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Concerning the ordering of shapes of compacta

by
K. Borsuk and W. Holsztynski (Warszawa)

The purpose of this note is to give answers to one question concerning
the existence of maximal shapes (majorants) and to another question,
concerning the existence of continuously ordered families of shapes.

§ 1. Basic definitions. Let X, ¥ be two compacta lying in the Hilbert
cube §. A sequence of maps fx: Q@ -0 is said to be a fundamental sequence
from X to Y (notation: {fx, X, ¥}, or f: X Y. Compare [2], p. 225)
if for every neighborhood V of ¥ there is a neighborhood U of X such
that

fi/U=frsa/U in V for almost all k.

In particular, if fi is the identity map of @ onto itself for every
k=1,2,.., then {fi, X, X} is said to be the fundamental identity se-
quence ix. Two fundamental sequences f = {fr, X, ¥} and g = {g¢, X, ¥}
are said to be homotopic (notation: f~ g) if for every neighborhood ¥ of ¥
there is a neighborhood U of X such that

folU~ge/U in V for almost all % .

The family of all fundamental sequences homotopic to a given
fundamental sequence f: X ¥ is said to be the fundamental class [f]
from X to Y. B

Tt X,Y,Z are compacta lying in @ and if f={fi, X, T}
g= {gx, Y Z)} are fundamental sequences, then {gxfx, X, Z} is a funda-
mental sequence, called the composition of f and g; it is denoted by gf.

Two compacta X, ¥ (not neeessarﬂy Iying in Q) are said to be “of
the same shape (notatlon Sh(X) = Sh(¥) (see [4]) if there are two
compacta X', ¥’ CQ, homeomorphic to X a,nd Y respectively, and two
fundamental sequences f: X' +¥, g: Y'»X' such that gf ~ix- and
fg=iz. If we assume only that I and g satisfy the first of those homo-
topies, then Sh(X) is said to be not greater than Sh(Y) (notation: Sh(X)
< Sh(Y)). If Sh(X) < Sh(¥), but the relation Sh(¥) < Sh(X) does not
hold, then we say that Sh(X) is less than Sh(Y) and we write Sh(X)
< Sh(Y).
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Tt is known that the relation “< is'a partial order in the collection
of all shapes of compacta. We do not claim that Sh(X) < Sh(Y) and
Sh(¥) < Sh(X) imply Sh(X) = Sh(Y).

§ 2. Formulation of the results. If I" is a family of shapes (of non-
empty compacta), then Sh(Y) is said to be a majorant for I' it Sh(X)
< Sh(¥) for every Sh(X)eI. Let us observe that

(2.1) For every ai most countable family I' of shapes there emists a majorant,

In order to show it, let us order the shapes belonging to I" into a ge-
quence Sh(X;), Sh(X,), ... It is clear that there is in @ a sequence of
disjoint compacta Xj, X;, ... such that the diameter of X7, is less than 1n
and that X; is homeomorphic to X, for every n=1,2, ...y and that
the sefs X7 converge to a point @ « X{. Evidently

x=_)x,
n=1

is & compactum for which every set X is a retract. Since it is known
(compare [4]) that
(2.2) If Y, is a retract of Y, then Sh(Y,) < Sh(Y)

’

we infe.r that Sh(X,) = Sh(X;) < Sh(X) for every n = 1,2,... Hence
Sh(X) is a majorant for the family I
The question arises whether (2.1) holds also without the hypothesis

tl'mt the family I" is countable. The negative answer to this question is
given by the following

(2.3) THROREM. For the Samily of all (gmemh‘z&d) solenoids a majorant
does not - emist.

Let us observe that (2.3) implies the following

(2.4) CoROLLARY. For every compactum X + @ there is a
C 17
that Sh(X) < Sh(Y). ompactum Y such

In fact, by (2.3) there exists o solenoid § such that the relation
Sh(S) < Sh(X) does not hold. We may assume that X and 8 are subsets
of @ and that X ~ § consists of only one point. Setting ¥ = X u &, let
us observe that X and § are retracts of ¥, whence Sh(X) < Sh(Y) ,and
Sh(S) < Sh(Y). Hence the relation Sh(Y) < Sh(X) does not hold and
eonseqpently Sh(X) < Sh(Y). Let us add that in the case where X is
a continnum our construction gives a continuum Y with Sh(X) < Sh(X).

