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ACTA ARITHMETICA
©XIX (19M)

On the application of Turin’s method to the theory
of Dirichlet L-functions

by

K. WIRRTELAK (Poznat)

1. Congider ¥(x) == } .(n), where A(n) is the Mangoldt function,
HRL .
and denote by A(x) the remainder-term of the prime-number formula
A(x) = Fiz)—e.
P. Turén proved the following theorem ([4], p. 150):
If v, is the supremum of the numbers y for which
(1.1) A{z) = O{we L"),
where ¢, 15 a numerical constant, amd v, 18 the infimum of the numbers
for which the function of Riemann £(s) # 0 in the region

s,

(1.2} ; ”>1___10gr' R [t| 2 g,
where ¢g, €3 are constonts, then
1 1
y1:1+y2 or yzz——yj-—l.

The subject of this note iy to prove a similar theorem for the case

.of Dirichlet L-functions L{s, y), ymod¥, k= 1.

2. Let us introduce the following notations

Yo, b= Y A,

n=l(modk)
nE®

Ve, z) = D, a(w)A{n),

where k, 1 are integers, b 21,0< i<k, (I, k) =1 and y is a character
modk.
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TLet ug fenoie

1 i x=2Zxn
By, =By, k) = 0 it ox s

1 i g =2
r = Eals ) “{0 oy

where g, it the principal character and y, is the exceptional characier

mod. k.
Tet us introduce further the following remainders

o () o
Ale, by Ty =¥ b D=y Ty

zf
Alw, y) = Plw, ) — Boo+ I — ﬁ

i

where f§, denotes the exceptional real zego of L(s, i) (it there existy such
a zero; [1], p. 140).

3. The solution of the problem stated under 1 reduces essentially

to the conversion of the following theorem of . Tatuzawa (see [3] and

[1], p. 319).
If [] Lis, 1) #0, 5 5 By in the region

gmod k&

o .
A} =1l— 0yl
(3.1) 721 Lk logh, log (114 8)} [

then

. ' logax

(32) 4o,k D < o—roexp] = e
o (k) : max(logk, log ®)

Jor '

1<k < log?
¢ < eX] | 0y
sSSP O g glogw)’
Cwhere ¢, ¢y, Og, 6y e nuMerical constanls.
We will prove the following theorems,

TmeorEM L. If 0 < v <1, w(k) 48 a positive valued funciion, and

@ loga o
3.3 A k1
(3.3) (@, ey ) < 01— w{k) c‘cp{ O nmx(log]o,-log,‘“'““’m)}
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for ez w(k) ond any 1, 0 <1<k, (I, k) = 1, then
[] s 20
zmodl
in the region

3.4) | >1 - (ex/2) 7
o 6’ — —anian. [ o e——— S S—
( 30 mm{maﬁc( (602} ) 1og &, log” [t]}

e L logw(k
i} = max (ca, B, ex logo(k)
k logk

H

where ¢q 1 a constond depending only on ¢y, ¢; and v, In the case & = 1 the
log o (&}

1
term —exp ——-—— has to be omitted,

k logk
From this thecrem, we will deduee
THEOREM 2. If 9, is the Sup;emum of the numbers y for which

@ logz
(3.5) |d{@, kb, D) < ey~ o (%) exl{ ! max (logk, log' ™7 )}

with
pzoll), 0<i<k (I,k =1,
where wlk) 15 any function sefisfying the condition

explogik << w(kj < exp(Alog?k) (A econstant = 1)

and 4f y, is the infimum of 3 fm which [] L(s, g)=£0, 8 f, in the vegion
ymod k&
Gy

(3.6) s>l max {log, log” (|t +3)} '

Co, 05 GFE cORStants, then

Theorem 2 solves complefely the problem. stated above.

