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ON THE CALCULATION OF ELLIPTIC INTEGRALS OF THE SECOND
AND THIRD KINDS

1. Introduction. Fettis [4] has given a method of computation of
elliptic integrals in Legendre’s form

|4

dt
1) (g, o, k) = [ S—
J (1— a*sin’t) V1 —k* sin’¢
(0<<p<%, —oo < a? < oo, 0<k2<1).

The method of Fettis does not include the case k% = a? (see [4],
eqs. (6) and (33)). This paper contains an algorithm (being somewhat
similar to the Fettis method) for finding the value of the integral (1)
in this particular case. For k2 = a? (see [2], eq. 434.01):
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(2) E(p, k) = [ V1—k*sin*tdt
0

is the elliptic integral of the second kind in Legendre’s form. Let us notice
that the function

4 dt
(3) F(p, k) = f %
’ J V1 —T2sin
is the elliptic integral of the first kind in Legendre’s form. In equations
(2) and (3) the variation domain of ¢ and k? is the same as in (1). First
of all, the calculation of the integral (1') reduces to finding the value of

the integral (2). The algorithm given in section 3 allows the caleulation
0of both integral (1) (in the case k% — a?) and integral (2).
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2. The method of calculation of the integral (2). If
2Vk

by = ——
YT 14k

1
and @, = £y [p+aresin(ksing)]
then the following equations hold (see [3]):

2
F(p, k) = 1_—}—70—F(%’ k,),

E(p, k) = (1+k)E(py, ky)+ (1 —k) F(py, k) —ksing.

It is called Landen’s transformation. It can be applied repeatedly.
Defining the quantities kg, %y, ..., ¢o, @1, ... Dy the formulae

(4) ko =k, Po = @,

2Vk,
(5) knir = 11k (n=0,1,...,p—1),
(6) Pny1 = %[‘Pn“l‘a’rCSin(anin‘Pn)]

and having calculated the integrals F(¢,, k,) and E(¢p, k,) We are able
to calculate the integrals F (¢, k) and E (¢, k) from the formulae

2
1+ k&,
(8) E((pn, kn) = (1+kn)E(¢n+1’ kn+1)+(1—kn)F((}9n+1, kn+1)—anin(pn

(m =p—1,p—2,...,0). It is easy to show the sequence (5) is fast con-
vergent to 1 for 0 <k® <1 (so that 1—k,,, ~i(1—%,)?). For suffi-
ciently large n we obtain (making use of (3) and (2)) the following approxi-
mate relations

(9) F(@n, kn) ~ log(

(7) F(pn, kn) = F(¢n+17 kn+1)7

t
cOS ¢ + g‘Pn)y

(10) E(@n, kn) ~ sineg,,.
We want the integral (2) in the form
(11) E(‘P’ k) = AnE((Pn, kn)"I‘BnF(‘pny kn)'—Cn-

After taking into consideration (9) and (10) the last formula takes the
form

1
(12) E(p, k) ~ Ansing,+ B,log (—
COS @y

—}—tg(pn)—Cn.
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In order to obtain A,, B,, C, we put (7) and (8) into (11), and have

E(‘Pa k) = An[('1+kn)E(<pn+17 kn+1)"|’(1"‘kn)F(<Pn+1, kn+1)”‘anin‘Pn]+

9

+Bn'1_;—knF(({0n+1, kn+1)—0n

2B,
Ay (L4 ) B(@nsny Fnpr) + [An(l_kn)_|_ 1+k:] g

XF(‘Pn+17 kn+1) —(Cp+ 4,k 5in ¥n) -

In virtue of the last formula 4,, B,, C, satisfy the following recurrence
relations

An+1 = An(1+kn),

2B,
1+k,’
Cn+1 = 0n+Ananin(Pn7

with starting values
(14) Ay =1, B,=0C,=0.

3. Algorithm. Examples. For a computation of the approximate
value of the integral (1) it is necessary to find first the value of the integral
E(p, k) from eq. (12). For that purpose we make use of formulae (4)
to (6) and then of (13) and (14). The algorithm is to be found in this
volume. It is written in the ALGOL language in the form a procedure
declaration.
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0 OBLICZANIU CALEK ELIPTYCZNYCH DRUGIEGO I TRZECIEGO RODZAJU

STRESZCZENIE

W pracy podano metode obliczania calki (1), gdy k% = a® (ten przypadek nie
jest objety metoda podana przez Fettisa [4]). Na mocy (1’) zadanie sprowadza sie
m. in. do obliczenia calki (2). Stosujac transformacje Landena dla catki (2), uzyskano
przyblizony wzér (12). Wystepujace w nim wielkosci A5, By, Cn oblicza sie z wzoréw
(14) 1 (13), a @n i kn z wzordéw (4), (5), (6).

3. HEMMAH (Bpouas)

O BBIMIMCJIEHVH SJIJIMIITUYECKUX UHTEI'PAJIOB BTOPOI'O U TPETBEI'O POJA

PE3IOME

B paGote man Merox BeIMMCIIeHUa uuTerpana (1) B ciydae k2 = a? (3TOT Cciyvail He paccMo-
Tped ®ertEcoM B [4]). ITocne (1’) 3amava cBemeHa K BhMMHCIEHHIO mHTerpaia (2). C momoninio
TpaAchopmanwu Jlannena mns mHTerpana (2) monyveHa npuOnpkeHHast dopmyna (12). Benu-
wanel Ay, By, Cn B 3TOM dopMmyne Bermcnstorcs mo dopmynam (14) u (13), a ¢p u ky 1o
dopmynam (4), (5), (6).



