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Let m be a modular on a linear space 8, defined in [1]. An element
zeS i8 said to be homogeneous, if m(&x) = &m(x) for all &> 0. Every
homogeneous element is finite by the definition. A modular m is said
to be homogeneous, if every element of § is homogeneous. If m is convex
and homogeneous, then m is a norm by the definition.

An element we8 is said to be singular, if m(&x) = 0 or +oo for all
£ > 0. A modular m is said to be singular, if every element of § is singular.
It is obvious by the definition that an element w8 is homogeneous and
singular simultaneously if and only if x is null, that is, m(£z) = 0 for
all £>0.

An element xS is said to be critical, if # is homogeneous or singular.
A modular m is said to be critical, if every element of § is critical. In this
paper we consider structure and characterization of critical modulars.

If a modular m is homogeneous or singular, then m is critical by
the definition. Conversely we have

STRUCTURE THEOREM. If a modular m is critical, then m is homogeneous
or singular.

Proof. We suppose that m is critical and x is a character of m.
We have by the definition

(1) m(é(@+y)) < ym(gézw)+ ym(géy) for @,yeS and & > 0.

If both # and y are homogeneous, then #+y also is homogeneous,
because m(&(z+y)) < +oo for all £ >0 by (1). Thus if #+y is singular,
then m(&(x+y)) = 0 for all & >0, that is, #+v is null. If both  and y
are singular, then x4y also is singular, because we can find & > 0 such
that m(xfw) = m(xéy) =0, and we have m(f(w+y)) =0 for such
§ >0 by (1). Thus if #4y is homogeneous, then m(&(z+y)) =0 for
all £ >0, that is, #+y is null. ,

If there is no homogeneous element which is not null, then m is
singular by the definition. Now we suppose that there is a homogeneous
element x¢8, which is not null. For any other element y 8, if y is singular,
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then x— y is homogeneous, because if #— y is singular, then z = (r—y)+¥y
is singular, as proved above. Thus y—« also is homogeneous, and
y = (y— )+« is homogeneous, as proved above. Therefore m is homo-
geneous.

For a modular m we have defined in [1] the first and second modular
norms N, and N,.

CRITICAL THEOREM. For a convex normal modular m we have N,(x)
= N,(x) if and only if x 8 critical.

Proof. For a convex normal modular m, the associate of m is m
itself by the Reflexivity Theorem in [1], and by (9) and (11) in [1] we
have

(2) Ni(@) = infl(1+m(5w)),
£>0 f

1
= inf =
(3) Ns(w) m(éz}<1,£>0 3

for all ze8. If » is homogeneous, then by (2) and (3) we have

N,(x) = inf (%— +M(w)) = m (%),
>0

) 1
Nyx)= inf — =m(x).
m($z)<1,§>0 3

If x is singular, then by (2) and (3)

1
Ny@) = inf — = Ny(x).
m(Ex)=0,6>0
Conversely, we suppose N,(z) = Ny(¢) and set a = sup &. Then

m(Er<1
Ny(x) =1/a by (3) and m(az) <1, as m is normal. If m(ar)<1,
then m(&r) = +oo for £ > a, because if there is > a such that m(fx)
< 400, then m(&x) is a continuous function on 0 < & < f and m(aw) = 1.
Thus if m(ax) = 0, then x is singular.

Now we suppose m(aw) > 0. It is obvious that

1+’:_“f””) > fro<é<a
a

If m(aw) <1, then m(éx) = +oo for £>a. If m(ar) =1, then
14+ m(éw) o m(&x) > m (ax) i

3 & a a

since m(&xr) is a convex function of & > 0. Therefore

ii‘.”‘:(ﬂ 1 _ N2 foral £>o0.
a

for £ > a,
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Thus if N,(x) = N,(x), then

lim m (é2)

00

1
— and m(ar) =1.
a
Since
m (&) S m(ax)
3 a

we obtain m(éw)/é = 1/a for &> a, that is, m(&z) = éla for £= a.
In addition, we have

1
=— for {>a,
a

1<m(aw)—m(5m)<m(nw)—m(aw)

b p—: e for 0< é< a< .
Since
lim m (nz) —m (az) — lim m(nx) =i’
7—00 n—a 7—+00 n a
we obtain

I

1—m(é&x 1
1m) L g g £

a—§&

Thus m(éx) = &/a for all & >0, that is, # is homogeneous.
As an immediate consequence of the Critical Theorem we have

CHARACTERIZATION THEOREM. A convex normal modular m is critical
if and only if N, = N,.

This Characterization Theorem is proved in [2], when & is a linear
lattice and m is convex, normal and additive:

m(@+y) =m(z)+m(y) for @ A y =0.
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