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On operational caleulus of germs
and the Laplace transform of germs

by
W. KIERAT (Katowice)

1. J. Mikusinski introduced, in the paper [2] and in the book [31,
the notion of an operator. As the starting point for his operator theory,
the author considers the ring ¢ of continuous functions defined in the
interval [0, co) under usual addition and convolution as multiplication.
From Titchmarsh’s theorem on convolution it follows that ¢ is an inte-
gral domain and may therefore be embedded in a field M. This embedding
is analogous to the embedding of the domain of integers in the field of
rational numbers. The field M., will be called the field of Mikusiviski's
operators.

For the theory of differential equations, it is nseful to have the notion
of an operator in a finite interval [0, 7] (). We observe that the analo-
gaus ring Cp has divisors of zero. In view of Titehmarsh’s theorem on
convolution, we can characterize the set Z of divisors of zero in the ring
Or (4], and we can embed this ring in the ring My of fractions p /g such
that ¢ is not a divisor of zero. This ring will be called the ring of Miku-
sinski’s operators in a finite interval.

In the paper [5] J. Mikusiniski introduced another ring, which will
be denoted by C, This ring is an integral domain. The extension of the
integral domain C, to a fraction field will be denoted by M, and the
elements of this field will be called operator germs.

In this note we shall show some connections between the field M,
and the field M, and the ring Mp. In the last section there will be given
a characterization of the elements of the field M, by means of the Laplace
transform.

2. Definitions of rings 0, O and C,. Let C be a ring of continuous
functions defined in the interval [0, co) under usual addition and con-

(%) In the paper.[4], Or is a ring of continuous functions in an interval [0, T).
In this note Or denotes & ring of continuous functions in an interval [0, T']. Antosik
[1] showed that the ring of fractions formed by rings of continuous functions in the
closed interval [0, 7] and the open interval [0, T) are igomorphie.
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volution regarded as multiplication. Hach of the following sets: I — the
set consisting of the single funetion f(¢) == 0, I, — the set of functions
vanighing in a given common. interval [0, 7], I, — the set of functiong
such that each of them is equal to zero in some interval [0, a] (depending
on the function) is an ideal in the ring C.

From Titchmarsh's theorem it follows that I, and I, are prime
ideals. The quotient ring O/Iy is isomorphic to the ring Cp. The quotient
ring O(I, will be called the ring of function germs and denoted by O,
(see [5]). The quotient ring C/I, is identical with the ring ¢. The rings
O and C, can be extended to fields M. and M,.

3. The set of operators M. For every functionfeC we can find
a number o which is the endpoint of the longest interval in which the
function f is equal to zero. Let the numbers o, f#, «, and 8, correspond in
this sense to the functions a, b, a, and b,. If two pairs /b and a, /b, deter-
mine the same operator p eM,,, then it follows from Titchmarsh’s theorem
that a—f = a,—f, = y. The number y will be called the characteristic
number of the operator p. From well-known properties of convolution
it follows that

@) Yoa = Ypt+Vqs

where yy, is the characteristic number of the operator pg, y, is the charac-
teristic number of the operator p and y, is the characteristic number

of the operator g. In addition, from another property of convolution 1t
follows that

(if)

where y,., denotes the characteristic number of the operator p-g.

Let M denote the set of operators peM,, whose characteristic num-
bers are non-negative. From (i) and (ii) it follows that MY is a ring if
we adopt the same operations as in M. Let J, denote the set of operators
PeMy, such that y, > T. From (i) and (ii) we may conclude that Jyp is
an ideal in the ring ME. We shall prove the following

ProposITION 1. The quotient ring ML|Jy of elements T is isomor-
phic to the ring My of operators in the interval [0, T'.

Proof. Let p and ¢ belong to a class 7 of equivalent elements of the
ring M%/Jp. Furthermore, let y, and v, denote the characteristic numbers
of operators p and ¢. We take representations p = afb and ¢ = ¢/d such
Pha.t @ is equal to zero in the interval [0, y,] and ¢ ig equal to zero in the
interval [0, y,]. Here b and d are not equal to zero in any right-hand
neighbourhood of the origin. Since the operators p and g belong to the
clas.s P of-the quotient ring MF /Iy, we have (ad—be)/bdeJp. The funetion
bd is not equal to zero in any right-hand neighbourhood of the origin.

