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Some examples of o-ideals and related Baire systems
by
R. Daniel Mauldin (Gainesville, Fla.)

In [4], the author gave some characterizations of the Baire system
of functions generated by the collection of all functions continuous almost
everywhere with respect to a o-ideal R of a metric space S.

In this paper are given some examples of ¢-ideals, and some theorems
which are connected with them [6]. The first example is the o-ideal of all
first category sets. Kuratowski has analysed the Baire system related
to this o-ideal [2]. In case S is complete, separable and uncountable,
this Baire system does not generate all the real functions on 8. Theorem 1
gives necessary and sufficient conditions on a ¢-ideal R 50 that the related
Baire system is the set of all real functions on . In Theorem 2 a charac-
terization of scattered or dispersed snbsets of complete and separable
metric spaces is given as a consequence of Theorem 1.

A second example is the ¢-ideal of all countable subsets of R. The
final example is the o-ideal of all sets of measure 0 where 4 is a complete,
regular, o-finite measure on §, u(8) % 0. In Theorem 3, it is shown
that the related Baire system should be the set of all u-measurable
functions is équivalent to each of the following three conditions: 1) the

. Baire process of taking pointwise limits should end in one- step, 2) there

be a scattered (dispersed) subset M of § such that w(8—M)= 0 and
3) the Baire system be the collection of all real functions on g,

The notation of this paper is the same as in [4]. )

Exampre 1. Suppose § is a separable and complete metric spaces
and R is the ¢-ideal of all first category subsets of 8. Then By(§) = @ is
the collection of all functions continuous almost everywhere with respect
to B. Kuratowski has shown that a function fis in B(@®) if and only if
there is a subset B of § such that §—F is of the first category and fz is
continuous [2]. Moreover, Kuratowski showed that in this case B(&)
= B,(®). This means that the Baire system connected with sets of the
first category is generated by taking limits one time. This contrasts with
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the fact that in case § contains a perfect set, the Baire system, generated
by the continuous functions is not generated by countably many iterationg
of the process of taking limits.

Tven though @ is a more numerous collection than ¢, the continunous
functions on G, in general B(&) is still a proper subset of F(8), the set:
of all real functions on §. In fact if § is uncountable, then since § is com-
plete and separable, there is a subset 4 of § snch that if M is a perfect
subset of 8, then 4 -3 and A’ M are dense subsets of 3. The charac-
teristic funetion of 4 would not belong to B(6), since it is not continuoug
on any perfect set and ei'ery second category set containg a perfect set.

The following theorem characterizes the ¢-ideals R in a complete
and separable metric space such that B(@) should be F(S).

TarorEM 1. Suppose 8 is a complete and separable metric space and
R is a o-ideal of 8. In order that B(G) should be F(8) it is necessary and
sufficient that there be a scattered (or dispersed) subset M of 8 sueh that M’
is in R. Moreover, if F(8)= B(&), then F(8) = By(}).

Proof. Suppese B(G)= F(S) and § is not scattered. Since § is
complete, § contains a perfect set. .

Let 4 he a subset of § such that if K is a perfect subset of 8, then
K-4 and K-A’ are dense subsets of & and let & be the characteristic
funetion of 4. If K is a perfect subset of 8, then Ay is totally discontinu-
ous; k belongs to F(S) = B(G). It can be shown by transfinite induction
that if f is in B(@), then there is a countable subeollection G of @ such
that f belongs to the Baire system generated by G, B(@&). So, there is
a countable subeollection @, of @ such that h belongs to B(@). Let N be
the subset of § to which =z belongs if and only if some funection in G, is
discontinuous it x. The set N is in the o-ideal R.

Let M = 81X and suppose M is not scattered. Let H be n subset
of M which is dense in itself; A is perfect. Tf fisin @y, then fzis continu-
ous at each point of H. Since H is a dense subset of H , f& is continuous
at each point of H. Since H is a dense subset of I, » J7 is continuous except
for a set of the first category with respect to H. If f isin G, then fy is in,
T, the collection of all functions over H which are continuous except for
a first category set with respect to H. So, hg belongs to B(T). Therefore,
by Kuratowski’s theorem there is a subset & of H such that B is the first
category with respect to F and hz_g is continuous. Let L be a perfect
subset of H—F; &y is continunous. This is a contradiction. So, no subset
of M is dense in itself; M is scattered and N = M’ ig in E.

Now, suppose X is a scattered subset of . If § is M, then § is
countable and it follows from Theorem 12 of [3] that F(8) = B,(@). So,
suppose M is not § and S—II is in the o-ideal R.

