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Non-principal divisers among the values of polynomials
by
C. B. MacCourer (East Lansing, Mich.)

Let k be a number field and let f(X) be a primitive polynomial of
degres n with rational integral coefficients whose values f(#) at rational
jnbtegers # have no common factor. A. Schinzel has asked:

Are there infinilely many integers of the form f(x) all of whose prime
dzmsor& n L are prineipal?

The angwer is yes for linear f aceording to a recent result of C. J. Parry
[1]. In countrast, as I point out here, the answer is sometimes no
for f non-linear, at least no for polynomials f which possess polynomial
Jactors in k with non-principal content. For suppose in k[X] that

&)

FE) = Pt

where ' and @ have integral coefficients, where d is an integer, and where

F(X) has non-prineipal content cont¥®. Then because f is primitive, as

ideals :
d = cont A contG

and so for each rational integer », as ideals
flz) = F(»)(cont F)y 16 (x) (contG)*

where F(z)(contF)~! is not principal. In short, for each integer x some
prime factor of f(x) in % is non-principal!

This phenomenon can of course oceur only when f i3 non-moniec.

But when de sueh polynomials f(x) exist? Always! For guppose
k has class number %(%) > 1. Let p be a non-principal prime of k. We
may assume that p is of degree 1 over the rational prime p. Let q be any
integral ideal of & such that pa is principal. Recall that o can be chosen
Prime to any prescribed ideal. Assume then that

(a,2) =1

(e) = :pa.

and let



320 . R. MacCluer

Then necessarily, 8 is integral but not rational. Let ¢(X) = Trr(6, Q)
= X4, X" 4 ...-¢X+¢ be the minimal polynomial for § ip
Z[X]. Since the absolute norm

18] = leol = llpal = lipll- fall = pa,
(_P, a) = 1

F(X) =p7g(pX)
is primitive with rational integral coefficients! Since we may choose
a prime to any prime ¢ < n, the vatues f(z) need not possess a non-trivial
common. divisor. .

- For any number field & with oass number (k) > 1, construct f(X)
as above. Then every valuse f(m) has at least one non pmnc@pal prime dzmsm
wm k.

For 6/p is a root of f(X) = 0 and hence in E[XT,

G(X)

and so

f(X) = @X—8)——
wher,é F(X) == pX— 0 has non-principal content p.
Specializing, let k= Q (¥ —5), p = 2, and § = le—V — 8. Then
fX) = 2X*—2X+3

always has non-principal divisors in Q{ l/_5) This can be seen directly

by translating Artin reeiprocity for the class field Q(l/o, 2 /Q (:l/:_5)
into residues modulo 20..
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Primitive representation of a binary quadratic form
as a sum of four squares

by
Joun L. HUNSUCKER (Athens, Ga.)

1. If an integral binary guadratic formi f of nonzero determinant
is representable as a sam of four sqoares, i.e., in the form (r,o-t+s,9)2-1
+ - {ryetay)? where ry, ..., 8 are Integers, then [ can he written
as ef', where ¢ iy a positive integer, f = [a, 24, b1 = ax?4-21, 2y by®,
(@)1, ) =1,a >0, ab—1; > 0. L. J. Mordell showed that such a form
is representable as a yum of four squares if and only if ab—%; is not of the
form 4*(8n47). H. Braun gave an expression for the number r (f) of such
representations, and G. Pall and O. Taussky found a simpler expression
which showed that for fixed f (with r,(f') s 0), r.(ef'}/r.(f) is a Tactorable
functicn of e. We will here prove a like result for #, (af’) ry (F), where r,(...)
denotes the number of primitive representations, in which the g.c.d.
of the six determinants 7r;8;— #;8; 1s unity; and we will find simple formulag
for 73(f), and related 1esult~, ’

2. Tet B, denote the matrix of of, ¢ = ab—#, b, = e?¢,

: . . ' b —t,

{1 _ B =adjB, =eR, R= _ .
- —t, @

Our work will be based on an algorithm due to G. Pall ([3],§3). The
algorithm is simplest for the study of primitive representations of a form
in % variables by one in » vaviables, when & = 1 or s—1. Tn our case,
# =4 and k = 2, and we have to locate the integral symmetrie positive-
definite matrices & of determinant b, for which

@) : KBE' = —G(modb,)

hag integral solution matrices K (of order 2). By (2) the g.c.d. é of the
elements of B must divide the elements of 6. But Pall’s algorithm (see
(13)—(14) of [81) requires in the case where the determinant of the Tepre-
senting form is I that

{3 I'GL = —F{modb,;)

be solvable for I. Hence the g.o.d. of the elements of G is also e.



