244 W. Zelazko

To obtain our theorem let us remark that in paper [3], when deriving
the general result from the result on algebras with unit, we never uged
the fact that the field of scalars is the field of complex numbers. So these
arguments work as well in the case of real scalars and we can formulate
our main result:

TurorEM. Let A be a real m-convex algebra. Then either A has gen-
eralized topological divisors of zero or A is isomorphically homeomorphic
with one of the three finite-dimensional real division algebras (i.e. field of
real numbers, field of complex numbers or division algebra of quaternions).
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Continuity of operator functions
by
EDWIN F. WAGNER (Reno)

1. Introduction. By % we shall denote the complex algebra, the
elements of which are continuous complex-valued functions of a mon-
negative real variable. The operation of multiplication is defined by
finite convolution; the operations of addition and scalar multiplication
are defined in the usual way. ¢ has no zero divisors, hence the quotient
field may be constructed. This quotient field, which we denote by #,
is termed the field of operators.

It is the purpose of this paper to extend the definitions of operator
function and continuous operator function as defined by Mikusinski
in [3] (Part III, Chap. 1). A uniform convergence structure [2] is defined
on .# and is shown to be the direct limit of uniform structures of linear
subspaces of /. The Limitierung defined by M-convergence [4] is the
Limitierung induced by the uniform convergence structure of .#. A uni-
form convergence structure is defined for a locally compact Hausdorff
space as the direct limit of uniform structures of compact subspaces. It
is shown that an operator function is continuous, in the generalized
gense, if and only if it is uniformly continuous from a locally compact
Hausdotff space provided with the “compact” uniform convergence
structure to the uniform convergence space .#.

2. Preliminaries. Let X be an arbitrary set. B(X) shall denote the
family of filter bases on the set X. If 3eB(X), then the filter generated
by S is denoted by [3]. F(X) shall denote the family of filters on the
set X. The class F(X) is partially ordered by the relation < defined by:
[8] < [B] iff for each Fe3 there exists a G<® such that @ < F. This
in equivalent to: [J] < [®] iff Fe[TI] implies Fe[B].

Let X and Y be sets and suppose X = Y. If JeB(X), then J«B(Y).
In this case [$] could refer to an element in F(X) or an element in F(Y).
In those cases where confusion could arise a subscript will be used to
indicate the precise meaning. Thus [§]y refers to an element in F(Y);
[B1x refers to an element in F(X).
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Consider a non-empty subclass #° of F(X) which satisfies: [J]ew”
and [B]e# implies there exists [Ble«¥” such that [B] < [F] ~ [B].

One will recognize that #” is a filter base, the elements of which are
filters on X. [#7] shall denote the filter generated by #, that is, [#] is
defined by: [S]e[#] iff there exists [B]e# such that [B] <[]

In lattice theoretic language one will observe:

(a) the class F(X) partially ordered by < is a lattice;

(b) if intersection is identified with the “meet” operation, then [-]
is a “meet ideal” in the lattice (F(X), <).

Definition 1. Let X be a set and let F ¢« X XX and ¢ <« X x X.
Then

(a) Fo@ = {(x, y)eX X X: there exists a zeX such that (v, 2)eG and
(Z: y)eF};

(b) F* = {(y,2)eX X X: (w,9)F};

(c) dx = {(x, 5) e X X X}.

If [@]eF(X xX) and [yp]eF(X x X), then

(d) [p]o[P] =[ypo®]. {Fol: Fed,Gey} is a base for the filter
[wo @] provided FolG # @ for all Fed and G ey, otherwise not defined.

(e) [9]F = [{F~: Fed}].

If [F]eF(X) and [B]eF(X), then

®) [SIX[B] = [IxB] = [{F xG: FeI and GG},

Definition 2. Let X be a set. Then a meet ideal [#7] in F(X x X)
that satisfies:
(@) [Ax]el#T;
(i) [Ple[#] implies [O] ' e[#T;
(iii) if [@]e[#] and [yle[#7], then [yo®dle[#] whenever [yo ] is

defined;

is termed a wuniform comvergemce structure on X.

We provide # with the topology of compact convergence and by

%, we denote the topological complex algebra the elements of which are
of the form a--f, e a complex number, fe%.

#* =% o C—{0} where C denotes the complex field. ¥* is preor-
dered by the relation | defined by: p|q iff there exists k<#%* such that
kp =q.