The proof of Theorem (2.3), bei i i i
diven o 45 (2.3), being the first result of this note, is
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In order to formulate the second result, let us mention that in
the shape-theory an important role iy played by the notion of mova-
bility. :

A compactum X is said to be movabdleif there exists a compactum X’'CQ
homeomorphic to X with the property that for every neighborhood U
of X’ (in @) there is a neighborhood U, of X’ such that U, can be homotopic-
ally deformed in U onto a subset of every neighborhood of X. It is known
(8], pp- 137, 138 and 145) that all compact ANR-gets and also all plane
compacta are movable, but every solenoid is mon-movable.

The movability of a compactum is a property depending only on the
shape of this compactum. Thus we can speak about movable and non-
movable shapes. Moreover, it is known ([3], p. 140) that if Sh(X) < Sh(Y)
and if Sh(Y) is movable, then Sh(X) is also movable.

The second result of this note, which is prdved in § 6, is the following
theorem, which casts a light on the richness of the class of movable
shapes:

(2.5) THEOREM. There exists a function assigning to every real number %
a locally connected, movable continwum Ci, so that ¢ <1 implies
Sh(0y) < Sh((}").

§ 3. A lemma concerning homology groups. Let X be a compactum
and 9 an abelian group. By H,(X,¥) we denote the nth homology
group of X (in the sense of Vietoris) over the group of coefficients .
It is known ([2], p. 240) that every fundamental sequence f = {f¢, X, Y}
induces a homomorphism

St Hu(X, QI) —Ha( Y, €A,

defined as follows: If » = {yx} is a true cycle in X which is a representa-
tive of an element (y) of Ha(X, %), then there exists an increasing
sequence {ix} of indices such that for every sequence of indices {ji} satis-
tying the inequality ji > ix for k=1,2,.., the sequence {fi(y;)} is
a true cycle y' in ¥ over U.

The homomorphism f, assigns (') to (»).

Now let us agsume that X C @ and that %A is a compact topological
group. In this case, the group Hn(X, %) may be considered as a topo-
logical (compact) group ([81, p. 000) if we define the base of neighborhoods
about the zero point 0 of Ha(X,A) as the family of all sets

Gx(U, W)C Ho(X, %),

where U is a neighborhood of X (in @) and W is a neighborhood (in A)
of the element 0 ¢ and Gx(U, W) consists of all elements (y) of (‘Ghe
group H,(X, %) for which there exists a representative y = {yx} lying
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in U (i.e. such that there is a sequence {x;} of chains satisfying the condition
Onp = yr—yr+1 for k=1,2,... and with geometric realizations of al
simplexes of »; and of y; contained in U for every k=1, 2, ...) and such
that

V1= 0101} Q2 02+ v WOy,

where every linear combination n,a, +yas+ ... %mam Wwith coefficients
n; equal to 0 or to I or to —1 (for ¢=1,2,...,m) belongs to W.
It is known [(5)] that

(3.1) If U is a compact, topological, abelian group, then for every fun-
damental sequence f: XY the induced homomorphisms

_f*: Hﬂ(X7 Q[) —*H"( y’ QI)

are continuous.

§ 4. Some properties of solenoids. It is well known (see [7], p. 261)
that the Vietoris homology theory with coefficients belonging to & compact

abelian group is continuous, that is, if & compactum X is the inverse
limit of an inverse sequence

XXy« X<,
ay as ag

of compacta X;, then Hy(X, %) is the inverse limit of the inverse sequence
of groups

Hy(X,, Q[):; Hy(X,, Q[):: ey

where a4 denotes the homomorphism of Ho(X11, %) into Hu(Xy, A)
induced by the map ay. :

Since every compactum is the inverse limit of a sequence of polyhedra
and since the inverse limit of a sequence of compact metrizable spaces
Is & compaect metrizable space, we infer that

(4.1) If X 4s a compactum and U is o compact metrisable abelian group,
then Hn(X, %) is a compact metrisable group.

By a (generalized) solenoid we understand every space § = § (Mg, My y.n)
which is the inverse limit of the inverse sequence

KKK« ...,
Xmy Xmg Zmg

where K ‘denotes the circle defined ag the multiplicative group of complex
numbers z with |¢| = 1, the indices my, m,, ... are natural numbers >2
and ym: KK is given by the formula

Im®) = 2™ for every ze K .
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It follows that K is a compact topological group. Moreover, it is
clear that X is isomorphic with the group H,(K, K). We can identify K
with Hy(K, K) and thus we may consider the homomorphism

gmxt Hy(K, K) ->H\(K, K)

ag identic with the homomorphism ym,. It follows, by the continuity of
the homology theory, that

(4.2) (8 (1, o, ), B) = 8y, ma, )

Let (ky, ks, ...) and ({1, L, ...) be two sequences of natural numbers 2.
If there exists an index 4, such that for every ¢ > i, there exists a natural
number m such that kg Ki41: ... ki Is & fajctor' of lll~l2- wee “lm, then the}
sequence (%, ks, ...) i8 said to be a factorani of the sequence (I, ...)-
By a theorem of H. Cook ([6], p. 236 and p. 238),

(4.3) 8(ky, ko, ...) 8 " continuous image of S(l,ly,..) if and only if
(Kyy Kooy ..) 48 @ factorant of (I, 15, ...).

