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BY

A. K. STEINER (AMES, IOWA)

A real-valued function f defined on a topological space X is said
to be a connected function if it maps every connected set in its domain
onto a connected set. If X is an interval of real numbers, a connected
function is called a Darboux function. Darboux functions have been
extensively studied and a lengthy bibliography appears in Bruckner
and Ceder [3].

Since every continuous real-valued function defined on an interval
is a Darboux function, the question naturally arises as to when Darboux
functions are continuous. It was Darboux himself who demonstrated
that Darboux functions are not necessarily continuous [4]. Gillespie [6]
proved that if f is Darboux and int{y:f~'(y) is infinite} = @, then f is
continuous. However, the converse of this statement is not true. A corol-
lary (proved by Tricomi [12] and Jacobsthal [8]) is that a one-to-one
Darboux function is continuous and monotonic. A necessary and suffi-
cient condition that a Darboux function f is continuous is that f-1(y)
is closed for each ye f(X) [2].

Darboux functions have been generalized by changing conditions
on the domain X or on the range Y or by requiring that f(B) be a con-
nected subset of Y for Be # where # is a certain class of connected
subsets of X (see [2], [5], [7], [9], [10], and [11]). The condition that
F1(y) is closed for each ye f(X) is no longer a sufficient condition that
a generalized Darboux function is continuous [2].

Lipinski [9], in attempting to give necessary and sufficient conditions
for a connected function to be continuous made the following definition.
A real-valued function f defined on a topological space X is said to satisty
property (@) if f—1(s) is closed for each seS, where § is dense in the real
number line. Under the hypothesis that X is locally connected, Lipinski
proved that f is continuous if and only if f is connected and satisfies pro-
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perty (G) Since the hypothesis of the local connectivety of X was essential
in his proof, he posed the problem: if every connected function on X which
satisfies property (G) is continuous, is X locally connected ([9], P 639)?
The purpose of this paper is to give a negative answer to Lipinski’s
question and to provide additional conditions on X so that the question
can be answered affirmatively.

Throughout, X will denote a topological space and R will denote
the set of real numbers with the usual topology.

If X is a connected denumerable space and if f is any connected
function on X, then f is a constant and is thus continuous. If we can
tind a connected, non-locally connected denumerable space, we will
have an example of a space where every connected function is continuous
(and hence satisfies property (G)), but which is not locally connected.
Such an example of a denumerable connected Hausdorff space is due
to Bing [1]. It is easy to see this space is not locally connected.

Similar examples exist in spaces of higher cardinal. For instance,
let X be the set of real numbers with the topology generated by the open
intervals of B and the set X ={1/n:n =1,2,...}. X is Hausdorff and
every connected function satisfying property (G) is continuous, but
X is not locally connected.

If, however, we assume that X is a completely regular space (not
necessarily 7',), then we have the following

THEOREM. If X is a completely reqular space, then X is locally con-
nected if and only if every commected function on X satisfying property
(@) s continuous.

Proof. Let X be a completely regular space. If X is locally connected,
then every connected function satisfying property (G) is continuous
(Lipinski [9]).

Conversely, assume X is not locally connected. Then there is an open
set U c X and a component D of U such that D is not an open subset
of U. Let ye D N clx(U—D). Since X is a completely regular space, there
is a continuous function f on X to [0,1] =« R such that f(x) =1 for
xeX—U and Z(f) = {xeX:f(x) = 0} is a neighborhood of y. Also, there
is a continuous function g, on D to [0,1] such that g,(y) = 1 and g,(z) = 0
for xe D—intp Z(f). Let g be an extension (not necessarily continuous)
of g, to X defined by g(z) = go(x) for xeD and g(x) = 0 for zeX—D.
Then, the function » = f+g is connected and satisfies property (G) but
18 not continuous.

To see that h is not continuous, let {x,} be a net in (U—D) n Z(Y)
that converges to y. Then h(x,) = 0 for all a« but k(y) = 1.

For each se8 = R— {0}, h~'(s) = f~1(s) ug~'(s) and both f-1(s)
and g—1(s) are closed in X so h satisfies property (G).
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If E is a connected subset of X and En Dn Z(f) =@, then
h[E] = f[{E], which is connected. If En DnZ(f) #0 and E c U,
then h[E] = (f|.D+g,) [F], which is connected. If ¥ n D ~ Z(f) # @ and
EnX—U #0, then for any real number r, 0 < r < 1, there is an ze¢¥
such that f(z) = r (and thus g(x) = 0) and again A[E] is connected.

Simple examples show that strengthening property (G) to the condi-
tion that f—1(r) is closed for all reR still is not sufficient for a connected
function to be continuous in a non locally connected, completely regular
space.

REFERENCES

[11] R. H. Bing, A connected countable T;-space, Proceedings of the American Mathe-
matical Society 4 (1953), p. 474.

[2] A. M. Bruckner and J. B. Bruckner, Darboux transformations, Transactions
of the American Mathematical Society 128 (1967), p. 103-111.

[31 A. M. Bruckner and J. G. Ceder, Darboux continuity, Jahresbericht der
Deutschen Mathematiker Vereinigung 67 (1965), p. 93-117.

[4] G. Darboux, Mémoire sur les fonctions discontinues, Annales Scientifiques
d’Ecole Normale Supérieure, 2 série, 4 (1875), p. 57-112,

[5] K. Fan and R. Struble, Continuity in terms of connectedness, Indagationes
Mathematicae 16 (1954), p. 161-164.

[6] D. Gillespie, A property of continuity, Bulletin of the American Mathematical
Society 28 (1922), p. 245-250.

[7] C. Goffman and D. Waterman, Approximately continuous transformations,
Proceedings of the American Mathematical Society 12 (1961), p. 116-121.

[8] E. Jacobsthal, Zur Theorie der reellen Funktionen, Det Kongelige Norske
Videnskabers Selskab Forhandlinger 23 (1951), p. 83-86.

[9] J. S. Lipinski, Une remarque sur la continuité et la connexité, Colloquinm
Mathematicum 19 (1968), p. 251-253.

[10] S. Mrowka and W. Pervin, On wuniform connectedness, Proceedings of the
American Mathematical Society 15 (1964), p. 446-449.

[11] T. Tanaka, On the family of connected subsets and the topology of spaces, Journal
of the Mathematical Society of Japan 7 (1955), p. 389-393.

[12] F. Tricomi, Sulle funzioni che assumono tutti ¢ valort intermedia, Atti dell’Acca-

. demia Nazionale dei Lincei, Rendiconti, Cl. Sc. Fis. Mat. Nat., 39 (1961),

p. 419-420.

IOWA STATE UNIVERSITY

Re¢u par la Rédaction le 17. 1. 1969



