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An acyclic continuum that admits no mean

by
Philip Bacon (Gainesville, Florida)

If ¥ is a nonvoid Hausdorff space, a mean on Y is a continunous
funetion M: ¥ x ¥ Y such that

(a) M(z,y)= My, =);
and

(b) M(z,) = o;

- whenever x, ¥ ¢« ¥. In this note we verify the following conjecture of

A. D. Wallace.
TuEOREM. There is no mean on the sin(l/z)-continuum 8, where
S=C0vW;
0={0,9): -1 <y<1}

- and

W= {(z, sin(1/z)): 0 <z <1}.

I am indebted to Kermit Sigmon for providing me a4 prepublication
copy of [2], which contains a proof of a weaker form of the theorem
above.

LreMuA. Let I denote the number interval [0,1]. If {H, K} is an open
cover of I x I .then either some component of H intersects both I x {0} and
Ix {1} or some component of K imtersects both {0} xI and {1} xI.

Proof of the lemma. Suppose there is an open cover {H, K}
of T xI for which the conclusion of the lemma does not hold. Let Hy
be the union of all components of H that intersect I x {1}. Since Ix T

is locally connected, H, is open, as is H; = H—H,. Evidently

(Ho v (IX{AD) A (Hyw (Ix{0)) =0 . -
Similarly K is the union of disjoint open sets K, and K, such that
(Ko v ({1} X)) ~ (Ey v ({0} xI)) =9 .

Define A; = (I xI)—Hy By = (I xI)—K;; for ¢ in {0, 1}. We have that
Ix{i}C A, {i}xICB; (ie{0,1}), Ay dy=1IxI=DB,v B and no
point iy common to the closed sets 4,, 4,, B, and B;. This is easily seen
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to be inconsistent with the n = 2 case of a comhinatorial theorem due
to H. W. Xuhn ([1], p. 519).

Proof of the theorem. Fitrs let us anatomize §. For each n in
{0,1,2,..} define @, = 2/(2n+1)n. Notice that sin(Ljw,)==1 if » iy
even, sin(1)x,) = —1 if # is odd and the sin(1/»)-function is monotonic
on any interval of the form [#.1, #,]. Define

Ap = {{r, sin(l/2)): <o <oy}, ne{0,1,2,.5
Ly = {(»,y) e8: 2 <}, nef{0,1,2,.}
Op={(0,9): 0 <y <1}

Oy ={(0,5): —1<y=<0}

Hp = {(z,y)e8: y>—(1/2)};

Hy = {(2,y) e 8: y<1/2};

¥ ={{(0,9),(0,2) e Ox C: y<e}.

Let D: S—+8x8 be the diagonal map, defined by the formula
Dp = (p,p), and let T: §x 8 +8x 8 be the symmetry map, defined by
T(p, q) = (g, p). Finally, define w: § x 80 x ( by

((Oa 7)), (0, ?/z)) .

Now suppose that there is a mean M on 8. Since M iy continuous,
{MHp, M™*Hy} is an open cover of §x §. Since MD is the identity
on 8, there is a component Kp of ¥ ~ M™'H p that containg D(p and
there is a component Ky of ¥ ~ M~ 'Hy that containg DCOy.

Agsume that Kp intersects {(0, —1)} x €. There is a cloged connected
subset J of Kp that intersects {(0, —1)} x € and contains DCp. Since M

' w((-’“n Y1)y (%a, ’ye))

is symmetric, TJ is a subset of M 'Hp and intersects O x {0, -1} -

Define, for each » in {0,1,2,..},
On = (Lu X Lp) ~ w=Y(J v TJ).

Since {Qnlneo is a tower of compact sets whose common, part, J v 147,
is & subset of the open set MHp, there is a positive even integer ¢ such
that @, C M~ Hp. For any 4, j the restriction of w to 4;x Ay i a homeo-
morphism onto ¢'x (. So each of Q, ~ (4, x Ay Q (A x 4 and
Qe (4441 X Ayya) is connected. Sinee J w T4 intersects both {(0, —1)} x ¢/
and Ox {(0, 1)}, Q¢ ~ (Agyq X 4y) intersects  both Qi (A > 4y) and
Qi (dis1 X Ayyy). The union Z of all three is a connected subset of I~ Hp
that contains both D(m, 1) and D (@, 1). 8o MZ is a econnected subset
of Hp that contains both (z,1) and (#0212, 1), which contradicts the fact
that Hp is the union of two separated sets, one containing (;, 1) and the
other conta.injng (%142, 1). Our assumption that Kpintersects {(0, 1)} x 0
i not valid. Tn a similar manner it may be shown that Ky does not in-
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tersect € x {(0,1)}. Bub these two statements arve jointly inconsistent
with the lemma. The proof is complete.

We close with the observation that § is chainable, that W is dense
and open in § and that § is acyclic, in the sense of Alexander—Cech coho-
mology theory. This suggests some questions.

Is the arc the only chainable continuum that admits a mean?

Is the arc the only compact metric continuum containing an open
dense half-line that admits a mean?

Is there an acyclic Peano continnum that admits no mean?
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