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ACTA ARITHMETICA
XIX (1971)

On a density problem of Erds
by '

Davip Luesrt (New York, N.¥.)

Let the integers a;, @, ..., a all be greater than nnity. Erdos (private
communication) conjectured that the asymptotic density of fthe set of
natural numbers divisible by exaetly one a; could not exceed 1/2. We
shall prove it.

The letters 4, B, ¢, I, and ¥, with or without subseripts, shall denote
finite sequences of positive integers. For such a sequence 4, let A(4)
and I'(4) denote the sets of natural numbers divisible by exactly one and
by ai least one of the terms of 4, respectively. For any set S, let 68 be the
ayymptotic density of 8.

TaeorEM. Let the terms of A all be greater than unity. Then

5A(4) < §.

The proof is by induction on the number »(A) of distinet prime
factors of the product of all the terms of A. Tf v(4) =1, then the terms
of 4 are all powers of some prime p, so that

5A(4) < F(4) < p < 4.

Agsunie, therefore, that the theorem has heen verified for all ¢ with
2(C) < v(4). We define several auxiliary requences. For # = 0,1, 2, ..,
let B, denote the subsequence of 4 consisting of those &; such that p?|a,,
and let 4, denote the union of B, B,, ..., B,. Let D, be the sequence
obtained by dividing each term of B, by »*, and let C, denote the union
of Dy, Dy, ..., D,. Thus ©(0C,) < v{4).

Now 4, is the union of 4, ; and B,, so (4, is the union of the set
of numbers divizible by exactly one term of 4,1 and by no term of B,
with the set of numbers divisible by exactly one term of B, and by no
term of 4, ,. Therefore, since the two sets are disjoint,

(1) 84 (rln) = a{A(An—l)_F('Bn)}_i_ 6{£ (Bn)"_'r(“d‘ﬂ—l)}
= 0d(dyy)— 8{A(4, ) N I(B,)}+84(B,)— 8{A(B,) n (4, )}
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Siinilarily,
@) 34{0,) = 84(0, 1)~ 8{d(Cps) N L(Dy+ 84(Dy)—

- (3{41 n ﬂ F(Cﬂ. 1}}
But the set (4, ) nI'(B,) i3 precisely the set of all p"y with y in
A(C, ) nI{D,) and the set A(B,) nI(4, ) is precisely the set of all
Py with g in A(D,) N I(C,_y). F;om these considerations and from. the
definition of I, it follows that

6{d n— 1 (‘\F(Bn)} = e 1) ﬁf }a

?L N F(‘Oﬂ-ﬁl)}?
pm84(D,).

?lé{A
6{4(B,) N I(4, )} =p6{d(D
54(B,) =

Upon substituting these values in (1) and comparing with (2), we obtain
the recurgion

SA(4,) = 64(Ay_)d p " A0 54(Co).
Summing over # =1, 2, ..., we arrive ab
(3) BA(A) = 6A(Ag)+ Y {84(4,)—84(4, 1)}

=1

= 84(Co)+ D p " {84(0,)— 84(C,r)}

=(1—p" Fp"“tmw)

=

Note that since 4 is a finite sequence, the first two infinite series each
have only a finite number of nop-vanishing terms, while the third series
is ultimately geometric and therefore convergent.

Twa cases arise. Bither no sequence €, confains the number 1, or
some 7, does. In the firgt case, the induction hypothesis applies to each
C,, 80 that (3) implieg

BAA) < (1—p™) Mp ") =

n=0

ro=

In the second case, €, cannot contain the number 1, stnee G, = 4,
- which i3 a subsequence of A. Hence there exists & > 0 such that ¢, does
not contain. 1 for 0 <n<C N and Cy,, does contain 1. Inasmuch as O,
is a subsequence of G,N,JrI it follows that C, contains 1 for # > N. For
n > N let B, be the sequence obta,med by deleting all occurrences of 1
from €, . Then for a > N,
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1— 6I'(E,)

0 -1 ocours moere than once in (0. -

if T occurs just once in ¢,
(4) 04(0,) =

N < n, so that
04(C,,).

But C,, iz a subsequence of E, for m <
(B, = a0, =

Therefors if MRS XN z o, (4) implies in all cases,

(83 : aA(0,) < 1—84(0,).

Letting u denote the greatest of the quantities 8.4 (C,), 64 (€5, ..,

o

we have according to (8), for all x,

bA(C),

7 for n L N,
1—p
Substituting these egtimates in (3),

3.4(C,
Gl < [ for n > N.

N 00
A < (1—p ) Do u+ D p M- p)

n=>0 n= N4
={l—p " Nptp VT 1—p) = p TV p(l—2p7 VY.

But (,, satigfied the induction hypothesis for m < ¥, so that p < §.
Therefore
SA(A) <p™ (D) (1—-2p7 V) = &

Afterword. Let 4, (4) denotie the get of positive integers divisible
by exactly k terms of A. Erdos has conjectured that if A hag distinet terms,
then 6.;(A) is hounded, by a guantity which approaches zero as & -soo.
Our method fails in this case, yince €, doeg not inherit the property of
having distinet terms.
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