#p is the image of %, under the mapping @,: %, — 4, defined by:
2l
p ?
_ It the product @p,(y) is defined by ey (Y) = gp(wy), then since ¢,
is & C-module homomorphism, %, is a %,-module. %p, provided with the

op(a+f) =§‘+ PeE*.
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topology T, induced by the mapping ¢,, is a topological #,-module.
With respect to the topology T, on %,, ¢, is 2 homeomorphism.

LemmaA 3. If pig, then €, < %,.

THEOREM 4. Let the relation ty: F(M) — .4 be defined by: [S] Ty
iff there cwists pe* such that xe%,, €,<[3], and [Ny(z)] < [J] (where
N, () is a base for the neighborhood filter of x in €p). Then (A, 13) is a limit
space.

The proofs to Theorem 4 and Lemma 3 and the verification of the
statements preceding Lemma 3 may be found in [4].

3. The uniform convergence structure of Mikusinski operators. The
linear topological space %, has a natural uniform structure defined by
[#p] = [{Wp: UeRN,(0)}] where Wy = {(z, 4)e%y X€p: z—yeU} and
N,(0) is a fundamental neighborhood system of 0 in %, ([11, Espaces
Vectoriels Topologique, Chapter 1). i

LEMMA 5. For each p e€*, (€, Tp) is a uniform space in which addi-
tion is uniformly continuous.

LeMMA 6. If pe%* and qe%* and plgq, then the injection map jyq:
Cp = €y is uniformly continuous.

Proof. By Lemma 3, %, < %,. Let Wy = {(#,9) ¥ X G 6—yeU'}
Let §(U) « U, UeN,(0). If x—yeU, then jlo—y) = jl@)—j(y)eT".

THEOREM 7. If #7y = {[#p]: p e€*}, (A4}, then [#ad is a uniform
convergence structure on M.

Proof. (i) Let [#7,] and [#,] be filters in # 5. There exists r<&*
such that p|r and ¢lr. By Lemma 6, [#.] <[#,] and [#,] < [#],
thus

(# ] <[Pl [#]

and ¥ generates a meet ideal in F(A# X .#).

(i) [4.4]el# u] by construction.

(ili) Let [®]e[# y]. Then either (a) there exists pe%* such that
[#,] <[®)] or (b) [d4] <[P If [#,] < [P], then since [#7p] is a uni-
form structure,

[#p] = [#p] < (217

hence [B] 'e[Wnl. If [dg] <[®], then [A4] =T[4,1' <[P]" and
(O] el# ul.

(iv) We note [A]o[4] = [4] and [A]o[#p] = [#p]o[4] = [#]
= [#,]o[#,] for any pe%* Further, if pe®* and ge%*, there exists
re®* such that [#,]<[#,] and [#.] <[#] Thus for [D]e[# ml,
[yle[# 2 if [Poyp] is defined, it follows from the above remarks that
[Poy]el# ul-
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THEOREM 8. Let X be an arbitrary set and let [#] be a uniform con-
vergence structure on X. Define ty: F(X) - X by: [Slvyw iff [{2}]x[3]
[#]. Then Ty is a Limitierung on X and is referred to as the Limitierung
induced by [#].

A proof of this theorem may be found in [2].

Levma 9. Let X be an arbitrary set, let [®]eF (X xX), and let
[SIeF(X). Then [9] < [{#}1x[3] iff [P(@)]eF(X) and [P(#)] <[T]
where @ (z) = {V(2): Ve®} and V(2) = {yeX: (x,y)eV}.

Proof. First note [P(zx)]<F(X) iff V(v) #@ for all Ved. If
[O(x)]F(X) and [®(2)] < [J], then for each V(z)e®d(x) there exists
Fe3 such that F = V(z). Thus {#}XF < {#}xV(s) = V. Hence
[9] < [{#}]1x[3]. Conversely, if [&] <[{w}]x[J] and Ved, then for
some Fe3, {#}xF < V. But then F < V(x), hence [&(x)] < [3].

Lemma 9 provides an equivalent definition of the Limitierung v,
induced by the uniform convergence structure #°: [3] wy-@ iff for some
[@]e#, [D(2)]eF(X) and [F(2)] < [J]

Definition 10. A limit space (X, 7) is uniformizable iff there exists
a uniform convergence structure [#7] on X such that 7 = 7.

