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On a conjecture of Erdés and Heilbronn
by
B. SzEMEREDT (Budapest)

Let @ be an Abelian group of » elements. Let a,, a,, ..., @, be k distinet

elements of @. Denote by F(k) the number of solutions of (e iz the unit
element of @) ' )

k
eznaji, g =0 or 1.
4=] .
Hrdés and Heilbronn [1] conjeetured that F(k) > 0 if % > oVa (¢ is

an absolute constant).
Ryavec [2] proved that F(k) > ¢ if

Viegn
k> 3V6n- €1,
= *exp (0 loglogn )

In this paper we prove the conjécture of Erdds and Heilbronn. They

turther conjectured that F (k) > 0.if &> 2V7 and that it is not necessary

t0o assume that & is Abelian. At present I can not deecide th

ese conjec-
tores {1).

Notation. Definitions. Let ¢ be an Abelian group. Let H denote
the set of elements of @. 4, B, -y U, V possibly with subscripts always

denote subsets of H. The number of elements of A +will be denoted by
|4}, Put

A* ={¥ea;: aed, e, =0 or 1 bub not all & are 0}.
We are going to prove

TrEOREM. There ewist a real number ¢ >0 and an integer n, such
that for -every n > n,, for every G, and for every AcH,|Adlzc¢Vn

0ed”,

(') Remark of the editor. The first eonjecturs for » heing a prime and for
certain other cases has heen recently proved by J. Olson [3], [4].
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Proof. Assume that (1) holds.

(1)  There exist ¢ > 100, D, 4y, Aoy .5 Ayy By, By, -, By satistying

the following conditions:
(0 3oVn< (D] < foV'n,
() 4;—D ={a}, D—B; = {b}, D, 4;; By= A (@ =1,2,...,7),
(i) [4f— D < Vi, |D*—Bf<Vn (i =1,2,...,1),
(iv) 1>38Vn. .
Put & = Y a. Let. M = {my} be the matrix defined by the stipula-

ael}
tion

2) My, = d— b@‘!_a‘k (G k=1,...,0).

Obviously, myeAf, and considering that by (L)(ii) [4%— D*} <V
the kth column contains at least 1—Vn elements of D*. It follows, thad
there exists an 4 (1< 4 < 1) such that the ith row comtains at least I—Vn
‘elements of D*. Considering that, by (1)(iil), [D*—B}| < Vn the ith row
containg at least I—21n elements of B} . Lt m,, be one of these elements.
Then m,;, can be written in the form -

m.iq'= Eeau, g, = 0 61'_ 1
. aeB; .
and by (2) .
: My = d—by+ay,
hence

%}a—sbﬁraﬂ = Za—]—ag = Zﬁa.“-.‘

acB; acB;

Thus 0ed; c 4%,

It follows that it is sufficient to prove that (1) holds
- L

(3) X={U,V): U<V, V=0l =1, |F—0"|<¥Vn}.

. Asgume that

(4) - There'is an i, foVa< i< $6Vn, and such that

mvmdwmhwm>(ﬁmw iy

and

uvmdwm~ﬂlgﬂﬁﬁwnw)
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Meditation shows that (4) implies
(8) U 1T = and {T: (T, V}eX) < 3Va)| < é(lAI)
and

. . A
{¥: |V =14 and |{U: (T, V)ed} <3HLH< (I,&l)
(b) obviously implies (1), hence we only need to prove (4). We assume
that (4) is false and we conclude the proof by obtaining a contradiction.
Let ¥ Dbe the set of all chains (4,, 4., ..., 4,), satisfying the conditions

[}Vl = [4,], [feVn] =4
4; = Az 12 ‘Ai+1_A{i =1 (¢ =1, ey g— 1)

For every ehain (4;, 4,,..., 4)¢Y, (4;, A, )X if and only if
|Af, — AT <V for 1<itg—1. T (4) is false, then there must be
4 chain (4,, 4,, ..., 4,) Y guch that N

!{T' (4;, A1) e X} > [g_luQ]-
Then [54¢] = lr;;-, hence
Ay > n,
a contradiction. :
Eggleston and Rrdds raised the following problem (oral communi-

cation): Let f(%) be the largest integer so that if a,, a,, ..., @, are & elements
of & 50 that the unit element is not of the form

(ﬁj Hai'f, g =001 (notal & =0)

then there are at least f(%} distinet elements of the form (6). They proved
F(2) =3, f(3) =5, f(4) =8, f(k) > 2k—1 and conjectured f(k) > ck®
By the methods of the present paper I can prove this conjecture.
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