The set A is an inner limiting set and since § is separable, M is
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countable; M: bty 15, ... Let B, B, B,, .
of open sets whose intersection is M.

Let s;; be a spherical open set containing ¢, such that (1) 5, is a sub-
set of B, and (2) no boundary point of s;, belongs to M. For each n, and
for each p, p <01, let s,41, be a spherical open set containing ¢, such
that (1) Sni1p 18 & subset of By, (2) no boundary point of Sny1p belongs
to M, (3) if 1< p <n, Sniapis & subset of s,, and (4) spp07 and Sni1g Are
mutually exclusive if ¢ jb

. be a monotonic sequence

n
\ 7 Tay .
For each n, let Dy = Z Spp~+ By - ” ($up)'5 Dyy Dyy Dy, . is a sequence

=1 p=1
of open sets whose common point is M.

Suppose f belongs to F(S). For each n, let

flw), if xisin D,
ki3
flay =1 1, it wisin By [ [ 60y,
»=1
S, itz is in sy, 1<i<m.

For each n, f, is continuous at each point of M. The sequence fuio fey
sy - 18 & sequence of functions in @ which converge to f. So, F(8) = B,(@).
This completes the proof of Theorem 1.

Theorem 1 easily yields a characterization of scattered subsets of
complete and separable metric spaces.

TaroREM 2. Suppose M is a subset of a complete and separable metric
space 8. The set M is scattered if and only if every real function on S is the
limit of a sequence of functions each comtinuous at each point of M.

Theorem 2 follows from Theorem 1 by taking the o-ideal R to be
the class of all subsets of § which do not intersect M. ‘

ExamMpLE 2. Suppose R is the class of all countable subsets of
a metrie space S. It follows from Theorem 3 of [1] that a function f on S is
in By(@) if and only if there is a function g in By(0) such that the set
(f # g) is countable. C. Tucker [5] has shown that this is true in a more
general seftting. Certainly, B,(0) is a subset of B,(@). In general B,(() is
& proper subset of B,(G). For example, if S is [0, 1] and f is 0 on the ra-
tional numbers and 1 on the irrational numbers, then f is the limit of
& sequence of step functions. So, f is in B,(@) but f is not in B;(C).

However, if 7 is in By(@), then by Theorem 3 of [4], there is a func-
tion ¢ in B,(0) such that the set (g k) is countable. The function h—g
is 0 except for a countable set. It follows that h—g is in By(C). So,
b= (h—g)+g¢ is in B,(C). Therefore, By(() = B,(&).

So, it B is the o-ideal of all countable subsets of 8, then By(0) may
be a proper subset of B,(@), but if a> 1, then B,(G) = B,(C).
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The final theorem and example are connected with measures.

In what follows, suppose § is a complete and separable metric space
and u is a complete, regular, o-finite measure on S and %(8) >0
and R is the o-ideal of all sets of measure 0. If f is a function in ¢ = By(@),
then it follows from Theorem 2a of [4] and the fact that u is a topological
measure that f is a measurable function. So, By@) is a collection of
measurable functions. Hence, B(f), the Baire system generated by @G is
a collection of measurable functions. If there is a scattered subset M of 8
such that p(8—M)= 0, then it follows from Theorem 1, that F(8) is
B(@) and so B() is the class of all measurable functions. Theorem 3
characterizes the measures u, such that B(@) is the collection of all
measurable functions. )

TeEROREM 3. Suppose u is a complete, regular, o-finile measure on
the complete and separable metric space 8 and 1(8) > 0 and R s the o-ideal
of all sets of measure 0. Bach two of the Jollowing statements are equivalent:

(1) B(@) is the collection of all measurable Sunctions,

(2) there is a scattered subset M of § such that 8 is M or u(S—M) = 0.

(3) B(G)=F(8), and

{4) B(@) = B(@).

Proof. Suppose B(@) is the collection of all measurable funetions
and 8 is not scattered. Let §, be the subset of § to which p belongs if
and only if 4(p) = 0. There are not uncountably many points of § which
do not belong to §,.

