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Translation properties of finite partitions
of the positive integers
by
Ralph A. Raimi (Rochester, N.Y)

1. Introduction. Lot N be the set of natural numbers {1,2,..},
BN the Stone-Uech compactification of N, and N’ = BN—N (the set-
theoretic difference). If A C N, and if 4 is its closure in BN, A’ denotes
A~N'; A is open and closed in N'. All open-closed subsets of N’ are
obtained in this way, and they form a basis for the topology of N, which
Is a compact Hausdortf space. We shall call 4 an antecedent of A’. I A
and B are each antecedents of A’, then A— B and B—4 are each finite
sets. Let ¢: N N be defined by t(n) = n+1; then ¢, by continuous ex-
tension to N, induces a homeomorphism of N’ onto N'. This homeo-
morphism will still be denoted by ¢ We denote by T the family {¢*:
k=0,1,2,..}, where ¥ indicates the identity mapping. If A CN and
t*el, th{Ad') = (1t4)".

A subset K C N’ is called t-invariant it tK — K. T is then a family
of homeomorphisms of K onto K. We ghall call T equicontinuous on K
if: Given any covering of X by open sets {Wat a € A}, there exists another
covering {Vy: § ¢ B} such that each translate 1%V, is contained in some
set Wi, o depending on % and g.

TaeorREM 1. If K is a closed t-invariant subset of N', then T is not
equicontinuous on K.

The proof of Theorem 1 is given in [1] Sec. 3.2, and will not be re-
produced here. It is basod on a theorem of W. Rudin ([2], Theorem. 6).

The purpose of the present paper is to re-interpret Theorem 1 in
strictly set-theoretic terms about N.

2. Restatement of the theorem. Non-equicontinuity of T
on K means there exists a certain open covering W = {W,} of K such that
if B = {Vy} is any other such covering of K, 1"V, will lic in no member
of 9, provided p and B arve suitably chosen. Since the open-closed sets
are a basis for the topology of I, I8 may be replaced by a finer covering 1,
Whose members are open-closed, and "V, will lie in no member of 1.
Sinee K is compact, a finite subfamily of U will still cover K, and have


GUEST


254 R. A. Raimi im©

the same property. If {Uy, U,, ..., Uy} isl this subfamily, we may put
n—

W= Uy, Wo=Uy—Uyy ooy Wp= Up— LIJUf. Then {Wi: i =1,2,...,n}

is & portition of K into open-closed subsets, and this partition may be

used in place of the original covering W to give the same conclusion.
Furthermore, Wi= N;~ K for a suitable choice of N open-closed
n
in ¥N'. i we put Mj = Nju {N'— Lle{}, M= N;—N{, ..., M,=N,—
-1
—nU Nj, we arrive at a partition of N into open-closed sets {M7}} such
thaj; {MinK:i=1,2,..,n} is as good as the original covering 9.
And if the covering 8 of the theorem also happens to be derived from
& partition of N’ into open-closed subsets, the conclusion still follows.
Thus we have proved
TEEOREM 2. Let K be a closed t-imvariant subset of N'. Then there
ewists a partition M= {M}: i=1,2,...,n} of N' into open-closed subsets
such that if B={Vi: i=1,2, ..,k is another such partition of N', there
exist values of p and j sueh that t°(Vj ~ K) is contained in no member of M.

3. t-ideals and ¢-filters. If 9 is a family of subsets of N, , We
shall call U a t-ideal if it satisties the following conditions: -

(a) 4 €Y, BeWA implies A B .

(b) A ¥, BCA implies B .

() V¢

(A) A e, t*cT implies A ¥, and conversely, t*A W implies
A Y.

Properties (a)-(c) define % as a proper ideal in the Boolean algebra
of all subsets of N; (d) is an extra requirement for present purposes.
The simplest and smallest non-zero t-ideal is the class § of all finite
subsets of N.

Corresponding to each ¢-ideal 9 is its dual, the ¢-filter A° = {N—A:
A A} A is g filter and is translation-invariant, i.e. A° also satisfies (d).

If we put K=\{B': BeA'} and Z— U{4’: 4 €A}, then it is
easily verified that K is closed in N’y Zisopen in N', B ~ Z = g, Kv
v Z=N', and that K and Z are each t-invariant subsets of N'. We
shall call X the support of 9 (or of U°) and Z the null set of A (or of A°%).

This terminology derives from a2 Popular measure-theoretic inter-
pretation of certain z-ideals. T m is a Banach mean, i.e. a finitely additive,
Dositive, ¢-invariant set-function on all the subsets of &, with m(N) =1,
then A= {ACN: m(4) = 0} is a ¢-ideal. On the other hand, m induces
a countable additive ¢-invariant Drobability measure on N, for which K
turns out to be exactly the support set.