THEOREM 11. vy 48 the Limitierung induced by the uniform conver-
gence structure [W .

Proof. [J]eye iff there exists pe#* such that xe%,, %pe[3], and
[ ()] < [F]. Let Wye#p; then there exists Uy(®) Ny (2) such that
Up(#) =« Wy(z). Since [My(x)] < [3], there exists Fe3, F < %, such
that F < Uy(2) = Wy(x). Thus [#,] < [{#}]X[S] and [S]ry-2.

Conversely, suppose [ty -z. Then either (a) there exists P e%* guch
th:int [# ()] <[] or (b) [{2}] < [3]. If (a) and if Up(2) N, (), there
exists Wy (2)eN,(2) such that Wy(z) < Up(z). Since [#,(2)] < [S],
there exists <3, F @, such that F < Wy(z). Hence [Ny (2)] <[]
and [S]ryo. I [{2}] <[], then [{w}] = [5] and [Srye.

Definition 12. Let (X, [#]) and (¥, [#" 5]) be uniform convergence
spaces and let f be a mapping: f: (X, [#7]) - (X, [#). fis uniformly
continuous on X if and only if [(fxf)(P)]e[# 4] for each [PleW .

Definition 13. Given two uniform convergence structures [#',]
and [#;] on a set X, [#,] is fimer than [#"] if and only if [@]e[# 5] implies
[@]e[[‘//"l]].

[# ,] is finer than [#",] if and only if the identi j:
(X, [#]) is uniformly continuous. 7 ey map 3¢ (6 P

THZEOR"EM 14, ch,t A = {(B, IW): Aedy A an arbitrary indew set}
be. & collection of uniform convergence spaces. Further suppose that A is
dwec.t»eo.l bg/ the pre-order < which satisfies: If A< p, then B, < B, and
the injection map Jaut By > B, is uniformly continuous. If B = MU B,

Aed
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and if [#] is the meet ideal gemerated by [Ag] and the filters [Dlms i,
[D]e# ", for some Aed, then .

(1) [#] is the (unique) finest uniform convergence siructure on E such
that for each Aed,j,: By —~ B is uniformly continuous;

(2) If (4, 1£]) is a uniform convergence space and f is a mapping
from B to A, then f: E — A is uniformly continuous iff fj,: B, - A is
uniformly continuous for each A.

Proof. 1° (a) [4dg]e# by construction.

(b) I [Plgme# , then there exists Aed such that [DP]e[#].
[O] e[# 3], hence [Dlzime¥ .

(¢) If [®lgyge? and [Plg.me¥, then there exist led, ued such
that [@]e[#";] and [¥P]e[#",]. But there exists we A such that B, o B,cE,
and the injection maps j,: (B, [(#) — (Hay [#]) and j,o: (B, .0
- (B,, [#.]) are uniformly continnous. Hence

[(jl,m ij,w) ([QJ)]meEw = [di]waEmelIWm]] 3
gimilarly
I(jy,m Xj,u,m) ([!I/])]waEm = [T]meEWEIIWwB .

Thus [[D1a, x5, 0 (P15, xEu)Ex B, ¢ [# ] Whenever [P]g,xx,0 [¥lE, x5,
is defined. If [®lg,go[Plaxs is defined, then [Pl vr, o [¥ls,xr, 18
defined and [[®lzyz O [¥lexm|g mel# 1. ‘

For each Aed if [D][#7], then [(j; Xj1) ([Pzxz = [Plexze# ; hence
the injection map ji: (B, #3]) — (B, [#]) is uniformly continuous.

Finally, suppose #" is another uniform convergence structure on X
such that the injection map j;: (B, [#7)]) - (B, [#7]) is uniformly con-
tinuous for each AeA. Then if [®]e# and [&] # [4], there exists Aed,
such that [B1eP¥l. [ X [Dllexr = [Plmemel#], thus p#] < ¥].

2° Since the composition of uniformly continuous functions is a uni-
formly continuous function [2], it follows that fj,: B, — 4 is uniformly
continuous for each Ae4 if f: B — A is uniformly continuous.

Conversely, if fj,: B, - 4 is uniformly continnous for each Aed,
then if [@lg, ge# , there exists AeA such that we have [®]e[#3]. But
[(FXOIDD]txeat = [(Fir XFi2) ([(Plmsemy)] e € L£]

The uniform convergence space (B, [#1) is the direct limit of the
family &/ of uniform convergence spaces.

