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If the numbers £ and 7; or & and 7; were equivalent then since
gy =1+iand s =1+, 7 0T & would be a sum of two roots of unity.
However if & 7= 0 is such a sum and 9 is its complex conjugate, then
9/8 is a root of unity. Since neither of the numbers nsfms and & /& is
an algebraic integer, the proof is complete.

Added in proof. 1. H. B. Mann has proved in Mathematika 12 (1965),
pp. 107-117, that under the assumptions of Corollary 3, N divides the produet of
all primes < k- 1. This leads to a much better estimation of N than that stated
in the corollary. Mann’s method could also be used to golve both Robinsons’s
problems considered in this paper.

9. In connection with Lemma 1 the question arises how much inequality (1)
can be improved. Y. Wang has proved by Brun’s method in a manuscript kindly
placed at my disposal that for N > No(k) one can replace (log N)®" by o(h) x
x (log N)#+3, According to H. Halberstam (written communication), there is a possi-
bility of reducing the exponent 4h+3 to 2h+1 by Selberg’s method.
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A refinement of a theorem of Schur on primes
in arithmetic progressions

by

J. Worcik (Warszawa)

1. Schur ([1]) has given a purely algebraic proof of the following
special case of Dirichlet’s theorem on arithmetic progression.

Let 1* =1 mod m. If the arithmetic progression mz--1 econtains
a prime > 3¢(m), then it contains infinitely many primes.

In this paper by a refinement of Schur’s method we prove

THEOREM. Let 12 =1mod m. If the arithmetic progression mz-+1
contains a prime, then it contains infinitely many primes.

Let @ be the rational field, &, a primitive mth root of unity,

ho) — z4+o it 2155 m-+2 mod 2m,

2 if 2l=m+42 mod2m,
K = Q(’Z(Enb))-

Let r be the degree of K, N denote the norm from K to Q.

LEMMA 1. Let a be any integral generating element of K, ay, ..., ar
(o =a) all ils conjugates,

Gz, y) = n (r—a;y), d the discriminant of Q.
i=1

If q is o prime, w,y rational integers, q|G(z,y), ¢t mdy, then q is

of the form me-+1 or me+-1.

Proof. a = g(h((,)), where y is a polynomial with rational cooffi-
cients and since o is a generating element of XK

(1) x((ED) = x(R (D)),
where

(@) (81, m) = (85, m) = 1
implies

8) h(Zad) = h(E3).
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Hence
B = h{ln®)

and since for 21s= m-+2 mod 2m, as noticed by A. Schinzel,

L= (h (£) — h{Za)} G (G — R (Za)}
= (@ (G- (G,

we infer that in this case s,==§; mod m OT 8, = Is, mod m. (2041 =0
is impossible, since it gives m even 8,(1—1) = im mod m and in view
of (2) 2l=m-+2 mod 2m; a contradiction.

1 91 = m -2 mod 2m we get from (3) £ = 7% hence 28, = 25, mod m
and either 8, =s;modm 0T 8 = 8, +3m = s;Tmod m. Thus in any
case (1) and (2) imply

sy =¢,modm OF & =1s, mod m.

In virtue of a theorem of Schur (L.c., p. 41, Satz I) every prime g such that
q|@(z,1) and ¢fmd is of the form mez-+1 or ms-+1.

In our case ¢|@(z,y) and g1y. Finding #z from the congruence yz
=gmod g we get the desired conclusion.

TEmma 2. If p is o prime of the form mz-+1 then there exists in K
an integral generabing element o such that p[|Na(*).

Proof. Since 1, Lm, ..., L4™~" form an integral basis in Q(&n) we
have for every integer #e¢K, 9 = O(h(Lm)) = Q(lm), Where O is a poly-
nomial with rational coefficients and £ one with rational integral coeffi-
cients. Thus

& = Q(&) = 0(h(Zh) mod p.
But since p = [ mod m, h(Zh) = h(Cn). Thus
# =9 mod p

which shows that all prime ideal factors of p in I are of firgt degree.
Let p be any of them and « an integer of I such that p = (p?, a). We
have

p = Ny = (p?, w1} (9% @) ... (P2, ar)

where ay, @y, ..., 0, are the conjugates of a. Hence (p?, Na) = p, Le
p||Na. The numbers ¢, ..., o must be all different, otherwise Na = av",
where k > 1 and « is a rational integer, which gives p*| Na.