Ypsq 2 M0IN (yp, ¥4),
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Hence, (ad—be)elr. This implies that a/b and ¢/d determine the same
element peMy. Similarly, we can show that if the pairs a/b and ¢/d deter-
mine the same element p of the ring My, then the operators a/b and c/d
belong to the same class of the quotient ring M7 /Jr. Hence the theorem.

Each element 7 of the ring M%/Jr is a class of equivalent elements
peM},. If the operators p and g are equivalent, y, < T and y, < T, then y, =
= y,. Conversely, if the characteristic numbers y, and y, of the operators p
and ¢ are not equal, y, < T and y, < T, then p and ¢ are not equivalent.
Hence, the elements p and ¢ determining 7 # J, have the same charac-
teristic numbers. The number y;, which is the same for all the operators
determining the element 7, will be called the characieristic number of
the element p. In the case of 7 = Jyp, we shall take y Tp = T as the cha-
racteristic number.

If we restrict ourselves to the representation of operators peM7,
in the form p = a/b, where b is not equal to zero in any right-hand neigh-
bourheod of point zero, then the ring MJ/Jp is identical to the ring My,
Throughout our discussion we shall take only such representations.

4. The quotient ring My/J,. From (i) and (ii) it follows that the set
J,y of elements peMy such that y; > 0 is an ideal in M,. Hence Mp/J,
is a field.

PROPOSITION 2. Thé field Mp|J, is isomorphic to the field M,.

Proof. See [5].

The above discussion can be recapitulated as follows:

The ring M7, is homomorphic to the ring My with the kernel Jr.

The ring Mg is homomorphic to the field M, with the kernel J,.

5. Laplace transform of operator germs. Some functions feC have their
Laplace transform but not all. Nevertheless, we shall show that, in some
way, it is possible to define the Laplace transtorm for every element of
the field M,. In order to show this, we shall define a ring 4 and an ideal

* I,in A. We shall prove that the quotient ring 4 /I, is an integral domain

and that we can extend it to a fraction field M* The fraction field M*
§ isomorphic to the field M.

Definition of the ring A. Let A be a set of functions defined

in the interval [0, oo), locally square integrable and such that []f(1)j2 e~
)
< oo for some y.

We shall show that A is a ring under usual additien and convolution
regarded as multiplication. It is easy to show that the sum f,-+f, of fune-
tions fie A and fye A belongs to 4. Moreover, we shall show that the con-
volution f;  f, of functions f, and f,, belonging to 4, is an element of A.
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The functions f;, and f, are locally integrable; therefore their convolution

fuxfy is also alocally integrable function (see [6]). In order to prove that

fi*f, belongs to A it su[flces to show that there exists a number y such
:

that the integral f | f £ (8 —7) fa(7) defPe™*"as is finite.

Let the functmns f, and f, belong to A. Then there exist numbers
y, and y, such that

[1£:®)

Now we shall show that, for arbitrary e >0, the integral

|26~ = K,

and [ |fa()Pe™ "0l = K,
0 .

ﬂff (t—)fa(7) dr] P

where y = y,-+¢ and y, = max(y;, y2), is finite.

Indeed,
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Each function f of the set 4 has ity Laplace transform F(s)

o

j t)dt which is an analytic function in the half-plane res >y
0

and ig such that

(1) [ 1F@+iy)dy < oo for

-0

>y,

_ Conversely, every analytic function in a certain half-plane res >y,
satistying condition (iii) is the Liaplace transform of a function fed ( see
[7]). It is posmble to use the following symbolic notation: E(A) A,
The Laplace transform maps the ring 4 onto the isomorphic ring A with
usual addition and multiplication. The subset I, of functions fe.d such
that each of them vanishes almost everywhere in some right-hand
neighbourhood of the origin is an ideal in the ring A. In view of
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Titchmarsh’s theorem mentioned above I, is a prime ideal in the
ring A. ]f[ence, the quotient ring A4/I, is an integral domain.

Let I, denote the set of Laplace transforms of functions of the ideal
I4. From a well-known property of the Laplace transform it follows that

the function Fed belongs to I 4 if and only if hm ¢ F(x+iy) =0 for

some o > 0. Hence it follows that I 4 is an-ideal in the ring 4. We observe

that the quotient ring A /I, is isomorphic to the quotient ring A /I 4.
The rmg A |1, generates the field M*. Hence it follows that the quotient

ring 4 /I 4 generates the field M* which is isomorphic to the field 3,.

Elements of the field H™* can be taken as Laplace transforms of elements
of the field M,.
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