Since every proper subcontinuum of a solenoid is an arc or a point,
we infer by (4.3) that

(4.4) If (Fy, ko, ...) 48 not @ factorant of (I, Iy, ...), then every homomorphism
of 8(ly, s,y ...) into S(ky, ks, ...) 48 trivial.

Now let us order all prime numbers into an increasing sequence
Pys Py .. and all rational numbers into a SeqUence w, 1y, ... with w; # w;
for 4 # j. For every positive number ¢, let us de.n.ote by M; the set of a,]l
numbers p, with indices n satisfying the condition —1/t < w, <%. It is
clear that 0 < ¢ <<t implies that the sets M;—My and My— My are both
countable. . o -

Let (pi1, Pie, ...) denote the increasing sequg:ncle. GO]:ESIStIng of a
numbers belonging to M;. Then the inequality ¢ <<? 1mphes thz%t fea.ch
of the sequences (P, Puzy...) and (pe,, Pre, ...} contains an infinite
number of elements which do not belong to the other. Setting

8; = 8(pi, Pis, ...) for every i>0,

we get a family consisting of 2% solenoids with tht? property that all
homomorphisms of one of them into another are trivial.

§ 5. Proof of Theorem (2.3). Keeping the notation of § 4, let us
suppose that there exists a compactum X such that

Sh(8y) < Sh(X) for every positive ¢.
This means that for every positive ¢ there exist two fundamental sequences

fir X>8 and g §->X
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such that the induced homomorphisms
_fl*: 5H1(X; K)->H\(8, K), Gixt Hy(8y, K) -H(X, K)

satisfy the condition )
_ft*gt* =1.

Then the group A= gulH, (81, K)] is a subgroup of the group
H\(X, K) isomorphic to H,(8:, K), whence non-trivial,

Let us select in each of the groups U an element a # 0. Since the
group H,(X, K) is (by (4.1) compact and metrizable, we infer that there
exists a sequence f, 1%, %, .., of positive numbers guch that f, = t, for
gvery n=1,2,.. and that lima, = o, Let @ = gu(bi), where
bre HyS;, K). o )

) Then b5+ 0 and Junlaw,) = Joxgtan(bs) = 0, because the homomor-
phism
jlo*gtn*: HI(Sln; K) ﬁﬂl(stn’ 'K)

El tzivia.l, as follows by (4.4). Since, by (3.1) fis it continuous, we infer
N J

Julon) = m frougi,ulay,) = 0,
Tn=00 -
which contradicts the relation

jt‘;*(“in) =_fta*§]tu*(bt,,) =l #0.

Thus the supposition that the famil i
: : y of all solenoids §; has a majorant
Is contradictory, whence the proof of Theorem (2.3) is finished. :

§ 6. Proof of ’Fheorem (2.5). Consider in the Fuclidean 5-space E°

& sequence of 5-dimensional simplices 4y, 4y, ... having one common

vertex a and, apart f}*om it, disjoint. Let us assume that lim 8(4da) = 0.
Nn=00

_Consme.r a disk D %n the plane of complex numbers # given by the
Ll;eg;:l;ty ] ;<_1(%,+ k/G;lven a natural number s, let us identify all points
i orm ¢ ) for k.= 0,.1, «ey (n~1). By this identification the
¢ U passes onto a 2-dimensional polyhedron A, (called a pseudo-
‘projective p-la.n [1] p. 266) with the first Betti group H,(4,) isomorphic
to t}ii .add]ltlve group M, of integers modulo n. o "
is clear that = e 1
morphic with 4, a,n:g)rsg(‘:lfrzhgt’ale’;n’.m thee 15 & 506 B C 4y homeo-
prinﬁfi ul;ljb§e fs, alez;l Us consider an increasing sequence P15 Doy Pgy ... Of
ach thg s wnfoi .§equ.ence Wy, Wy = congisting of all rational numpers
consisting. o1 a‘uj . % # j. Let us assign o every real number ¢ the set N}
s - prime numbers P with indices n satistying the con-
Wp <t It i3 clear that t < ¢ implies that N, is a proper subset of Ny.
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Setting
C;= |J By, for every real number %,
DENE
Gco == U Bn )
n=1

let us observe that O; and Cw are locally connected continua.
Now let us assign to every real number ¢ the function 7 Coo-=C
given by the formulas:

x if xe0C,
a if 2eCo—0Ci.

