FUNCTION

In many problems of mathematical physics the method of Laplace
transforms is widely applied. Let us define this transform as follows:

(1) Fo) = [ ePfwa,
(1]

where f(p) is a transform of a function f(2).

The difficulties encountered in solving numerous problems lie above
all in finding the inverse transforms.

In the problems concerned with heat conduction equation, the
following form of transformns frequently occurs
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where [, r are non-negative integers, m are natural integers, and p, a denote

parameters, o > 0.
Decomposing (2) into common fractions, we can present it in a form

of the sum of expressions
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If a - 0, and m = [, expression (4) tends to (3); it is sufficient therefore
to consider only (4) as a more general expression.

We shall denote by L‘l{f(p)} the inverse Laplace transform. Write
down the known formula (see [1])
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where
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is a complementary error function. Denoting the right side of (5) by
U(t, 0, a) we obviously have
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A multiple differentiation of the function U (¢, ¢, a) with respect to o
and o leads to lengthy and tedious calculations, the results being so
involved that even extensive tables of Laplace transforms (see {1], [2])
do not contain the relations (6) for m > 1.

In what follows we shall present certain observation which greatly
simplifies the calculations of inverting the transforms of form (4), and
consequently of form (2). Owing to this observation the final results
can also be presented concisely.

Note the existence of formula (see [1])
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Denoting the right side of (7) by V (¢, ¢, a), we find that the derivatives
of the functions U(t, g, a) and V (¢, g, a) with respect to ¢ and & can
again be expressed in terms of U(f, ¢, a) and V (¢, ¢, a). In fact, it is
easy to demonstrate that the following relations hold

0
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do t =
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(10) % Vit,0,a) = __2; U, o, a)_(% —_ t)V(ta o, a)+ 'd‘l/’;e 4,

0
(11) ‘%V(ty 0,a) = —U(i, o, a).

Equations (8)-(11) enable us to invert the transforms of form (4)
by means of eonsecutive substitution and elementary differentiation.
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There is no necessity to determine the higher derivatives of U(t, o, a)
and V(t, o, a).
Example. Let us invert the transform
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According to (6), we have
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Using (8) twice and (10) once, we obtain
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Now using the formulae (9) and (11) four times, we finally get
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This result has been obtained without the necessity of computing the
higher derivatives of U(t, ¢, a) and V(¢, o, a), except for those which
oceur in (8)-(11).

To complete the analysis, we mention that in order to invert the
transform (3), the following formula can also be applied ([3]):

(12) L-l{"-_ﬁ} = (4t)i%erfca
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For 1=1,2,3,4 we receive ([4])
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Table 1 presents some transforms of form (2) for m =1, 2, 3.
Generally we write there U instead of U(¢,0,a) and V ‘instead of
Vi, e, a)

For numerical computations it is necessary to know the values of
functions U(t, 0, a); V (i, 0,a) for various values of the arguments.
Owing to wide applications of U(t, 0,a), V(t, 0,a) they should be
tabulated. In Table 2 some values of these functions are presented for
a =1, i.e. for the case most frequently occurring in practice. Tables 1
and 2 have been used in [5].
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TABLE 2
¢ [ [U(ts Q’a')]a=l [V(l, Q’a')]a=1 t [44 [U(t, Q’a)]a=l [V(t’ 9?“)]4:1
0,2 0,95103 0,44572 0,1 | 18,17031 17,88699
025  0,87627 0,40005 0,2 | 16,43698 16,15807
0,25 0,3 0,80504 0,35803 0’25 15,63308 15,35648
0,5 0,55590 0,22290 05! 12,16361 11,89992
1,0 0,17240 0,05410 1,0 7,85323 7,12026
30! 1,5 4,43233 4,23439
0,1 2,44597 2,03270 2,0 2,65997 2,49805
0,2 2,19841 1,80068 2,56 | 1,58633 1,45879
0,25 2,08322 1,869366 3,0 0,93779 0,84154
0,5 1,58340 1,23784 3,5 0,54827 0,47332
1,0 | 1,0 0,88548 0,63502 4,0 0,31612 0,26726
1,5 0,46825 0,30588
g:g gﬁggg g:(l)gfgg 0,1 49,39977 49,14719
4,0 0,00555 0,00228 0,2 44.69585 44,44631
0,25 42,51442 42,26653
0,1 6,67962 6,35000 0,56 33,10237 32,86328
0.2 6,03715 5,71470 1,0 20,06025 19,84312
0,25 5,73904 5,42032 40| 1,5 12,14699 11,95539
05| 4,45108 4,15323 2,01 7,34593 7,18173
2,5 4,43385 4,29724
2,0 1,0 2,66141 2,411956 :
1,5 1,67322 1,37585 3,0 2,66866 2’5583-2
2.0 0.91505 0.76764 3,5 1,59997 1,51345
2,5 0,52102 0,41713 4,0 0,95414 0,88856
30| 0,28888 0,21987 451 0,56538 051672
3,6 0,15522 0,11196
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O OBLICZANIU ODWROTNYCH TRANSFORMAT LAPLACE’A
PEWNYCH FUNKCJI ZWIAZANYCH Z FUNKCOJ4 BLEDU

