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A remark on a theorem of Banach

by
R.E. WILLIAMSON (Hanover, N.II.)

In [3] Steinhaus describes Banach’s construction of an orthogonal
gystem complete in I* but not in L' (see [1]). It is worth noticing both
that the theorem holds more generally and that the proof, while mimick-
ing Banach’s original construction, can be simplified as follows. (A method
gimilar to that used in the sequel was considered in paper [2] in the
special case V = L%).

THROREM. Let V and W be vecior spaces with V 2 W. Let {@a}aca
be a total family in V*. Let @ be the subspace of V* spanned by {g.}. Then
there is @ 36t {Yo}uea ™ D such that {y.} is total on W, but not on V.

Proof. Let veV\W be such that g, (v) =1 for some a,. Define
Yo = ‘I’a“‘?’u(”)@’ao- Then  9,(v) = @a(v) —@a()Pay(v) = 0. But »#0,
59 {w.} is not total on V. To show that {y,.} is total on W let w W be such
that ,(w) = 0 for all aed. By the definition of ,

Pa(0) = Pa(W) — @a(0) Pay () = Pa(0— oy (W)V) = 0, acd.
Then w = @, (w)v since {g,} is total, and either w = 0 or else g, (w) # 0
and veW. Thus ve V\ W implies {y.} is total on W.

To obtain Banach’s result let the ¢'s be the trigonometric system and
orthonormalize the y’s.
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