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Rotkiewicz [1] proved that the numbers (2°?+1)/5 are pseudoprime
(p is a prime number > 5).

We prove the following

THEOREM. Let n be a positive integer > 1 and p a prime number satis-
fying the following condition: if n = n,p", where p4 n,, then 1° p+2(2™ +1),
2° m,|2™ 4 1. Then the numbers (2°"" 41)/(2* 4+ 1) are pseudoprime.

First we observe that there are infinitely many integers m such
that m|2™+1, e.g. m = 3°. The hypothesis » > 1 is unessential in view
of the result of Rotkiewicz, but the case » = 1 needs some additional
consideration to exclude the case p = 3.

Proof of the theorem. Let n = n,p", ptn,. Because
1) n,|2M 412" 12" —1,

pr+! |2""1)”k—1 and (p, n,) = 1, we get np = n,p*** |22(”‘1’(22”1(’°”1)”k—l)
— 22(”-1) (22n(p— 1)_1) a,nd

(2) 4,np l 22” (2211(1)—1) _1) — 22"&17__227& .

We have (4,2*"41) =1 and (n,2*"+1) =1 (because if d|n and
d|2**4+1, then ptd, as pt2™+1, and by (1) d|2*—1, whence
d|(2*"+1)—(2""—1) = 2, but d is odd, thus d = 1), and by hypothesis,
(p, 2" +1) = 1. From these relations it follows that

(3) (4np, 2 +1) = 1.
2np _ g2n
From (2) and (3) we conclude that 4np]| ot The last
number is evidently an integer. Further,
22np+ 1 22np__22n 22np+1 1 22np+1

| 2 r2T -1 il 1 — g 2 1|9 P g,
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Let n =2r+4+1,p = 28+1. We have

22'np+1 u (24r8+2r+2a+1+( 1) 22ra+r+a+l+1)

N = 2270+1 = 22(21’+1)+1

For positive integers r and s the inequality
24ra+2r+23+1:|:22r3+r+s+1+1 >22(2r+1)+1

holds, because 2¥°+™+? > 2¥+!  whence 2¥**+"*°11>2¥*+! and
QE+THOHL (9T | 1)1 1 > 22@¢™+D L 1, Thus N is represented as a product
of two factors both > 1. Therefore N is composite.

This completes the proof of the theorem.

Observe that we may put n = p* (p is an odd prime # 5, % a posi-
tive integer) in the theorem. Indeed, in this case we haven, = 1,1|2'+1,
and

(4) pt2(2? +1).

Proof of (4). It is sufficient to prove that pf2® +1. We have
P27~ — 12711221 27" 4 Tf p|2®* 1, then p|(@™ +1)—
— (2" —4) = b5, which is impossible.

P

+1

(k=1,2,... and p %8 an odd
4pk+1 ? ’ p

COROLLARY 1. The numbers

prime # 5) are pseudoprime.
COROLLARY 2. If nep(n)|p—1 and p i3 an odd prime +# 5, then the
P 4
4P +1
Proof. We may suppose n > 2 (for n < 2 the result is trivial). Let
n = 2°», where 2{1». We have then ng(n)|p—1, 2|p(n), ¢(»)|e(n),
47°™ = 1(mod ») and (because 4°41]|4”"™_1) the number

number N = is a pseudoprime number of the form kn-1.

4P (41’(1’— H_1 )

N—1 =
4P +1

is divisible by
42”‘0’(")

n—1
1 (47*™)¥ = n = 0 (mod »),

k=0

hence N = 1(mod »). Because p >n > a, we have 2°|4”, and therefore
N =1 (mod 2°). The last two congruences imply that N = 1(mod n).
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In [2] it was shown that the number
#(%)

n F 3n+(k—1)e(ed))
k=1

is a pseudoprime number =1 (mod n) (F, is the Fermat number and
3n = 2°b, where 21 b). The formula given in corollary 2 is simpler, but
for the existence of numbers p the theorem on arithmetical progression
is needed.
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