bm@

ACTA ARITHMETICA
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A problem of Schinzel on lattice points
by

WoLreaNG M. ScmMmoT (Boulder, Colo.)

1. THEOREM. Let A be a lattice of integer points in Buclidean B and
let A be the set of lattice points with nonnegative coordinates. There ewists
a finite set 8 of points of A™ such that every point g of AT may be written
(1) g = cu;+...+eu,
with Wy, ..., %, in 8 and with nonnegative integer coefficients ¢y, ..., ¢,.

The truth of this theorem had been conjectured by Schinzel, who
proved the case n = 2 by means of continued fractions (*). He originally
wanted to use the theorem to prove results on polynomials, but later
found a way to avoid it.

Notation. Write E for the coordinate plane consisting of points
(@1y ey @, 0,...,0) and E™ for the subset of £ when @ =0,...,2>=0.
We also shall write B = E"". Let K™ be the set of points xeE" with
length |@| =1.

B = (u,,...,w,) will be called a basis of A™ if u,, ..., u, lie in A*
and form a basis of A. Given such a basis B, let C(B) be the cone consisting
of the points

(2) X = bt ...+ 2Au,
with nonnegative coefficients 4;. If a lattice point g lies in C(B), then
these coefficients will be integers.

Hence the following proposition will suffice for the proof of our
theorem.

ProrosirioN 1. There are finitely mony bases By, ..., By, of A" such
that

m

(3) U O(B) = B°.

The case n = 1 of Proposition 1 is obvious; we may then take m = 1.
We shall derive the case of dimension » from the case n—1.

) I;the course of the proof of Lemma 5 of On the reducibility of polynomials
and in particular of trimomials, Acta Arith. 11 (1965), pp. 1-34.


Pem


200 W. M. Schmidt
2

By homogeneity it will suffice to find bases By, ..., B, such that

covers Kt. Now K* is compact, and hence it will be enough to sh.ow
that every « in K* is contained in a neighborhood N () in K™ yvhmh
is open with respect to K* and which is contained in a finite union of
sets C(B). . _ '

Using homogeneity again we infer that it will suffice to prove the
following proposition. S

PROPOSITION 2. Every & # 0 in E' s contwined in a meighborhood
N(x) in Bt which is open with respect to E™ and which is contained in
a finite union of cones C(B).

2, We now proceed to prove Proposition 2 when & is not contained
in an (n—1)-dimensional rational subspace. In particular, x does not
lie in & coordinate plane.

Consider n-tuples of linearly independent points u,,...,wu, of A%
such that
(4) X = U +...+ A,

with 4, >0, ..., 4, > 0.

There do in fact exist such n-tuples: Let u,, ..., w, be points of A" which
lie on the positive coordinate axes. Such points exist since 4 is a sub-
lattice of the integer lattice. Since all the coordinates of & ave positive,
x has a representation as in (4) with positive coefﬁcients..

Let uy, ..., u, be an n-tuple of this type such that the absolute value
of the determinant |uy, ..., u,| is least possible. We claim that B = (u, ...
.o W,) I8 a basis of AT,

Otherwise, there would be a point w' 0 in A with

U= Uyt .+ ey,
and 0 < <1 (i =1,..., 7). We may assume without loss of generality
that u, >0, ..., we >0, g, =

Aafur Khafps K ovn K Aoy
where 4, ..., 4 are given by (4).
The points w', u,, ..., u, are linearly independent. A short compu-
tation shows that
T = w4+ AUy ...k A,
with

(2<i<s),

B=hfu, 7 =m(

A=

A A )
Hq I3

(s < i< m).

oo = oy = 0. We may further assume that

bm©
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Hence the coefficients 4 are nonnegative, and since x lies in no rational
subspace, they are in fact positive. Moreover, the absolute value of
W, s, ... 1) is smaller than the absolute value of [y, ...y ), and
this contradicts the choice of Uyyouny Uy

Hence B = (u,, ..., u,) is in fact a basis of A+ and by (4) @ lies in
the interior of C(B). Hence there is a neighborhood N (@) of & which is
contained in C/(B).

3. Now suppose x is contained in an (r—1)-dimensional rational
subspace, but in no (n—1)-dimensional coordinate plane. Let % be the
smallest integer such that  lies in a k-dimensional rational subspace R*
but in no (k—1)-dimensional such space. We have
(5) I1<hk<n—1.