.Suppose #(8,) # 0. Sinee p is regular, there is a closed subset of §,

having positive measure. Let 8, be a perfect subset of 8, having positive
measure. If there is no point p of 8, and open set D containing p such
that u(8;-D) = 0, then let 83 = 8. If there is such a point, let T be the
set of. all'such points p and for each peint p in 7, let R, be an open set
containing p such that u(R, *8:) = 0. Let E be a countable subeollection
of the set of all B,% covering 7. The set E*, the sum of the members
of B, is an open set and u(B*-8,) = 0. Let 8 = 8,—B*-8,; 8, is a closed
tmbsei: of 8,. Suppose there is a point z of §, and an open set B, contain-
ing # such that u(R,-8,) = 0; B;4-E* is an open set containing » and
;z‘(R.z+E*-SE) = i(By85) = u(Rz-8)+ u(E*-8,) = 0. This is a contra-
diction. So, if R is an open set intersecting §,, then #(R-85) > 0. It follows
that 8, is- perfect.
) Le't K Dbe a countable dense subset of 83 p(EK)=0. Let 4 be an
m.ner limiting set containing K such that #(A)=0; 8;-4 is an inner
limiting set with respect to 83, u(8;-4) =0 and 83— 85+ 4 is of the first
category with respect to 8;.

L(?t 4; be a subset of 4 such that if H is a perfect subset of A, then
H-4, is o dense subset of H and H (4—4,) is a dense subset of H and
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let & be the characteristic function of A;. If L is a perfect subset of 4,,
then kg is not continuous. Since the measure  is complete, the function
% is a measurable function; % belongs to B(&). It follows from Theorem 3
of [4] that there is a function g in B(C) and an inner limiting set L such
that u(8—L)= 0 and gr = hz.

Let §—L = ) F,, where each Fy ig closed. For each p, if Fp inter-
p=1

sects 8;, then u(Fp-8;) = 0 and so F,-8; is a closed nowhere dense sub-
set of 8;. Bo, (§—L)8; is of the first category in §;. Let K, be & perfect
subset of 8;—[(8—L)-8;+8;,—8;-4]; K, is a perfect subset of A and
gz, = hg,. The function gg, belongs to B(C (K,)) and it follows from
Example 1 that there is a subset K, of K, of the first category in K, such
that gr,-x, is continuous. Let K, be a perfect subset of K,—K,; K, is
a perfect subset of 4 and kg, = gg, is continuous. This is a contradiction.
So, u(8)=0.

Let M = §—8; M is countable and every function on § is & measur-
able function. Also, a function belongs to @ if and only if f is continuous
at each point of M. It follows from Theorem 1 that M is scattered. So,
statement 1 implies statement 2.

' Certainly, staternent 2 implies statement 1 and it follows from
Theorem 2 that statement 2 and 3 are equivalent and that statement 3
implies statement 4. )

Suppose B(G) = By(G) and S is not scattered. Let S, be the set of
all points p such that u(p) = 0. Suppose u(8;) > 0. Let 8, be a perfect
subset of 8; such that if D is an open set interseeting 8;, then u(D-8), > 0.

Let A be an inner limiting set such that S;—8,-4 is of the first
category in S; and u(4) = 0. Let % be the characteristic function of A.
h is in By(C). So, h is in B(G) and h is in By(G). :

By Theorem 3 of [4], there is an inner limiting set 4, and a function ¢,
in By(0) such that u(8§—4,) =0 and g4, = ha,.

The set A, intersects §;, since S; has positive measure; 4,-8; is an
inner limiting set with respect to §; and u(S;—A4,-8) = 0. 8,—4,-8,
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= Y F,, where for each p, Fp is closed and u(Fp)= 0. Since S; has
p=1

positive measure at each of its points, for each p, F, is nowhere dense
in 8. So, 8;—4,-8; is of the first category with respect to S,.

The function g, is in B,(C(8;)). So, the set (gus, > 1/2) is the sum
of eountably many closed sets. Also, since g; and h agree almost every-
where, u(gs, > 1/2) = 0. So (gis, > 1/2) is of the first category in S;.

So, we have ;-4 = A (g1, > 1/2)+A(83—A,-8;). Since each set
on the right hand side is of the first category in S;, S;-4 is of the first
category in §;. This is a contradiction. So, u(8;) = 0.
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Let M = 8—8,, u(8—48,)=0. Buppose M contains a subset M,
which is dense in itself. 3 is perfect and if D is an open set inter-
secting T, then u(D-H,) > 0. Let A be an inner limiting set such that
p(4) =0 and M, = A is of the first category with respect to M,. Using
an argument similar to the one given above, we would have a contra-
diction. So, M is scattered. So, statement 2 follows from statement 4.
This completes the argument for Theorem 3.

In the last part of the argument for Theorem 3, it was shown that
if the second statement were not true, then there would be a function
in B,(C) which would not be in B,(). This generalizes a result of L. Kanto-
roviteh. In [1], he gave an example of a function in B,(C) which is not
in B,(@), where § is the interval [0, 1] and u is Lebesgue measure.
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