4. Proof of Fheorem 1 will rest on four lemmas.
Lemma 1. Let 24, 25, - .., 2, be complex numbers sueh that

lze) 2 |2a] 2 ... = &), Zl =1

and Tet by, by, ..., by be any complew numbers.
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Then, if m is positive ond N = h, theve ewisis an integer » such that
marEm4 N,
(4.1)

. 1 NV
1 Al I Vo | ] min 1By by L By
. By &7+ bah + bp2y] /(4862 2N+m) ls;jt.i'kl 1T bt + by

This lemma is Turdn’s second main theorem, (see [4], p. 52).
TEMMA 2. For ¢ =1, £ > 1 we have

- . 71 . o8 1—8
(4.9) (_1),.2 Am) g () log (ﬂf@ _2 £ B, 3

< n’ (9..+ 1) ! - (Q _ 6.)'1'+2 (1 — S)’r+2
logh(lt]+2)
G

where ¥ 18 & positive integer and o runs through all zeros of L(s, x} in the
strip 0 <L o< 1. )

Proof of Lemma 2 does not essentially differ from that of lemma
contained in [2], p. 315, and can he dropped.

Levma 3. For o >0, [f| = 2 we have

{4.3) C (s, )| < e{L- (R E) 0 og R |
and for o >1 '
(4.4) ' = < 1+ !

' : L, )]~ o—17

Tt is eapily seen that (4.3) can he deduced from [1], pp. 113—116.
The proof of (4.4) iz frivial.

TEmMA 4, If sg =14 p+it, 0 << u <1740, B = 164, t' 2= 10 and N,
stands for the number of roots of L{s, y), ymodk in the circle |s—3,| < R/2,
then

' 1+
{(4.5) Ny << 2buloght’ —|—c§10g‘log kt'4-log :’L’M .

Thig lemma follows from Lemma 3 by the use of Tensen inéqualjty
(compare [4], p. 187).

3. Proof of Theorem 1. Tt can easily be shown that
e

S 1SRk
{4 k=1

A, e N A, & D).
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Hence owing to (3.3) we have for 0 < y <1, 2 > o(k), the estimate

" logz
(5.1} 14z, ¥} < e;wex {—ﬁ e
@ 0l < eyoexp * max (logk, log?@™ z)

for any ymodk.
Let ¢ be positive and

(5.2) Faxo (1) = X1 z(n) A(n)exp (—itlogn).

NyEnNg

From the definition of A(x, y) we get for # =1

Bl (o 1)\
{5.3) ) A(n) = d(n, z)— An—1, O+ B T, nfl—(n—1)" .

1
Henee

BA e 0I<B| Y

NysnsNg

exp(—itlogn) r -+

X 140, )= A1, g)lexp(—itlogn)| +

Ny EnaN,

y 21— (n—1y"1 .
2 T exp(—itlogn)

N SR, b

-+ B

=EUJ1+JZ+E1JE'

By partial summation we have

DS ANy, ) 1N, )+

. 1
Z |4, %) l—exp{m—mtlog(1+_)}‘.
NyEnEN, n
Let t be such that with the above ¢, and
o 2 I3y
(5.5) 13+E g exp {( legt) }
Cy,

and N,, N, such that

(5.6} exp{ma.x(( 2 1ogt)1+-y, ( 2 logtlogk),logm(k))}

2 €3
N
= = SN, <N, <N,
Hengce
Js < csNtexp{—cz log ¥ .
max (logk, log"/ -+ N)

4 — Acta Arithmetica XI¥.2
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From (5.8) we geb

logN B } 1
exp{ * max (logk, , log/" @ ) 12
Hence
N
(5.7) Jy < “y

1 N 4 167
The termis J; , 75 can also be estimated from above by ¢ e (zee [4], p. 187).

From (5.4) it follows the estimate

o N
(5.8) ' | Fovey (25 )] << 05
if (5.5) and (5.6) are satisfied.
Consider
(6.9) 1<ogd, 122,
By partial summation we get from (5.8)
L oA N
(5.10) Z r) S < 6
C N{=En<Ny
6. Choose

Ty

2 .
, (_— logt log k) logw (,k))} :

g

fr 2
(6.1) % 2 XD {MaAX (0— logt)
2

Applying (5.10) with

(6.2) | N =92, Nj?l“’?'zﬂl? j=0,1,2,...
we have '
' A(n) B
(6.3) Z A (’”}) < Cig f((;m 1) .
) . nzEn )
Suppose ) v g
(6.4) £ exp {mm'{ (( - ) ? (5— logi log L) , logcu(k))l ,

where r denotes a positive integer.

