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A new estimate for the sum M(z) = 3 u(n)

ng

by
R. A. MacLnon (Vietoria, Canada)

1, Introduction. Let u(n) be the ordinary Mobius function, so
that if n = 1, u(n) =1, and if # = pP...pFk, then
0, if any o, >1, 1 i<k,
(—1), otherwise,
and define M (x) by

(1) M(@) = D> un).
NLT
R. D. von Sterneck [6] showed that
(2) | M (@)] <5048
and R. Hackel [2] improved this to
(3) | M ()| < w185  for all o.
Our object here will be to obtain the result
(4) | M ()] < —é% for @ > 1119

(if we wished a result valid for all @, we could say
(5) | M (2)] <~8%~+5, for all o).

We observe that it is well known (see e.g. R. Ayoub [1], p. 111) that
the result M (®) = o(w) is equivalent to the prime number theorem.
G. Neubauer [4] has shown that

(6) M) < }Ve for 200 < <10°

(and that this fails to be true for a number of larger ). Using this we can

prove (4) for 1119 < 2 < 10% For since %V5<m/80 for » > 1600, (4)
follows for 1600 < & < 10°, and one obtains by simple checking that (4)
also holds for 1119 < @ < 1600; thus, (4) remaing to be verified for > 10°.
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2. The method. We outline the method to be used, which is a re-

finement of that of von Sterneck. Consider the function

=t [+ )

Since for z >1

we have
Jualg] = Yual]e 3 walg
u md ul md . md | = 1+0=1,
d<szfn 2im<d<e
for 2 >m,
and thus
x
Ey(d)f(ﬁ) =1, for 330
a<z g
Since f(z) =1 for 1 <2 < 6 and 0 or 1 for # > 6, we have f(z/d) =

for d > /6, 80 that

ZIM

a<e/6

=13 < Zwan =)

(1) |M(m)+1|<g(-§), for @ > 30.

’_.J
ld<x

Moser and the author observed in [3] that

®) [Q(m)—izm

™

l]/—
<E z, for a«>8,

yvhich follows readily using the methods therein and the result

(9) M(2) < iz for w200,

a combination of the Hackel and Neubauer results. Tt follows that

(10) (0.6007 < Q(z) < 0.615z  for =z > 5000,

and one readily checks that (10) holds for # > 475. Similarly,

(11) Q(x) < 0.6352z  for x> 75.

icm®

New estimate for the sum M (x) = Z nn) 51
Using (10) in (7) we obtain
(12) |M (@) +1] <0.103z for = > 2950

and, by (6), for x > 200. If we further observe that f(z) =1 for 7<=
< 10, we have
z

18)  1Mlz)+1] <Q(—

@ x
6) —Q(—’Z_)+Q(T6) < 0.079x, {for x>200.

Using the function

=t -1+l

and similar refinements to that used in deriving (13), one can obtain

(14) |M(z)+2| < 0.042, for x>200,
which is the same as (9). It seems difficult to get a fairly simple function
like f,(z) which will substantially improve (14).

If we examine the characteristics of a “good” function f, we see that
what we would like is a function which takes the value 1 for 1 <z < n
for fairly large #, and then does not differ too widely from 1 thereafter.
We shall employ the techniques of E. Waage ([7] and [8]) to obtain such

a funetion.

3. Main result. In line with Waage, we define

up (@) = [%] “‘[k_T_l] ~[I\:(ka-cl—l)]

and use the symbol

(Togy gy vvvy B byy bay ovvny by)

to stand for the function
el L

Uy(®) = uy () =
Us(®) = uy (@) -+ uy ()
Ug(z) = Us(w)—
Usp(@) = Ugl@)+ us(®)

Let

(1;2,2),

=(1;2,3,6),

=(1,30;2,83,5) (this is our f(2)),
=(1,6,30;2,3,5,7,42).

Us ()
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Define Us(z),

Ug(z) = Uyo(®)— s (%) — g ( ) + (——) Uy (I%g) — U (}%) — g (%)

=(1,6,70;2,3,5,7,210),

U,(%), u(z), and ' (x), respectively, as follows:

@ @
Uy(z) = Us(m)+1¢10(w)—u2(—§g)—1@1(o) (1,6,10,2310;2,3,5,7,11),

-t ) )
gl ol

=(1,6,10,14,21,35;2,3,5, 7,30, 30, 30, 42, 42,70, 70, 70, 70,
70,105, 210, 210),

uw' (2} = ug( ) +u6( ) — 14y, (2) = (10; 14, 35).

