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A note on rearrangements of series
by

VLADIMIR DROBOT (Amherst, N.Y.)

Let -
®) 2 iy
n=1

be a convergent series of elements of a Hilbert space H. Let U be the set
of elements  of H for which there exists a rearrangement Zu; of (1) such
that Y'u, converges to x. Let § be the set of elements of H, for which
there exists a rearrangement Ywu, of (1) such that some subsequence of
partial sums of Yu, converges to x. If H is finite-dimensional, it was
shown by Steinitz in [2] that U = S. Hadwiger in [1] showed that U = 8
" properly when H is infinite-dimensional. The object of this note is to

show that U = S in case (1) has the property 3 [Ju,l|* < co. More precisely:

TEEOREM. Let u, be a sequence of elements in o real Hilbert space H
such that

(&) 3l < o0,

(B) Em(ul—i— tyF... Uy, ) = @ for some increasing sequence of inte-
gers {mg}.

Then the series 3u, can be rearranged to converge to .

The proof is based on the following

LEMMA, Let g, U, ..., %, be elements of a real. Hilbert space H and
Tet &= uy+...+2u,. Then Uy, us, ..., U, can be rearranged in o sequence
Uy Ugy ooy Uy, SUCH that for p =1,2,..., 70

(2) lur+wg -+ .. A wgl] < llall + (_IZE lluilf -+ lall (lall +220)) 2,

where M = max (luyll, esll, - lftall) -

Proof. We assume first that ¢ = 0. Since the case # = 1 presents
no difficulty, we may assume % > 2. Let u; = %,. Since 4 = 0, this means
that

3) 0 = (@ ) = 3(ug, uf) = (ui,u1)+22”(ui,u§),
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where (a, b) denotes the real inner product of the space H. Since (%, u;) > 0,
(3) shows that for some &= 2, (4;, u;) < 0. Let u, be such an element;

then
(4) [y + 10" = (t4y 4 3, 03+ )
= [l 2 (v, ug)+ [l < loegl + [l

Writing next
0=wtu+ 3w,

AUy
we geb
0= (“ +u,, - ) 2 (4, ul'*"“w)
1LL9£1I1 u2
o
and since (ul—l—uq,ul—l—m) 0, for some Wy 7= Uy, Uy, We must have
(2, +ug, ;) < 0. Denote such u; by . Then

.
o+ g a0alF = (gt gy 2y 25+ %)

= lhug - 20y g 124 2 (g - 0g 5) < a4 Nl o+ [

Proceeding in this manner we get the desired resulf. Assume finally
that ¢ £ 0.

1
Applying the case & = 0 to the sequence {u,t—— - a} We _Ccan rearrange

e
But then
15wl <ors | 3 i )| < ot (3]

2
< loll+ () llul? + al (ol 2.20)) ™

the #’s so that

”’1,

<2

ij(u;—— % a)

g -——«a

2)1/2

q.e.d.
The proof of the theorem is now immediate. Let

S = gty
M, = sup{Jull: >k}

icm°®
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By the 1emma,, the terms {w } can be rearranged into

np+y1? n
} so that if 1, = 8, ha

e+l O
|5 ) <
np+1

Since the right-hand side tends to 0 independently of what p is,
and 8, converges to @, we gef the result.

'
gy <o “nkﬂ

i+ 2 il b+ 2 32,,)) 2.
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