Multiplying (6.3) by —l—log” (—zﬁ) and integrating over (&, f-oc} we
¥ ;

Z .)E(lg’.f) [ai (%) logr+l
w )

nz=E -

eet; :
n tn (1! g
("E).<t(a~1) S

{6.5}
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From Lemma 2 it follows

SQ"‘ El—s
JZ (o—sy ¥ (l—a&)’”+2

Hence (,see [4], p. 190)

Fos g-e 1
(6.7) l y r4-21< Ciz 7 ((o‘— 1R —I—logk(t—}-2))r.

g logk (t4-2)
< Gy (t(a‘—l)r+2 + P )

7. Supposmg our Theorem 1 is false there exist zeros
o* = o*+it*, 1*— oo

of L(s, y), ymodk, for which

{ex/2)417

7.1 * el — .
(7.1) == 30 max {max(1, (e,/2)"+7)logk, log”i+}

Lefi t* be snch that
(7.2)

eSSl 2 1+% 1 10 L .
* > max {c‘, exp (4()" ( ) ) exp (73_) | K 2 exp go{ )} — 7,

a k logk
Put
o /2

(7.3) s =8 :1+%)——-+@t = gyt
(7.4) § = exp((r+2)4),
where '
(7.5) L0logt® < v 2 < 12.5logt*
and

91+ o, 1TV
(7.6) Jo= (mcm) max {max (1, (T}) : ) logk, 1og”t*}.

It is easily seen that the condition (5.5) and (6.4) are matisfied and the
condition (5.9) owing to (7.2) becomes

: C. 1+ 1 1
7.7 1 = 1--|=
(7.7) << oy +(2} log t*< +_

Hence inequality (6.7) can be used. Multiplying (6.7 by

]Eal-—g- (31_ e*):'”rzl — Ea-i—n* (0_1__ U*)T+25
wo gef:

(7.8)

r 2 oot (Sl_ 9*)r+2

IS."""
. 17 @

B [y — gry e
< 3 7 ( = ) + (o, —o*)logh (t—i—2))_
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Under (7.2), (7.5) and (7.7) we have

2

T4
(03— 1V log R (14 2) < (‘f{f) log#(t42) = O(1),

and from {7.1), (7.3) and (7.5)

P r+2 1L— ¥ (72 ( 1 )va~2 R,
14 —| < [l4+—]} <12,
(a‘lwl) <( —] 30/

Therefore from, {7.8) we get the egtimate

gt S 0% rh2
g4 T =
‘25 ( e )
2 :

8. Let us estimate the part of the sum (7.9) for which %, 8
Owing to (7.5) and [1], Theorem (3.3), p. 220, we get

8y — Q*)r+2
8,—¢

El-—a”'

(7.9)

<< Oy

?

ot L
1-5g*
< 05 & G?(:-

Sl-_—’ P 5“’*(

tezt* +8

Similarly we can prove that the sums for

60— ") <, <P +8, 0<i, < —6(o—0"),
and o

[tg_'t*|§6(01“0*)! T < 1“3(0'1—0'*)

‘are absolutely less than
a* l
[ §1M "E,;'

Therefore, owing to (7.9) it follows

(el(e—e“) M)TH
81— ¢

(8.1) Vo= < Cyq "%',;"ﬁ]-é".

b 1¥ S6{oy ~a*
821 -Bloy— i

- 9. To estimate V. from below we use Lemmsa 1. We chooge

= gHe—e" St

-4
7
§1— 0

- m o= 10logt*.

icm
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In order fo define ¥ we have to estimate the number of roots of L(s, ),
ymod %, in the region

(9.2) 1-3(oy— o< o<<l, [i—1<6{e,—0").