Dually, we may begin with any closed ¢-invariant non-empty subset
K CN', and define %° = {BCN: B'D K}, Then the dual family o is
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a t-ideal and K is its support. It is, however, worth observing that since
not every such K is the support of a Banach measure (¥’ itself, for example),
not all ¢-ideals are obtained from Banach means.

4. The non-equicontinuity theorem on N. Let 9 be any
i-ideal, and let M = {M} and B = {Vi} each be a finite family of pair-
wise digjoint subsets of N. We say that B is an A-refinement of M if each
member of B is contained, except for a set in A, in some member of .
Thus B is an A-refinement of I if, given V; ¢ B, there exists a set M, 1M
and a set 4 ¢ A such that V,;C M; v A, If B is as above, and t*¢ T, t*B
will denote the (pairwise disjoint) family {t*V;: Ve B).

TEEOREM 3. Let W be any t-ideal on N. Then there emists a fimdte
partition W of N suoh that if B is any other finite partition, some translate
of B, t*B, is not an W-refinement of M.

Proof. Let IL be the support of A, and let M’ be the partition of N’
which by Theorem 2 corresponds to K, say M = {M}: i=1,2, ..., n}
Let M= {M;: i=1,2,...,n} be a set of antecedents to the sets M:,
so chosen a8 to constitute a partition of N’; then 9t has the required
property. Indeed, suppose that 8= {Vi: i=1,2, ..., k} is any partition
of N. Then {Vi: ¢=1,2, ..., k} partitions N’, and by Theorem 2 there
exist p,j such that $°(V} ~ K) is contained in no member of 9. Then
it will follow that &V, C M, A for some A e and some M, e M is
impossible, by the following reagoning:

If V;C M, v A, then

POpCMvA, and FTHAEC(MivA)AK.
But A’ is in the null set Z, i.e. 4’ ~ K= 0, so we have
PONAKECHM,AK.
Since K = K,
PV AKE=1V)) AnPE =V}~ K),
and we end with
FViAnR)CM~AK.
This last sot is a subset of a member o1 M’, which contradicts Theorem 2.

CororrARY. There emists a finite partition M of N such that if B is
another finite partition of N, some translate "V of one of the members V
of B intersecis at least two members of M in an infinite set.

Proof. This is merely Theorem 3 for the case where U is tl.xe ideal &
of all finite subsets of N. The support K, in this case, is N’ itself.

5. Generalizations. The tranglation mapping #: f”’”’”f*‘l is not
the only mapping of N into N for which the entire discugswn given ab?ve
is true verbatim. Rudin’s theorem, on which Theorem 1 is based, requires
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only that ¢ be a 1:1 mapping with the property that the induced homeo-
morphism on N’ have no periodic points on the support set K in question.
Tt is not even necessary that this homeomorphism of K be onto. A sufficient
condition for ¢ to have no finite orbits (i.e. no periodic points) in N’ is
that 7 have no finite orbits in ¥, but this is far from necessary. [1] contains
a discussion of this question.
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Remark on Raimi’s theorem on translations
by
C. Ryll-Nardzewski (Wroctaw)

The present note gives an alternative proof of Theorem 3 from Ralph
A. Raimi’s paper Translation properties of finite partitions of the positive
integers [1] in a changed and refined form. All notations and terminology
are preserved. Only, for the sake of simplicity, the set of natural numbers
is replaced by.the set IV of all integers. The author claims that this mod-
ifications is completely irrelevant. To make this note self-contained
all definitions of the notions used below are reproduced here.

Let t denote the transformation #(z) = #--1 in the set N. Let U be
an arbitrary proper ideal of subsets of N which is t-invariant (i.e. B e A
iff tH e A for all HC N). A partition B of the set N is an UA-refinement
of a partition M iff each member of B is contained mod U in some member
of M. A set HC N is called strongly aperiodic (s.a.) iff for every integer
k # 0 we have

m
UifBatmy =N
=0

for some m. (XAY=XuvIN\X~Y)

TEEOREM. If a set EC N i3 s.a., then for any finite partition B of N
there is a tramslate t*8 which is not an W-refinement of the partition
M= (B, N\B). .

Proof. Suppose to the contrary that all #*B (k= 1, 2, ...) for some
finite B = {Vi}1er are A-refinements of . Since the set I is finite, there
is a partition I = I, v (I\I,) and two translations ¢ and ¢ (p # ¢) such
that

YN e and VN\Fe¥ for iel,,

FYNI\E) e W  and VN\N\B)e¥A for iel\I,.

Consequently, for k= p—g¢, the set E is tk-invariant mod 2% (i.e.
E AtcE ¢ ). Hence in view of strong aperiodicity of ¥ we get a con-
tradittion with our assumption N ¢ 9L

The next lemma shows the existence of s.a. sets.

Levua., The set B = {n e N: cosn > 0} i8 s.a.
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