Let By, R,, R, and R, be respectively the sets

{11,13,17,19, 23, 29,31, 37, 41, 43, 47},

{18, 70, 90, 90,118, 134, 142, 146,162,177, 183, 213},

{113,181, 139, 154, 170, 173, 191},

{18, 18, 54, 90, 90, 105, 107, 108, 109, 700, 700, 700, 700}.
Then the function ¢(z) which we ghall use iz defined by the formula

== D ofg) o () +ae (5] o () + o)

~ 0]~ o) ~ ot )~ o) () )
w2 (g5) + Zul) = ) + 2wl o)
e (‘1%) ( ) +1"(108) +3“‘(108) T (?) 3 ('2-00')
o ) o (535) ol 51) - 3“1°(f€)+3“1°(%>

3“”(103) ~2o(g5 )“‘( ) 2“"( )+"2‘( ) 2”(%)

e(w)
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&x

n<

=z +u + 3u, — Ugy | =] + 12 i 2 7
— U 12 21 s\ 70 34 g ) <S4y g
+u49( ) ‘\‘uso( ) “so( 10) “sz( 10 ) Us (@) — 2Usg ( 1{([;0 )
— g () - g0 (%) + 3o ( ;_60) — Uy () + 3hes ( 100 ) + lsa(af) ”63( f() )
+ g (@) 4 Uqa (%) — Ug1 (Ea%) — U3 (@) — Ugy () 1 oo (”Z‘) + ’“94( lw() )

@& &T &x
- 1‘96(5’) — gy () 4 Yoo (%) -+ tr0s (%) + 2109 (E) — Ua (E)

x @ & )

— Uo7 () 4 Ungs () — 10 (‘2‘) — Uigs E) — Uyge (56) — U9 () + Ugso ()
— Uy () — hysp () — U5 () + a2 (86) + a0 (%) — U105(®) — 195 () U906 ()

— U9 (®) — Wagg {2) + Wo1o () — s () — tnga () +- Uzes (%) — Uyg5(®)

+ tggo () + Btz ( 50 ) Thggs (80) — Usgg (%)

Sl -3

a<Q

where

(15) P = {220, 226, 226, 235, 237, 245, 250, 253, 259, 262, 262, 265, 267,
274, 278, 287, 291, 294, 297, 300, 300, 301, 303, 309, 319, 326,
327, 329, 330, 334, 340, 341, 346, 346, 382, 382, 392, 407, 411,
451, 473, 474, 489, 501, 506, 506, 506, 510, 517, 530, 540, 540,
540, 540, 606, 618, 690, 690, 690, 720, 720, 720, 800, 800, 822,

920, 920, 920, 940, 960, 978,1002, 1133, 1133, 1133, 1150,
1150, 1150, 1200, 1200, 1400, 1400 1400, 1400, 1640, 1800,
1800, 1800, 2380, 2640, 2862, 2900, 3540, 4556, 5060, 5060,
5060, 5520, 5520, 5900, 5900, 6700, 6700, 6700, 6972, 8010,
8400, 8400, 8424, 8740, 8740, 9506, 10350, 10350, 10300
11330, 11330, 11330, 11760, 11760, 13200, 13200, 14400,
14400, 14400, 14762, 15180, 15180, 16002, 22350, 24806,
25122, 25500, 26220, 27390, 27560, 27936, 37442, 38220
38920, 39800, 40200, 41184, 46920, 66420, 69432, 69960,
71022,80372,102720,342200,342200,417600}
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and

Q = {222, 225, 228, 230, 230, 231, 236, 236, 238, 240, 246, 252, 255, 258,
263, 266, 268, 268, 270, 271, 280, 282, 283, 284, 286, 290, 292, 292,

310, 312, 315, 324, 342, 345, 345, 354, 354, 366, 366, 370, 400, 410,
426, 426, 430, 432, 437, 437, 460, 470, 490, 490, 500, 520, 595, 600,
600, 660, 680, 820, 820, 900, 950, 1012, 1012, 1012, 1030, 1030, 1030,
1035, 1035, 1035, 1100, 1100, 1296, 1600, 1600, 1600, 1620, 2100,
2100, 2100, 2100, 2310, 2650, 2800, 2800, 2880, 3600, 3600, 3600,
3660, 4970, 5256, 5400, 5400, 5400, 5420, 5420, 5420, 5300, 5800,
6156, 6468, 6800, 6800, 6300, 8316, 9900, 10120, 10120, 10120, 11342,
11220, 11220, 11220, 11772, 12750, 19600, 22650, 23460, 23460,
925410, 30030, 31862, 32580, 35970, 35970, 36600, 36600, 36600,
38612, 39270, 43890, 44310, 53130, 66990, 71610, 73170, 85470,
89300, 94710, 99330, 108570, 455600, 455600, 455600, 699600,
1463400, 1463400, 1463400}

This rather complicated function was obtained by successively eval-
uating simpler functions by computer to see where they began to differ
too much from 1, and adding in compensating simple functions to reduce
the rate of growth.