STRESZCZENIE

Podano pewne spostrzezenia ulatwiajace odwracanie transformat Laplace’a
typu (2). Wyrazenie (2) moze byé rozlozone na sume wyrazen typu (3) i (4), przy
ezym dla a — 0, (4) dazy do (3). Korzystajac z (5), odwracanie transformat typu (4)
mozna przeprowadzaé za pomocy wzoru (6), jednak obliczanie wystepujacych w tym
wzorze pochodnych funkeji U(t, ¢, a) jest bardzo pracochionne. Dobrano wiec taka
zaleznoéé (7), z wystepujaca w niej funkeja V(Z, ¢, a), Ze pochodne funkeji U i V
wzgledem ¢ i ¢ znéw wyrazajg si¢ przez funkcje U i V (wzory (8)-(11)). Wykorzy-
stanie wzoréw (8)-(11) do odwracania transformat typu (4) uwalnia od koniecznofei
obliczania pochodnych funkeji U i pozwala na krétki zapis wynikéw. Do odwracania
transformat typu (3) moze byé wykorzystany réwniez wzér (12).

Zestawiono tablice niektérych transformat dla m = 1, 2, 3, oraz tablice niekt6-
rych wartosci funkeji Ui V dla ¢ = 1.

P. B. XETHAPCKHU (Bapmasa)

O BEIYHCJIEHHWH OBPOTHBIX IIPEOBPA3OBAHHN JTAIDJNACA
HEKOTOPRIX OVHEIHH, CBA3AHHBIX C OVHKIIUEHN OWIHBEN

PE3SIOME

3fech yxasams HeKOTOpHe 3ameuaHuA obleraiomue ofpamieHne mpeoGpazoBa-
anit Jlanmaca tuma (2). Bupasenue (2) MOMKHO DABNOMHUTB HA CyMMy BHpaseHnmit
Tuna (3) u (4), npu yem npu a0, (4) crpemurea k (3). Ioabasyioce (5) momuo mposecrn
oGpamenune npeoGpasoBannit Tuna {4) ¢ nomomeio Qopmyns (6), Ho BHYKCHeHUe npo-
usBofHHX QyHxuuu U (f, o, a) BHCTYHaoMUX B 3Toi dopmyne ABasercs ouenp TDY-
AoemkuMm. BBupy aroro nogo6paHa Tak 3aBUCHMOCTH (7), ¢ BHICTynaiomelh B Hei
bynxuuer V(t, ¢, a) uro6u mpouspopuuie GyHkuuit U B V mo ¢ u a smpamamucs
onare uepes Qynxuumn U u V (cu. dopmynn (8)-(11)). IlomssoBanue Ppopmynamnm
(8)-(11) mua obpamenus mpeoGpasoBanuii Tuna (4) 0CBOGOMAET OT HEOGXOXUMOCTH
BHYUCJHEHUA NpoM3BOAANX QyrKuunm U M I03BOJIAET 3amHCATh KOPOTKO pesyanTtar.
Haa o6pameHna npeo6pasosannii THia (3) MOKHO TAKAE N0Ib30BATLCA dPopmyauoii (12).

IlpuBogurcss Tabuuna HeKOTOPHX HpeolGpasoBauuMi mpu m = 1,2, 3, a Tamxe
rabauna HexoTopux BeanuuH $ymxuuli U u V ang e = 1.
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