) ) 14y 1 '
We will apply Lemma 4. Let s, =5, = o, +it", p = (—Z—z) Toa?F
' & og

and let @ to be the maximal distance of points in (9.2) from s,. Hence
d = {{o,— 1)+ 3(6,— ")+ 6 (g, — 7).

From (7.1) we have

31 :
1—6*<T'36'u’ o —0 = (crl—1)+(l~cr*}<§0—(d1——1).
Hence d < 7.5¢ < 8p. So the region (9.2) is contained in the circle [s—s,
< 8.
Owing to Lemina 4 we can take

N = 250pulogt* + o,5loglogt”,

if the interval (m, m+ N) is contained in (7.5).
This condition iz satisfied by such N because

%

N < 2.5logt”  for ¢ > max(Ty, ¢,(y)) = T

From Lenuna 1 there exist » = r+2 that

V> 250#102".?*+ t1gloglogt” | 50kI08 " +ergloglog it
- 48¢% - 15logt™

1 250#_,_10gt* 25“‘”"3". &E}'leogt* eygloglogt®
48¢  15logt” 15logt"
149

> exp{—zﬁoy(%z—) log'~"t" - loglogt - euy () log? ~*¢* (loglogt*)g}.

From this estimate and from (8.1) it follows

. t*'h'l‘.!
T

X
C14

g, {177 .
X exp { — 250y (72) log' 71" - loglogt™ — oy () log 71" (loglogt*)z} AR

for ¢ > max (T'y, o5 (¥)).
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Taking into account (7.4)—{7.6), we get
[
—logt" << (L—o) {r+2)24
o5 logt" < (1—0) (r+2) B
2 14y Co 149 .
< (1—¢") - 12.51ogt” - (m) max{max (1, («-;)—) ) logk, log”t }
G,

-
Hence

I J— Gult >_’f__. _0_2_ l.i-y—, L S —
200 \2 max {max (1, (¢,/2)""?)logk, log”?*}

and this leads fto a contmdiction to (7.1). This proves Theorem. 1.

10. Proof of Theorem 2. We know already that if (3.6) is samfxed

1 . .
with a »', 0 < »' < 1, then (3.5) follows with ¢ = ———. This iz the first

14y
part of the proof.
In the second part we have to show that if 0 <y <1 and

10.1 4 k ; logo
(10-1) ) (?) exp —G‘“’max(log}'f,,log”“"*”w
for @ > o (k) and 0 < 1< &, (I, k) = 1, where '
{10.2) explog?k << w (k) < exp(dlog?k),
then [] L{s, x) #0, s # 8, in the region

ymodk

Cy

(10.3) o>1—

max {logh, log” (Jt|-+3)} ’

where the constant ¢, depends only on A, 6, ¢, and y.
From (10.1), (10.2) and Theorem 1 we have || L(s, %) # 0 in the

wrnadk
region

max {logk, log" ¢}’
Let & be chosen such that k%>
obviously be defined as

(10.4) o>1—

1= max (e, 7‘.‘.4.)'
¢s- In this cage the region (10.4) can

0y

10.b
(10.5) >1- max{logk, log i}’

Tk,

.It is easy to verify that from Lemma 3 it follows that [] Lis,y) #0
ymod
in the region
O

10.6 ' — = 3.
_( ) o1 max {log%, log ||}’ >3

icm
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From (10.5) and (10.6) we have [] L(s, y) # 0 for k' =

xmodk

> ¢; In the region

Cq

(10.7) g >1-— 12 3.

max {logk,log?|#]}’

It remains to discuss the case 1< k< ¢/, In this case from (10.4)
it follows that [] L({s, x) 5 0 in the region

zmodk

Gy
c>1— - [N
max {logk, log” [t} ’ 5

From {10.7), {10.8) and [1], pp. 118-122, Theorem 2 follows.

(10.8)
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