() p’|la means that p*|a and p’tlta.
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LEMMA 3. Let p, o have the same meaning as in Lemma 2 and Gy(@, y)
,
= [T (w— a:¥)- Let dy be the diseriminant of Gy, p’|ldyy M = mdy[p’. For
i=1
every rational integer Y divisible by M bui not by p there exists a rational
integer ® such that Go(, y) has a prime factor of the form mz-+1not divid-

ing pY.
Proof. Let us choose @ so that

1 mod y,
(1) =
0 mod p?
and
(5) ) (o, y) > .
We have from (4)
(6) Gz, y) =" =1mody

and
Gy, ) = (—1)' N (a)y" mod p*,

whence by the choice of a

(M PG, ¥)-

Let ¢ = Gy(z, y)/p. If ¢ is a prime and ¢|C then by (6) and (7) ¢ 1py.
Moreover since M|y, it follows that ¢+md,y and by Lemma 1,
g =1mod m, or ¢ ==Imodm. If I =1modm, Lemma 3 follows sinece
by (8) € must have at least one prime factor.

If 1= 1 mod m and O had no prime factor =1 mod m it would follow
that

¢ =nqi, ¢; =1 mod m
thus ¢ =1 mod m.
On the other hand, since m|y it follows from (6) that
O =1/l =1lmodm,

The contradiction obtained completes the proof.

_ Proof of the theoren. Suppose that there exist only finitely many
primes of the form mz--1, 8ay ¢y, qas -+, @ (& >1 by the assumption).
Put in Lemma 3

p=0, y=0]]a0
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By the lemma there exists a rational integer @ such that Gy(x,y) has

g prime factor ¢ = I mod m not dividing py. The contradiction obtained

completes the proof.
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Man bezeichnet das ganzzahlige Polynom g¢(x) als Permutations-
polyrom mod n (n natiirliche Zahl), wenn die Abbildung i — ¢(¢) mod 7,
i=1,2,...,n, eine Permutation der Restklassen modn ist. Bs sei
M(g(x)) die Menge aller natiirlichen Zahlen n > 1, fiir welche g(z) Per-
mutationspolynom ist. In dieser Note werden einige Aussagen hergeleitet,
die sich anf 9M(g(z)) beziehen.

By gilt, wie etwa in [5] gezeigt wurde: Ist n = ab und (a, b) =1,
80 ist g(z) dann und nur dann Permutationspolynom mod #, wenn es
Permutationspolynom mod a und Permutationspolynom mod b ist. Fiir
die vollstindige Kenntnis von M(g(x)) geniigt daher die Kenntnis aller
in CJIR(g(ac)) enthaltenen Primzahlpotenzen. Ebenfalls wurde etwa in [5]
gezeigh: Ist n = p° eine Primzahlpotenz mit ¢ > 1, so ist g(z) dann und
nur dann Permutationspolynom mod n, wenn es Permutationspolynom
mod p ist und wenn ¢'(£) s= 0 modp fir jedes ganze & Daraus folgt
sogleich: Die Menge der in 9M(g(x)) enthaltenen Potenzen einer Primzahl
p ist entweder leer, oder sie besteht aus p allein, oder sie besteht aus
allen Potenzen von p. Bezeichnen wir also mit CD(g(ac)) die Menge aller
in M(g(x)) enthaltenen Primzahlen und mit G(g(2)) die Menge aller
jener Primzahlen, deren simfliche Potenzen in ‘m(g(m)) enthalten sind,
so ist durch Angabe von Pg(x)) und von B(g(w)) das M(g(w)) voll-
stindig bestimmt.

Wie sofort zu sehen, ist f(g(w)) dann und nur dann ein Permuta-
tionspolynom mod n, wenn f(») und g(s) Permutationspolynome mod
sind. Es gelten daher die Beziehungen

(1) ?I(f(g(m))) =A(f@) ~ Alg(x) fir A=M, P,

Selbstverstiindlich gilt G (g(x)) = P (g ().
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