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OPTIMAL QUADRATURES
FOR A CERTAIN CLASS OF ANALYTIC FUNCTIONS

Let the function f(z) belong to Hardy’s space H,, i. e. let f(2) be
analytic inside the circle |2| < 1 and continuous on [2| = 1. Let us assume
that f(2) is real for real values of the argument. If —1 < a < b < 1, then

b n
(1) B(f) = [f(@)do— ) a:f (z)

is an error in the quadrature formula with abscissae z; (a < x; < b) and
weights a; (i = 1, 2, ..., n). Obviously, E(f) is a linear functional. Wilf [3]
proved the inequality

(2) BN < vw il
where
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|2]=1

In the paper [3] the interval [a,b] = [0,1] was considered. In Hardy’s
Space H, the problem of quadratures with remainders of the minimum
norm was considered by Valentin [2] and Yanagihara [4]. The above
Papers, quoted in [1], are not available to the author. If we consider the
case of a;, and x; (+ =1, 2,...,n) running over a compact region in the
Euclidean 2n-space then W attains its minimum in this region. In order
to calculate this minimum, we set

ow _, oW
oa; 0,
The above conditions give (see [3], eqs. (9), (10))

=0 (i=1,2,...,m).
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b—a 1 a;r;
(6) —_=Z~—~- = (1=1,2,...,m).

o (1—am)(1—bxy) &}

THEOREM. Optimal quadratures giving a minimum value of W are
exact for all rational functions P(x)/Q(x) where the degree of the numerator
is smaller than that of the demominator. The zeros of the denominalor are
double at most and equal to some of the numbers 1/x;.

Proof. Since

b

dx 1. 1—azx,

e — log—

P 1—aw, x 1—ba,

therefrom we get (in virtue of eq. (5))
b d n
x a;
(7) f_ =Z~ 1=1,2,...,0).
J 1—ax i A—uxx;

Putting (5) into (6) we obtain
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On the other hand

fb o b—a
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then, finally,

b n

dr . a ’
(8) fm=§(im (I =1,2,...,n).

a .

Equations (7) and (8) form the thesis of our theorem.
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OPTYMALNE KWADRATURY DLA PEWNE]J KLASY FUNKCJI ANALITYCZNYCH
STRESZCZENIE

W pracy rozwaza si¢ kwadratury optymalne w sensie minimum wartosci bez-
wzglednej reszty (1) wzoru numerycznego calkowania funkeji f(z) analitycznej w kole
[2| < 11 ciaglej na jego brzegu (f(2) przyjmujec wartoseci rzeczywiste dla argumentow
rzeczywistych). Wilf [3] podal oszacowanie (2), gdzie W i ||f|| sa okreslone wzorami
(3) 1 (4).

Udowodniono, ze kwadratura optymalna, tj. minimizujaca W, jest dokladna
dla wszystkich funkeji wymiernych P (x)/@Q (x), w ktérych stopien licznika jest mniej-
8zy od stopnia mianownika, a zera mianownika 83 co najwyzej podwodjne i réwne
liczbom 1/x; (wszystkim lub niektérym).

3. HEAMAH (Bpounas)

OINTHUMAJILHBIE KBAJIPATYPHI B OJJHOM KJACCE AHAJIMTUYECKUX
OYHKLNN

PE3IOME

B craThe paccMOTpeHbl KBampaTypbl, ONTHMAJbHbIE B CMBICNIE MUHHMYMa abGCOJIOTHOI Be-
TMynHel octaTka (1) GOpMyJibl YHUCIIEHHOrO MHTErpupoBaHus GyHKuUMM f(z), aHATTUTHYECKOI B KpY-
Te |z| < 1, HenpepbIBHOM NIpH |z| = 1 M BellleCTBEHHON 1A BELLIECTBEHHBIX apryMeHTOB. Bunbd [3]
Zokasan oueHnky (2), rae W u ||f|| onpeneneust dopmynamu (3) u (4).

Jloka3zaHo, 4TO OnTHManbHas KBaapaTypa, T. € KBagpaTypa MHHUMM3Mpyiowas W, To4Ha
LA Bcex pauMOHanbHbIX (QYHKUHA P(x)/Q(x), B KOTOpPLIX CTENEHb YHCIMTENS MEHbLIE CTENEeHH
3HaMeHaTeNIs ¥ B KOTOPBIX 3HAMEHATeNb MMeeT HyNH He OoJiee 4eM IOBOMHBbIE M paBHbIE YMCIaAM
l/xl (BceM MM HEKOTOPBLIM M3 HMX).