LEMMA 15. A filter [#] on XXX is a uniform siructure on X if
and only if the meet ideal [#']] generated by [#°] is a uniform convergence
structure on X [2].

TaEOREM 16. The uniform comvergence structure [Wul on A i the
direct Timit of the uniform convergence structures [W ]l on the spaces Cp-
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Proof. By definition of # 'y, [®]eWy if either & =[4,] or
[D] = [#pluxa = [GpXip) (I# ) Jurxn for some pe®* Thus [# ] is
the direct Limit structure of Theorem 14.

4. Continuity. Mikusifiski in [3], Part IIL, Chapter I, defines an
operator function as a mapping from the real numbers to the field of
operators. In this same section he defines a notion of continuity for oper-
ator functions as follows: An operator function ¢ defined on an interval
I of the real line is M-continuous if and only if for each finite closed
subinterval J < I there exists a p;e%* such that fp; is a continuous
function of # and ¢ in J X R*, where R* denotes the non-negative real
numbers.

Definition 17. A mapping f: X —> #, X an arbitrary space, .# the
operator field, will be called an operator function.

Definition 18. Let X be a locally compact Hausdortf (separated)
topological space. f: X —.# is M-continuous if for any compact set
K < X there exists p<%*, depending in general on K, such that

(i) f(E) = €, and

(i) the induced map %,|f: K — %, is continuous.

For the special case X = I, I an interval of the real line, Defini-
tion 18 is equivalent to the definition given by Mikusinski.

Let X be a locally compact Haugdortf space and let " — {KcX:K
is compact}.

Levma 19. If K is a compact Housdorff space, then:

(a) K has a unique uniform structure [2Ug] compatible with the topology
on K where [Ug] is the filter of neighborhoods of Ag.

(b) If f is a continuous function from the compact space K to the uni-
Jorm space Y, then f is uniformly continuous.

For a proof of (a) and (b), the reader is referred to [1] (Topologie
Générale, Chapter II, Section 4).

. Ievma 20. If Kedt',K'et and K < K', then the injection map
Jrg: K — K' is uniformly continuous.

Proof. jgx is continuous and thus, by Lemma 19, Jjz,x i8 uniformly
continuous.

TEEOREM 21. X = ngrK and if [#] is the meet ideal generated by

[4x] and the fiters {[Ug]: KeX'}, then (X, [¥1) is the direct limit of
{(K, [?[K]: KEJ{}.

The proof parallels that of Theorem 14.

TEROREM 22. f: X — 4 is M-continuous off f is uniformly continuous
from (‘Xi IIV]) to (‘Ila HWMH)'

icm
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Proof. Let [D]e[¥1; then if [4,] < [D], then [(fxF)H(P)] = [(fx
X f)(45)] = [A.4]. Suppose there exists Kex such that [UAx] < [P]
Since f is M-continuous, there exists pe@* such that f(K) « %, and
%p|f: K — %, is continuous. Thus (f xf)(YUx) = €»Xx %, and the continuity
of %p|f: K - %, implies uniform continuity by Lemma 19, hence [(fX
< f)(Ux)] = [#]. This shows that f: X - # is uniformly continuous.

It f: (X, [¥]) - (A, [#y]) is uniformly continuous, then for each
Ked, [(fxf)x)]e[# 1]. Hence either there exists pe#* such that
[# nley 2, < [(FX) (Q[K)]%’@x?p or [44]<[(fxf)(¥g)]) In the first case
f(K) = %p and €,|f: K — %, is (uniformly) continuous. If [4.] < [(fX
xf)(g)], then there exists Uxer such that (fxf)(qUx) = 44. For
(@, 9) € Ux, (f(@), f(y)) e A hence f(x) = f(y). By definition of g, Uz (z)
is an open neighborhood of # in K. Since K is compact, if & = ELSJK Ug(x)
is an open cover of K, there exists a finite subcover &' = Hr Ug(z), F
a finite set. f constant on Ug implies f(Ux(2)) = 2/pa, 2%, Poe¥*, we k.
Thus [] po = p<%* and f(K) « €p. If AeTp, then f7'(4) = Lg‘ Ux(®),

el Ze,

F’ c F, which is an open set in K. Thus f is M-continuous.
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