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ON A PROBLEM OF BJARNI JONSSON
CONCERNING AUTOMORPHISMS OF A GENERAL ALGEBRA

BY

ERNEST PLONKA (WROCLAW)

1. Let G be a subgroup of the group S of all permutations of a fixed
set A. M. Armbrust and J. Schmidt in [1] and Bjarni Jénsson in [2]
investigate the problem of existence of an algebra A = (A, F) such
that ¢ be the group Aut(2) of all automorphisms of algebra 2. Namely
Jonsson formulates the following two properties of G:

an(G): there exists an algebra 2 = (A, F> such that every FeF
is less than m-ary and Aut(A) = G.
Pm(G) <> A [( A V@lX =g|X) = ¢eG].

geS 4 XCA geG
1 X|<m

Jonsson has proved that au,(G) = fn.,(G) and that, for m = 2,
Pm(G) = o (G).
The purpose of this paper is to modify the property B, (G) so as to
obtain a property equivalent to a,(G) for all natural m.
Let us consider two other properties of G:
rm(@) = A || A, QYG(gICo(X)) = (p|Ce(X))] = pe@},

(PGSA Xg
1X[<m

ve (@) < A {A[V (91Ca({2})) = (pICa({x}))
PeS 4 Ted geG

v Ca({z}) = {#} A Ca({ga}) = {ga}] = pe@},
where
(1) Co(X) = {ylyedn A LX =g'1X =g(y) =g W]
g,9'¢
This paper contains a proof of the equivalence a,(G) <>y, (G) for
natural m > 2, and of the equivalence a,(@) < v; ().
I use some ideas of [1] and [2] in the proofs of lemmas 2, 3 and 4.

2. We shall assume that the fixed set A has at least two elements.
By O(A) we denote the set of all (finitary) operations in A. The arity
of an operation F will be denoted by g(F). For simplicity’s sake, we
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shall often write « instead of (w,,...,®,)> and, similarly, ¢z instead of
{@@yy ..., @y for peS,, when no confusion will arise. Gz is the set of
all images of the sequence x under all ge@.

Finally define Fg, and g, by

(2) Fom ={F|IFcO(A)no(F)<ma N A F(go) = gF(x)}
ge@@ zedl(F)

and

(3) Q«[G’m - <A; FG-',m>-

By Cgn(X) we denote the subalgebra of the algebra 2 ,, generated
by X. In the sequel, an essential part will be played by

LevMvA 1. We have
an (G) < Aut (Ug ) = @G.

Proof. 1. The implication < is obvious.

2. U = (4, F), Aut(A) = G and Fis a family of at most (m—1)-ary
operations, then F < Fg,,. Hence Aut(2g.,) < Aut(2A) = G. Since
obviously G < Aut(Ug,,), we have finally Aut(gn) = G-

3. LEMMA 2. For every natural m and every X < A, if |X|< m,
then Cg(X) = Cgn(X).

Proof. Since Cg,, (D) is the set of all algebraic constants of algebra
Uy m, the equation Cy(B) = Cgn (D) is a simple consequence of (1).

Now, let us suppose that X = {#,,..., 2}, where 1 < k< m. We
denote by x the sequence (x,,...,ax>. If yeCg,(X), then y = F(x)
for a certain operation FeFg,,. According to (1) and (2), if ¢|X = ¢'| X
for some g, g'«@, then

gy = gF (x) = F(ga) = F(g'w) = g'F(x) = g'y.
Hence Cg(X) 2 Cgpn(X).
To prove the converse relation, let us suppose that yeCg(X) and
put
gy if v =gr and geG,

i) = {vl if v¢Gx

for ved®, In view of (1), the element F(v) does not depend on the
choice of g and so operation F is well defined. Further, if v = gx, then
F(hv) = F(hgx) = hgy = hF(gx) = hF(v) for he@, and if v¢Gz, then
hv ¢Gx. Therefore F (hv) = hv, = hF (v). Consequently yeCg n(X), because
FeFg o and F(z) = y.

