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Perfect sets in some groups

by

R. KAUFMAN (Urbana, TIL)

Let @ be a compact, metric, totally disconnected abelian group,
and Gy > ... Gy > Gypy D ... & decreasing sequence of open subgroups
meeting in {0}. Let (H,)Y be a sequence of positive numbers; a closed
subset X of @ is said to have positive H-capacity if X supports a Borel
probabﬂlty measure W Wlth ‘the property

u(b+G) <KEH,, 1<n<oco,beG::

In the first paragraph we prove an abstract lemma relating “econom-
ical coverings” of a set with additive set funetions; it follows that capa-
city and.metric covering properties are connected much as in a Buclidean
space.

Next we specialize to the group of p-adic integers, as the multipli-
cation in this ring yields an abundance of continuous endomorphisms.
An analogue of (' mappings is introduced, in terms of which a p-adic
a.na.logue of the. constmctlon in [4] is accomphsned ‘

I. Let § be a set and A a collection of subsets w1th thig property'

i (1) For each choice {Ty;-.., T} from A4 -of a covering .of 8 (hamely

8 = (J T;) there is a choice {T{, T;} STy, ..., Ty} of pairwise
i=1 " W

disjoint subsets such that § = U T;.

j=1 .
M01e0ve1 let >0 be a real function on A such thznt -

2 E(Ty=1 Whenevel each T, is in A and '8 = U T, ‘

LEMMA There is a non-negatwe finitely addztwe set fzmcmon a, s0
defined, on all the subsels of S that o(8) =1 and a(_’[’)gh(T for each
Toam A oo g

Proof. The argument is based o [3]. Flrs’n,‘tthe ;_Qov}ermg properﬁy
(2) is valid for multiple eovermgs vmtm the characteristic function
of T, 2 ‘ :
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2 Ir,(2) = m, for all « in §, implies 2 W) =
In fa,et from the sets Ty, ..
can be chosen so that Z’IT =1, whence Zh(Tm)

Z; Ir,
>
Let now Z be the group of bounded integer-valued functions on 8§,

and L a functional on Z defined by L(1—Iy) = 1—h(T) for T in 4, and
L = —oo for other functions. We shall find a functional ¢ on Z so that

(8) &(m)+ &(2) = &(o1+2,), %€ Z;

(4) supe > &(2);

(8) &(2) = L(z2).

If such a functional & exists we need only define ¢(R) = £(Iz) for
R c §;for ¢ is additive by (3), ¢(8) = 1 by (4), o(T) <.k(T) by (5).
A functional & exists, after [3], if sup(z;+...+2) > L(z)+...+
~+L(z) whenever all 2; are in Z. This is trivially true unless 2; = 1—1Iy,
with each 7; in A, and it then becomes

sup 3 (1—I) > 2(1 B(TY),

i=1 =1

jh(Trﬁ) = infi‘ITi.
=1 =

But this is just (2') and the lemma is proved.
COROLLARY. Bach of the following properties of a closed set X im G
implies the other:
(1) X supports a Borel probability measure u for which u(b--G,)
< KH,, 1< n << oo, bel.
¢

i
@)X < ’U (bj+6) = 3 EH,>1
Cg=1 j=1

Proof. It is plain that (1) is stronger than (2) because o(X) = L.
If (2) holds we take for A, in the lemma, all intersections X ~ (b-+-G),
s0 that (1) is an easy consequence of the fact that distinet cosets of a fixed
subgroup are disjoint. We choose h(X ~ (b+ G,L) = KH, and let ¢ be
the set function obtained in the lemma. Restricting o to the Boolean
algebra of open-closed subsets of X, we obtain a measure 4 that iy triv-
ially countably additive, and so can be extended to a meagure on the
Borel sets ([1], §§ 7,13).

We indicate -a property of H-capacity involving product measures,
related to concepts in classical potential theory.

m(m=1,2,..).
WwTra d1s30mt collection, say T4, ..., Ty,
1. In case m >1,

=m—1, and (2 is obtamed by exha,ustlon, using (1) at each step.

or

e ©
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THEOREM. Suppose X supports a probability measure p, such that
H, > (pxXp){(®,y): x =y modulo G,}. Then, for any sequence r,=>0;
3 1w < o0, X has positive capacity for the sequence (15 H,)7.

Proof. Set (@) = y(@+6,)Hr',1<n< co,seG. Then [y, (a)u(ds)

=H;'(p X p}{w =y modulo G,} <1, so X 7.y, is integrable with respecf
n=1 "

to u. Thus there is a closed subset ¥ of X, with x(¥)>0 and 7,9, <0
on ¥ (1<n<oo) In particular, x(¥ ~ (#+G,))<Cr;'H, for z
in ¥, and we can prove the theorem by showing that x(Y¥ ~ (b-+6Ga)
< Or;'H, for each b in Q. But this is plain unless (b4G,) ~ ¥ # 0,
in which case b+6G, = y+@G, with y in Y.

II. In this section @ is the ring of p-adic integers for a prime p
([2], §10). Elements of G are sequences of integers

-

Tpyoed)y O @ < 5

the subgroup G, = »"G, or, which is the same,

T = (By, Bay ...,

BeGy <> By = By = ... = =0¢|w]p<p””

Let ¢ and Dy be continuous mappings of & into itself. We say that k4
is O* with derivative Dy provided

lp(@+9)— (@) —yDp(@)l = o(lyly) a8 lylp >0,

uniformly for all # in @&. The. C*-norm of ¢ is defined as

I«p( +9y)—p(w)— yDov(w)lp
1Yo :

By an argument familiar from Banach spaces, we find that O’l is
a complete metric group with regard to the norm [jpf|.