Let R™ = R* ~ B*. Since @ is in the interior of B*, there is a neigh-
borhood " (x) of 2 in R” which is contained in R**. Suppose B* is spanned
by points ¢, ..., q; of 4. The points ‘

Y ="+ Freqr
with rational coefficients ; are dense in R*. Hence there are % linearly
independent such points i, .., P in Mk(ae) such that
e B R L
with positive coefficients »,, <oy ¥ Bach 1y is a positive rational multiple
of a lattice point w; in R, and we may write
(6) T = lu ...+ Au,
with positive 4,,..., 2. By an argument used in § 2 above there are
in fact pointsw,, ..., uy of B** which form a basis of the lattice A* = R* ~ 4
of E' such that (6) holds with positive My ooy D
Since x has positive coordinates, so does
Y = Apw+. - dwg (7).
It is possible to choose Vley1y « o0y Uy Such that

(Uyyeeny Uy Dpyyy eny By)

is a basis of 4. Choose the integer ¢ so large that the 2(n—k) points
TVt 1y, ..., +v, -ty

have positive coordinates. For each choice of sign -+, the points

(7) Upyoory Uiy £Vpa+1y, ..., Lo, -1y

form a basis B of A*. There are 2** such bases.

(®) <«> denotes the integer g with « < g < a+1.
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An arbitrary point z may be written
= /411"1""- .t Mk"k+ Mlc+177k+1+- N

An easy computation shows that

n

(= t<ay ) 1) et -;%.‘1 sl (L0 1),

j=k41

e

(8) 2=
k3

]

with +wo; if g; i positive and —wv; otherwise. Recall that A,, ..., 4 are
positive. If # is close to @ then uq,...,ux will be close o Ay, ..., A,
respectively, and gryi, ..., 4o Will be small. Therefore in thiy case Lhe
coetficients in (8) will be nonnegative and z will be in a cone ¢ (B) where B
is one of the bases (7).

" Hence there is a neighborhood of 2 which is contained in the union
of the 2" % cones C(B) with B of the type (7).

4. Finally we consider the case when n lies in a coordinate plane.
We may assume that 2 lies in E' where

(9) 1<t<n—1,

but in no (t—1)-dimensional plane. Hence & = (%, ..., %, 0,...,0)
with 2, >0,...,2; > 0.

Let F be the orthogonal complement of E'; it comsists of points
Y=0(0,..., 0, Y1y ..o, ¥). Further let F* = F ~ E*. Given & with
0 < & < min(z,, ..., %), the points

(10) 2 =217,

with 2, eB, z,¢F* and with |zl—ml < g, |2, < & form a neighborhood
N,(x) of & in BT

Let A' be the lattice A A E‘ in B, and let A" = A" ~ I". By the
inductive assumption there are bases

B, .. . B
of A sueh that

ounty - 5

Let A* be the orthogonal projection of A on F'; it is a lattice in F
consisting of integer points. Further put A** = A* ~ B*. Again by the
induction there are bases

] B*
19 =+ m

in A** such that
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Suppose B = (uf?, ..., w") and suppose B} consists of orthogonal
projections of w), .. v‘”. Then (2, ..., ud, vﬁ”l LoDy s a Dbasis
of A. The vectors uﬁ’) lie in A", and the 1a,st n—t eoordma.tes of the
vectors »{) are nonnegative. By adding a suitable lattice point of A"
to each v{) we may in fact assume that
(11) Bi,:i = (u(li)y AR ugiJ: vﬂla [ARS] ”%’)
is a basis of A*.

Now suppose that z is of the type (10) and lies in N, (). The vector =
i in some cone C(B;). Hence there are nonnegative reals Ay, ..., 4,
such that

2y = #y— At —. . — o

lies in B, If ¢ is small, then so will be %y, ..., 4,, and hence |z, will
be small. For sufficiently small ¢ and z¢N.(x) we shall have

|2o) < $min(z,, ..., z) and |z,—® < fmin(e,, ..., ).

Therefore the first ¢ coordinates of z,4-z, will be positive, and z,-+z,
will lie in ¢/(B}) for some B.. Therefore

2otz = L O A
with nonnegative coefficients 4,, ..., 4. We therefore get
2z =2+ 2y = Lul . 2D 2008 2

This shows that 2 lies in C(B;;).

Thus for sufficiently small ¢, the neighborhood ¥, (x) is contained
in the union of the Im cones C(B;;).

This finishes the proof of our theorem.

Regu par la Rédaction le 4. 5. 1968
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