Since there are 222 positive terms and 226 negative terms in e,

(16) le(x)| < 226

for all =,

for when we remove the square brackets in ¢ the function is identically
zero by construction. Upon examining e(x), we find that

(17) e(z) =1, for 1<uo<?219
and
(18) le(@)—11 <k for =x<n,

where k and n are as given in the following table:

K1 2 3 4 5 @ 7 8 9 10 11
n|345 568 584 804 1237 1359 1391 1393 1416 1416 1417
k|12 13 14 15 16 17 18 19 20

7 |5010 5011 5881 5882 16097 16100 16100 16103 26740

El 21 22 23 24 25 26 27 28 29
n {26750 26752 26754 26759 31397 46110 46110 46112 63611
k| 30 31 32 33 34 35 36 37 38
n|67158 67159 67189 69258 69259 69263 82800 82800 82813
k| 39 40 41 42 43 44 45
7|85869 87542 87547 97006 97007 106591 up to 125000,

icm®
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n<x

Tet N be the set of »’s in the above table. Tt follows that

KU RN = €T -
19) M@ +4 < Q(%) +VZQ (7) (226 —45)Q (Tz;?éo)'
neN

Using (8) and (10) in (19) we obtain

M (2)+4] < 0012472, for »>10°
or

|M(z)| < gz, for &>10%

This completes the proof of (4). v
It is likely that with a better funetion e(x) one could prove

[M(x)| < .0lz, for x>1137.
This is certainly true for 1137 < < 10°.
4. Application. 8. Selberg [5] has shown that, if g(x) is defined by

wn)
glx) = g; PR
then g(x) changes sign infinitely often. We show here that, on the other
hand, g,(»), defined by
: p(n)
nw = > L = gw— D E

n
n . <13

UL

is always positive, or, what is the same thing, that ¢(z) has its minimum
at @ = 13.
We note that

Y u(n)
(20) ZT =0

(see e.g. R. Ayoub [1], page 114) and observe that

S‘L‘.@_ = —0.0773559...
d n

n<13

(21)

To show that

‘2 &)% <007 for 200 <n <10°

< %1/5. Then, for 900 <z < 10° we have
M@ M(©900)
a(d+1) 901

M ()
o

900<d<r—1
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Since
u(d) )
S =0.00328... and M(900) =
a<900
we obtain
u(d) 1 1
e | DE 1<000217 +5 % +5 o < 0.036,
a<z 900<d<z—1
for 900 < = < 10°%

One readily checks g(z) for 1 < # < 900, and we have that, for 1 < < 10%,
¢ assumes its minimum only at # = 13. So it remains only to check for

z>10%
Since
@
a)l=] =1,
Su (3]
we have
d 11
23 —+—
@ S =g 3 Seals)
Now,
Zﬂ(d){%}= n(d)(%~1)+ > y(d)(f—2)+...+
a<z zf2<d<z z3<d<z|2 d
& ali-a) - Snaf
x/k<d%;(k—l) d;xll:“
—a #a D M(i)-l—(k——l)M(ﬁ) + 3w {“’"}
jk<d<z 1<i<h—~1 t k da;a:/klu( ) E .

Therefore, using (23), it follows that

D P RPN

d<afk

a<z

I<i<k—1 d< i
Hence,
(24) Zi((iﬂ
a<z
1 1
% k-) +— ! Mo ’m
kx kmm;gk_ ( ka;Z (d)y—, for x>=1.

icm®
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Using (4) in (24), we obtain

Seen e

3ol

TR
t 80 k kx
k-1

a<z 1<i<<h— a<
Let
Aw) = 2 1, B@= D 1, ad (@ = max (4 (), B(@)).
a< e
u(d)=1 p(d)=—1

Then clearly
| 3 u(@igl@, a)}| < Ol@) for any g.
a<x

Now

O(@) = }A(2)+B(@)+ 314 (2)— B(x)| = $Q () +3M ().
Thus
(25) | 3w gle, Y| < 1Q @)+ 1M ().

a<z

From (25), using (8), we have

u(d 1 k—1 0305 1

)Z km 80 2 k TR T To0%’

for x> 60000.

Choosing %k to be 20, we have

(26) iZ CIC ‘< 0.073, for m > 60000.
a<ge

This suffices to complete the proof.
We have gshown that, if

>=%‘i‘%)~,

then g(x) assumes its minimum at & = 13. If we define g.(x) by

gr(®) = Mf:}) s

n<w

then it is rather easy to show that, at least for integer r > 2, g,(#) assumes

its minimum at # = 5. For
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"It is easy to see that the minimum cannot occur for 5 <@ < 13. Tor
r > 4, we shall show that

o 111 Z‘”: 1
21 ’ w Tttt 2 g
6 10 7 ~ d

so that the sum beyond 2 = 5 is always positive, and hence the minimum
oceurs at x.= 3.
Since

o 1 {” 1. 0 1
E = Ly = 20—
F . r—1 10"’
d=11 10

we have

1 1+Swl<11—r L1 31 7"+1
T & d =1 1007 R 7"

1
9l .
< 3/ 7\ 1<l‘b' 1.6 /6\" 1.6/6\" 1
< — — =) <= —
7\ TT ST T\ ST ST
So the minimum occurs at 2 =5 for all r > 4 (not just integer »). One
can use (4) to obtain

) ‘ (@ 1
SR )

for o >1119 and r > 1.

Using this to examine » = 2 and 7 = 3 we again find that the minimum
occurs at # = 5. Indeed, it seems that there is an 7, between 1-and 2,
namely the solution of :

i‘ n 1 1 1 1

T R T T
such t'ha,t, for 1 <r <7, the minimum ocours at ® = 13, for r, there
are twin minima at # = 13 and # = 5, and for » > r, the minimum oceurs
at @ = 5.
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