Now let ¢ be O with a derivative which at each point is different
from zero; we call ¢ ‘“‘non-singular”. There is an integer N such.that,
whenever |z— §|p<p‘N in @, then |p(x)—op (%) >p‘N|w— #|p. Thus,
for each coset b+G,, ¢~ *(b-+@G,) intersects at most p”N cosets of G,
(L < n < oo). I, then, z is a probability measure on &, and

Hy,zsupp(b+Gy) (1<n< co,bel),

llpll = suplel,+sup l-D‘P]p_!‘ snp

then
supu (¢! (0-+6)) <PV Ha.
Thus ¢ maps sets of positive H-capacity onto sets with the same
property.
Recall that a closed set F in G is a Kronecker set ([1], 5.2; 6) if ea,ch
continuous unimodular function on F admits uniform a,ppromma.tlon by
characters of G.
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wov TEEOREM 1. For every 'modulus; function H such that p"H, ~> oo,
@ contains a Kronecker: set of -positive- H- eapacity.

The method of prm)f is to. eonstruect’ & subset of posmve H-capae1ty
(in the most obvious way) and then produce 2 non-singular €' mapping
@ of this set onto a Kroneeker set. For any set, M of positive 1ntegers
we define ; :

G[M] {meG a:m =0 for all wM}

Let m. be the countmg functlon of M:

=31 (n=1,2,...).

i<n

ieM
TLEMMA, G[M] has positive capaoity for the fumtwn ‘Hy,=1p
Proof. Regarding G[M] as a product [I {0,1,...,p—1} we provide

-m(n)

G[M] with a probabﬂmy measure u rendermg the co-ordinates mutua,lly
independent, and equally distributed upon {0,1, ...; p—1}. Then a coset
of G, has p-measure H, if it meets G[M ], and 0 otherwise

THEOREM 2. Let- M be a set of positive 'mtegers whoso oomylemmt
contains segments of unbounded lengths.

Then each mapping ¢ in the space O, ewceptmg (mly a sel of Baire's
category 1, determines a homeomorphism of G[M] onto a Kronecker' set.

Proof. Suppose that {Fy)7° is a sequence of continuous unimodular
functions on G'[M], umformly dense in the metric space of all these
functions. Let V;; be the set of O defmed thus

For some character y of G, Jyle @) —Fply) < &* for all vy in G[M].
Then V;; is open, the intersection ﬂV,,k is exactly the set described
in the theorém, and we proceed to show that each V;j is dense in (%

Let peC.c >0, and F be a unimodular function on @[M]. There
is a constant B so that [w(m)~—1p(m)|p< B|x— %, for any pair @, T in @,
Let [, ] be a segment of positive integers so that' [u, 2] ~ M = (/)
a.nd let w and w; be integers so chosen tha.ﬁ

L2 1
|w~—§'u——-§—u|<1

9 1
lw‘l———s—u——v] <1.

For y we choose & certain character of order p” ([2], §25 2) (latef
we. shall give the exact form of y).

“'We are going to displace ¢ by a function a, constant om -cosets of
Gy, while lalpggp"”l Thus D, =0, and |a(z+y)—a(@)] < 2" |ylp
becatse .a(z--y) = a(x) unless y¢Q,. As u—w, > 3(v—u)—1, o] can
be made as.small as we. please. We note also that if y,, v, belong to G[M]
and y, =y, modulo G, then y, =y, modulo G,. Then [w(y,)—w (¥,

icm
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< B;"; it v—u is sufficiently large, then Bp” < p~, so that y(p(yy)
= y({p(y,)). Similarly, y(a(y,)) = y(a(y.) as soon as 2> w.
The character y has the formula

V(@1 - ony Buoy Twgay ) = epoTciq(p“wwl—I_n__]_p—lmw)
for an integer ¢ with (¢, p) =1, for example ¢ = 1. The range of y on
Gy, is the group of p =1 roots of 1, and since w—w;> (v—u)—2,
the pumber & = |L—exp2xip™~"| can be made arbitrarily small.
From each coset of &, that meets G[M], we choose an element ¥,
and specify a(y,) in Gy, so that

(e (o)) —#w (v0)) P 30)] < 3,

[a@o) + v o) —F (yo)] < 6.

Because the function y(a-+ ) is constant on cosets of @, the error
lly(a+p)— Fllo is easily estimated by means of 6 and the degree of
continuity of F. Making % and v—u increase without bound we obtain
element a1, arbitrarily close to u, with |ly(a+9)—F|» arbitrarily
small.

We note that the non-singular mappings in ¢* form a neighborhood
of the identity mapping of @, so that mappings of this kind are determined
in our theorem. To verify Theorem 1, a choice of M is the final step;
the complement of M must contain segments of unbounded length, while
™M = 0(H,). We may assume that p~ "< H, for all n. Suppose we
have found sets P, . 2 P; of natural numbers whose complements
are finite, and the counting number m; of P; fulfills p~%™ < H(n) for
all 7. Then we can remove j consecutive integers from P;, so as to leave
an acceptable set Py ,. Plainly M = (N P; will serve for Theorems 1 and 2.

or
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