1) = {

It is clear that #; is a retraction, and if ¢ < t', then the restriction
W= 74/Op i8 a retraction. of Cr to C;. We infer by (2.2) that

(6.1) If t <t then Sh(Cy) < Sh(Cy).
Moreover, if p ¢ Ny, then setting

o for every point @ € By ,
a for every point € C;—By,

8p(0) = {

we get a retraction sp: C¢—>B,. But B, contains a l-dimensional true
cycle y with integers as coefficients, such that y+0in By and p-y ~01n By.
Since B, is a retract of ¢, we infer that

(6.2) y*~0in € and p-y~0 in C;.

If, however, p’ is & prime number which does not belong to N; and ¥
is a 1-dimensional true cycle in ¢; with integers as coefficients, such
that 'y’ ~0 in Cj, then for every p e N; the true cycle sp(y") (that is,
the part of o’ lying in B,) is a true cycle in Bj satisfying the condition
P’ sp(y") ~0. Since Hy(Bp) is isomorphic with Ny, we infer that sy(y") ~0.
It follows that, without changing the homology-class of y’, we can cancel
in it the part lying in B, for every p ¢ N;. Sinee the diameters of the
sets B, converge to 0, we infer that the true cycle y' is homologous in G
t0 a true cycle lying in an arbitrarily small neighborhood of the point-a,
whence ' ~0 in C;.

Thus we have shown that if p’ is & prime number which does not
belong to N¢, then H(C;) does not contain any element of order p’. If
we recall that for < t' the set Ny—N; is not empty, we infer by (6.2)
that the group H;((:)-does not contain any subgroup isomorphic to Hy(Cy)
and consequently Hy(Cy) is not an r-image of the group H,(C;). Hence
it is not true that Sh{Cr) < Sh(Cy) and we get by (6.1)

(6.3) If t <t then Sh(C:) < Sh(C).

Fundamenta Mathematicae, T. LXVIII
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In order to finish the proof of Theorem (2.5), it remains to show that
all sets C; are movable. Since (; is a retract of Cx , it suffices to prove
that Ow is movable.

First let us prove the following proposition:

(6.4) If X CQ is a compactum such that for every ¢ > 0 there 35 a movable
compactum X, CX and a map f: XX, satisfying the inequality
o(w, fulw)) < & for every x ¢ X, then X is movable.

In order to prove it, consider a neighborhood U of X. Then there
is a positive ¢ such that

(6.5) If o(x, X) < 2¢ then we U,

Since X, is movable, there is a neighborhood V, of X, which can he
homotopieally deformed in U to a subset of every neighborhood of X,.
Now, let us observe that for the map f.: XX, there exists a map f:
@@ such that f(z) = f(») for every point » ¢ X. It is clear that there
is & neighborhood U, of X such that

e@, X)<e and gfr, fa) <
and L
f{U) CV,.
" It follows that ¢ (f(z), X) < 2¢ for every point @ e Uy. We infer by (6.5)
that setting

oz, u) = %'}a($)+(1~u) x

Wwe get a homotopy which deforms in U the set U, to the set f(T,) CV..
By the definition of V, » We can deform the set f,(T7,) by a homotopy in U
onto & subset of each neighborhood of the set X., whence also onto
a subset of each neighborhood of X. Thus X is movable and the proof
of (6.4) is finished.

Now it suffices to observe that for every positive ¢ there is an index n,
such that the diameters of all setg By with # > n, are less than e. Setting

for every point « ¢ U,

tor every (x,u)e U, Xx<0,1>,

fley=a for ev'ery Te @ B,
n=1

Jdw) =a for every e U By,

n>ny

k(%
we get a map (a retraction) f,: C’w—>LjBn satisfying the condition
n=1

[ (m, folw)) < e for every point # ¢ Cw. But the get @ By is a polyhedron,
=1

Whence a movable compactum. Thus we infer by (6.4) that O is movable
and the proof of Theorem (2.5) is finished.

(6.6) PROBLEM. Does exist g majorant for the family of all movable shapes?
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