LEMMA 3. If m > 2, then

@ e Aut (Ug ) <> X/C\A g\E/G(glCG(VX)) = (p|Cq(X)).

[X|<m
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Proof. 1. =. First we show that if 2 < |X| < m, then there exists
a ge@ such that ¢ |X = g|X. Contrary to this let us suppose that there
exists a subset X = A such that ¢|X # ¢g|X. Arranging the members

of X into a sequence v = (@, ..., %>, Where 2 < k< m, we obtain
(4) px ¢Go.
For every v = <{v,, ..., o> eA*, put
- v]_ if Q)GG“",
) Flo) = {712 if v¢Gw.

Observe that F commutes with every geG and, consequently, it
belongs to Fg ,,. From (4) and (5) and from the hypothesis that ¢ e Aut (2 ,,)
we obtain

gz, = F(px) = oF (1) = ¢w,,

which contradicts the assumption that x;, # x,.

Now suppose that X = {x,}. Let us put ¥ = {x,, #,}, where », # x,.
In view of what we have already proved and because m > 2 and | Y| = 2
we have ¢|Y = g|Y for some ge@, and, in particular, ¢|X = g|X. We
have thus proved that for every X with |X| < m there exists an element
g€G which agrees with ¢ on X. Moreover, g, p e Aut(2y,,) and, therefore,
if g9|X = ¢|X, then (g/Cq(X)) = (p|Cq(X)). By lemma 2 the implication
= is proved.

2. <. Let meA",k<m,FeFG’m and o(F) = k. Let X be the set
of all terms of the sequence x. By hypothesis, (¢|Cq(X)) = (p|Cq(X))
holds for some geG. Since, from lemma 2,

{F(x), @1y ..., 03} S Cam(X) = Cg(X),
we have
F(pz) = F(go) = gF (2) = ¢F ().

The proof is complete.
LEMMA 4. We have

peAut (Ug o)
= AV {olCalio}) = (91Ca(fa}) v Col{m}) = {2} A Cal{pa}) = {ga}].

Proof. 1. <. Let FeFg, and wed. If (g|Cq({z})) = (p|Cq({x})),
then, in view of lemma 2,

Fgw) = F(gx) = gF (x) = ¢F ().

If Cq({r}) = {v} and Cg({px}) = {gx}, then it follows from lemma 2
that F(¢x) = o = ¢’ (x).
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2. =. Let ¢ be an automorphism of g, and let xeA. We consider
two cases (a) gr = go for some ge@, and (b) ¢z ¢Gx.

(a) Since ¢, g are automorphisms of 2 ,, ¢ and g have to agree with
one another on the subalgebra of the algebra g, generated by {z}. Thus,
in view of lemma 2, we obtain (¢]Cq({z})) = (¢|Cq({z})).

(b) We shall prove that Cg({z}) = {#}. Contrary to this suppose
that o # yeCg({x}). We put

_Jgy if v =gr and geq,
F(”)‘{@ it veGa.

Obviously F(x) =y and F(ex) = ¢F(x). Moreover, as it is easy
to see, FeFg,. Hence we should have ¢y = ¢F (x) = F(gx) = ¢w. This,
however, contradicts the assumption that z #y. Thus Cy({w}) = {x).
This means that, for an arbitrary operation FeFg,, we have F(x) = »
and F(gx) = gz, because p e Aut (Ug,,). Thus Cg({pxr}) = {ga}, which finishes
the proof.

4. THEOREM. (i) If m > 2, then a,(Q@) < y,(G).

(i) ay(@) <> 72 (G).

Proof. Lemmas 1 and 3 imply (i), lemmas 1 and 4 imply (ii).

I wish to express my gratitude to Professor E. Marczewski for dis-
cussion and remarks which enabled me to simplify the proofs.
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