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Regular iteration of functions with multiplier 1
by
A. Smajdor (Katowice)

Let f(x) be a function which is defined, continuous and strictly
increasing in an interval (a, d), & > —oo, b < +co. Furthermore
o< f(xy<wow for wze(a,bd).

DerNITION 1. A one-parametr family of functions f*(x), u e {—oo,
+ o), is called an dteration group of the function f(x) provided that
the following conditions ave fulfilled (see [6], [4]):
(I) for every w e (—oo, -o0) the function f*(z) is defined, continuous
and strictly inmcreasing in am interval (a, by), where & << by < b;
(IX) for every pair of w,v e (—o0, 4 0q)
()] = 7*()
holds for every m for which both sides are meaningful;
(II1) fHw) ={(#) for @ € (a,b);
(IV) for every fimed x e (a,b), f*() is a continuous function of u.

Tt follows from conditions (II) and (ITI) that, for integral u, (=)
are identical with the natural iterates f*(z) of the function f(») defined by

o)==, o) =fI'@], n=0,1,£2,..

We note also that it follows from (II) that for every fixed itera.’gion
group and for every « and v the functions fY(«) and f°(#) are commutative:
1) F1%@)) = 1) -

Tt is known (see [1], [2], [9]) that every iteration group @) of the
function f(z) is given by the formula
(2) - (@) = o a(@)+ul,
where a(r) is & continnous and strictly monotonic solution of the Abel
equation
) alf{#)] = al@)+1,
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66 A. Smajdor

and conversely, for every continuous and strictly monotonic solution
of equation (3), formula (2) defines an iteration group f“(x) of the fune-
tion f(x).

Tt is also known (see [3]) that a continuous and strictly monotonic
solution of equation (3) may by almost arbitrarily prescribed in an inter-
val [(£), £]. Hence it follows that there exist infinitely many different
iteration groups of the function f(z) (see also [6]).

In the sequel we shall assume that the function f(z) fulfils the
condition

. @) —a*

tim [0 =2 _
st B

where a* =a if a> —o0, 0* =0 if a = —oo.

We accept after Szekeres ([7], [8]) the following definition.
DEFINITION 2. An iteration group of the function f(#) is called
regular whenever

o a—fl@) "

for every 4 e (—oo, 400).
Let & be an arbitrarily fixed point of the interval (e, b). If the limit

N n
®) (@) = lim LT
neo fTHE) — FH(E)

exists for every « e (a, b) and satisfies equation (3) in the interval (a, b),
then a(w) is called the principal solution of equation (3). The principal
solution is unique up to an additive constant and changing & in for-
mula (5) we change the function a(z) by an additive constant.

DEFINITION 3. If the function a(s) is & continuous and strictly
increasing prineipal golution of equation (3), then the iteration group
of the function f(z), defined by formula (2), is called the principal it-
eration group of the funection f(a).

Let us notice that though the prinecipal solution of equation (3) is
defined up to an additive constant, nevertheless the principal iteration
group is unique.

The purpose of the present paper is to prove the equivalence of
the notions of the regular iteration group and the principal iteration
group. The idea of the proof is similar to that of an analogous theorem
in a paper by A. Lundberg [3], concerning functions with multipliers
different from 0 and 1. (We give the term multiplier to the mumber

1(

*
8 = Hm f"___f'l)_) Analogous results have been obtained recently on

z—at G —
other lines by R. Coifman (C. R. Paris 258 (1964), pp. 1976-1977).
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TeEOREM 1. The principal iteration group is regular.
1?roof. We'a assume that the iteration group f“(z) of the funetion
f(w) is the principal iteration group, ie. f*(&) = a *[a(x)-+u], where

a(z) is a continuous and strietly monotonie solution of equation (3) of
form (). The sequences

(@) —1"(8) @) —7E)
e’ e~

are sequences of increasing functions in the interval (a,b), convergent
to a continuous limit fonction. Therefore they are uniformly convergent
to the functions a(2) and aff ()], respectively, in every interval [ay, b,]
Cla,b). Hence on every rectangle [ay, by]X [ay, bs] C (a, b) X (a, b) the
sequence

@) —"y) _ @)= )=
HO—ME  FHEO—E  THE -

is uniformly convergent to a(#)—a(y) and the sequence

o) —"w) _ ) =M My —1e)

O = O —ME) HE) ()

is uniformly convergent in every interval [a,, b;] C (a, b) to the function
alf(¥)]—a(y) =1 (cf. (3)). Thus the sequence

o) —"w) _ @) —"y) -1
-y EO—rE e e

is uniformly convergent to a(x)—a(y) in every rectangle [ay, b;] X [@s, b;]

C(a, b) x (a, b). Thus, for every &> 0 there exists an N such that

@) ~"(y)
6
© ) —1")

for every n> N and (z,y) € [ay, bi] X [as, bs)-

Let us fix a real number #. In order to prove (4) we shall show
that for an arbitrary sequence {#s} such that #m—>a as m->oo and
@y € (a, b) for m =1, 2, ... we have

—[a(@)—a(y)]|< e

M im @ —1"(@m) _

meroo Bm —T (m) -

Tt is sufficient to prove (7) when {&m} is a strictly decreasing sequence.
For every m there exists a positive integer nm such that

(8) f™(@m) € [ (1), 2] -

5*
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The sequence {nn} is increasing and #m-—>oco as m-»co, Letb

9) tm = [7""(@m) .
From (I) (of. also (2)) it follows that the funetion f*(w) ix strictly in-
creasing. Thus by (8) we obtain

(1*(tm) y tm) € " (@) s (0] X Tf (@), 4] -
Let

= f“+1("71)7 by=1@), G =fl®), bi=am;

then by (6) we have '

vl (tm)
(10) m’—ﬂ% (alf(tm)]—a(tm)) | < &
for m > M (where M is chosen so that nn, > N for m > M). According
to (1) and (9) we get

£ ()1 —1"" () — U™t —1""(m) _ [“(¥m) —m

P ) =" (tm)  F )] ") f () —@m

Since [“(tm) = a”'[a(tn)+u], we have a[f*(im)]—a(tm) =u and finally
we get by (10)

@ —1"(¥m)
T~ (Tm)

—u'<s

for m > M, which proves formula (7). Condition (4) follows from (7)
in view of the fact that the sequence {n} has been arbitrary. Thus the
iteration group f*(#) of the function f(x) is regular,

TEROREM 2. A regular iteration group is principal.

Proof. Let the family of functions f“(#) be the regular iteration
group of the function f(»). There exists a function a(z) defined in (@, b)
continuous and strictly monotonic, fulfilling equation (8) and such that
formula (2) holds. Moreover, condition (4) iy fulfilled for every real
number 4. We shall show that the function a(x) is the principal solution
of equation (3). ‘

Let #, £ ¢ (a, ). Bince in (2) we can always replace a(w) by a(®)—
—a(&), in What follows we may assume without logs of generality that
a(£) = 0. By induction we get from (3)

(11) a[f"@)] = a(@)+n,
whence

alf"(&)] =n
and

12) a () = 1*(8).
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It follows from (12) that
(13) limain) =0.

N—>00
By (2) and (4) we have

(14) lim I—a- I[a(t)_l‘u}
t—a+ _f

Let us put in (14) ¢ = a~(n) and % = a(z). On account of (13), we get

a=n) —a (n+ a(z))

wo @i —flam] )
and in view of (11) and (12) we get
i L@ _

nsoo [ () —f(£)
i.e. a(z) is the principal solution of equation (3). Thus the iteration
group f“(#) of the function f(x) generated by ea(z) is the principal
iteration group.
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