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Let D be a bounded domain in the Euclidean m-space R™; let the
partial differential operator L defined by
m

02u
Lu = Z%

1,j=1

be elliptic there. Denote by D the set

D = (D x D)\(0D x0D).

In this paper we derive a number of properties for the Green fune-
tion of the equation Lu = 0 with respect to the domain D. These
results are used for the construction of a fundamental solution (for the
equation Lu = 0) in another paper [3] by the author.

LEMMA. Suppose that the coefficients of the operator L (m = 2) satisfy
the assumptions of Hopf theorem (see [2], p. 4). Furthermore, let V(x, y)

be a function continuous on D for x #+y and such that the integral
Iy(@) = [ V(z,9)0(y)dy
D

is of class C* on D, continuous on D and satisfies the imequalities
Iy(x) =0 for xedD, L[Ip(x)] <0 for xeD

for all non-negative O (x) in Oy(D) (of class C* on D and with compact sup-
port). Under the above conditions we have

V(e,y) >0 for x,yeD,x #y.

Proof. Suppose the contrary, i.e. V(z,, y,) <0, where x,,y,¢D,
@y # Y, Then V(xy,y) < 0 in a neighbourhood 2(y,) of v,, x,¢L2(y,)-
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Let @(y) be a non-negative C'(D) function vanishing outside the neigh-
bourhood £2(y,) and positive in its interior. Then we have

(1) Iy (ao) < 0.

On the other hand, L[Iy(x)] < 0 on D and Iy (2) > 0 on dD. Applying
Hopf’s theorem we get Iy (x) > 0 on D, which contradicts (1).

A function @ = Gp(x, y) will be called (see [1], p. 167) a Green fune-
tion for the equation Lu = 0 with respect to the domain D if

(i) Gp(x,y) is continuous on D for » =
(ii) Gp(x,y) = 0 for wedD,yeD;
(iii) the interval

Ig(w) = [Gp(z,y)0(y)dy
D

is of class C* on D, continuous on D and satisfies the identity
L[Ig(x)] = —0O(x)

for all @(x) in Cj(D).

Under suitable conditions, the above definition is equivalent to the
definition of the Green’s function which has been used in [2].

The following theorem is an easy corollary of the Lemma:

THEOREM 1. Under the hypotheses of the Lemma there is at most
one Green’s function with respect to the domain D, and the inequality
Gp(z,y) = 0 holds for any two points x,y in D,x #+ ¥y, provided Gp(x, y)
exists.

THEOREM 2. Under the hypotheses of the Lemma, if D < D,, then

~

Gp(z,y) <Gp, (2,Y) for  (w,y)eD, ®Fy,

provided Gp(x,y) and Gp (®,y) ewvist.

Theorem 2 can be obtained easily from the Lemma for V(x,y)
Gp, (2, y)—Gp(w,¥) and from Theorem 1.

In the sequel we shall use the function
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for x #y,0 <a<1.
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In the special case of Laplace equation we have .7 (z, y) = m.

THEOREM 3. Let the coefficients of the elliptic operator of L (m > 2)
be Holder continuous (with exponent 1,0 << Ai<<1) on D, > D, ¢(x) <0
on Dy, and oZ(x,y) >m—1+¢ for xeDy, yeD,, x # y, where ¢ is a posi-
tive constant (1—e << 1). Then for every point y,eD and for any number
o0 >0 such that K (y,, 20) = {y| |y —1y,| < 20} = D, there exist two con-
stants M >0 and a (1—& < a < i) such that

Gp(x,y) < Uy(r, y)_|_ﬂ1’7,—m_|.2+a

for xeD, yeK (y,, 0), where

(m— Z)wml/A [2 Syl J’)](_m+2)lz(1_(%)3)

for 7 <o,
0 for > o,

UO(QJ‘, y) =

ro= X (wi—y)'|'?, [4s(y)] is the inverse of the matriz [ay(y)], wm is
izl

the area of the unit sphere in R™ and A (y) is the determinant of the matrix
[Ai;(y)], provided Gp(x,y) exists. Constants M and o can be chosen in-
dependently of D. '

Proof. Consider the function

CD(.’L‘, y) = —'Uo(my y)_MT_m_J_era_I‘GD(my 2 )

The constants M, a, o will be defined later. Let I,(x) denote the
integral

f@ z, ¥)0(y)dy,

where @(x) is in the class C'(D). Then

Ip(w) = — [ Us(@, )0 dy—M [+~ "0 (y)dy+ [Gp(x,y)Oy)dy
D D D
Uy(w, y) is the Levi’s function (see [2], p. 13). The integral
[ U, 9)6(y)dy
D

is in the class C*(D) (see [2], p. 23, theorem 13. II). The integral
Jr'm“*“@(y)dy is in the class C*(D), too (see [2], p. 22). Hence, from
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the definition of the Green function I,(x) is in the class C*(D) and

(4)  L@)] = L[~ [ Usle, ) 0)dy| —ML| [+ 0 y)dy | +
D D
+L| [Gp(@, )0 () dy|-
D

From the Poisson theorem [(2], p. 25, formula (13.7)) we conclude
that

6) L[~ [ U, nOWdy| = 0@)— [L.[Uslw,»)1O()dy for eD,
D D

where L, denotes the operator L applied with respect to the variable .
Now we have

(6) L[ [r 0w ay] = [ Lo ™16 (y)dy.
D D
From (4), (5), (6) and the definition of the Green function we obtain
LiIs(@)] = — [Ls[Us(w, )10 @) dy—M [ Ly(r""+***)0(y)dy,
D D
or
LI,(@)] = [ Ly[—Uy(w,y)—Mr~""**)]10(y)dy.
D
On the other hand, we have
Lo[—Ug(m, )] = O(r~™*)
and
" azr—m+2+a " —m+42+4a

Lm(Mr—m+2+a) - M Z aij—m +MZ b; — 4 Mop—mt2+e
1 i

= M(—mA2Ha)r™ e M ay(m—ya) (@) [(—m+a)+ (@, )],

ii=1

where 7 (x, ) is given by formula (2). Note that we can fix a = (1—
—&+2)/2 independently of D. Let y, be an arbitrary point in D. Consider
two spheres K (#,, o) and K (y,, 20) € D. From L [ Mr~™"***] = 0 (r="*7)
and & (x,y) > m—1-1¢ we infer that there exists a constant M >0
such that

Ly[—Uy(w, ?/)_M')"—m+2+a] =0

for z and y in K(y,, 20), % # y. We can fix M independently of D. Let
O(y) be a non-negative function of the class C'(D), vanishing outside
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K (yy, 0) and positive in its interior. Then we have

Ip(@) = [ ®(x,)0(y)dy
K(yg.0)
and

(7) L{Is(®)] =0

in K(y,, 20). From=the definition of U,(x, y) and from the hypotheses
of Theorem 3 it follows that inequality (7) holds in D. Now, function (3)
can be rewritten as follows:

8)  Ip(@) = [ —Ua,n)@dy—M [ r~™*0(y)dy+

K(yy.0) K(yg.0)

+ [ Go(z,9)0()dy.
. K(vp.0)

The first and the third integrals on the right-hand side of (8) vanish
on 0D. The second integral is non-positive. Hence I,(z) <0 on aD.
From the Hopf theorem it follows that

Ip(@) = [ @, y)6@y)dy <0
D

on D. Then @(x,y) <0 for zeD, yeK (y,, 0). Thus the proof of Theo-
rem 3 is complete.
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