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ProprEM 1. Is the negation of the condition given by (4.18) also
a necessary condition for # being an F%-singular element ?
‘We conjecture that the answer is in positive.
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Semi-continuous Linear lattices

by
BERNARD C. ANDERSON and HIDEGORO NAKANO (Wayne)

In[1] an element x of a linear lattice T is called normalable it T
= {z}* ®{w}. It can be shown (see” [1], Theorem 6.14, p. 28) that if
@ linear lattice I is sequentially continuous, then every element of I is
normalable. In this paper a linear lattice T is said to be semi-continuous
if each element of L is normalable.

If every uniform Cauchy sequence in a linear lattice I i3 order con-
vergent in I, then L is said to be complete for umiform convergence.
A sequence ,eL(v =1,2,3,...) is called a wuniform Cauchy sequence
it there is 0 < keI such that, for each s > 0, there exists »(s) for which
Hy v 2 v(e) implies |z, — 1, < ck. Aceording to Theorems 6.14, 3.3 of [1], .
every sequentially continuous linear Iattice is semi-continuous and com-
plete for uniform convergence. The converse of this statement is the main.
result (Theorem 4) of this paper. It is also shown that every Banach
lattice is complete for uniform convergence. One can then apply these
results to show that a Banach lattice ig sequentially continuous iff it
is semi-continuous.

Much of this paper makes use of spectral theory for linear lattices
a8 developed in [1], §§ 4-12. Therefore we use the terminology and theorems
of [1].

First we prove some theorems concerning projection operators on
semi-continuous linear lattices. It is well known ([1], Theorem 5.28,
P- 23) that if L is any linear lattice and P, P,(1ed) are projection operators,
then Pz = A P,z for all 2> 0 implies P — A P;; and Pz =1\/ P,z

Aed 2ed eA
for all 2> 0 implies P = \/ P,. By assuming semi—continuity of L we
Aed

can also obtain the converse implications.

TeworeM 1. If L is a semi-continuous linear lattice and P, P, (Aed)
are projection operators on L, then

(i) P = A P; implies Pz = A P,z for all 2> 0,
Aed Aed

(i) P =V P; implies Pz = \/ P,z for all 2> 0.
Aed Aed
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Proor. (i) Tt suffices to consider the case P =0 sincee P = A P,

Aed
iff 0 = A (Pr— /\ P,. For z > 0, we clearly have
Aed

P,z>0 for each Aed. Tt y< P2 for all Aed, then yt < Pz and
[yt < [Pre] = Pi[R1< Py for all AeA. Thus, by assumption, we have
[y"‘] — 0 and consequently y* = 0. That is, ¥y = —(y7) < 0. Therefore

= A\ Pz

Aed

(i) ¥ P = V P,, then 1—P = A (1—Py), and by (i) we have

Jed

2—Pz = A (2— Pzz ) for all 2> 0; that is, Pz = \/ P,z for all 2> 0.

JeA Aed
TaRoREM 2. If L is @ semi-continuous linear lattice, then © =\ u,
2e
for m, =0 (Aed) implies [x] = L/A [2,]. 4

Proof. Clearly {w}t = {m;: AeA}t and thus {w}** = {m: Aed}tt.
Consequently, for z> 0, we have [2]z = [{z;: Aed}]z = sz [#;]2. The

last equality holds by virtue of [1], Theorem 5.26. Now applying Theorem
5.28 of [1] we obtain [z] = XI [@,].

Recalling the definition of “completeness for uniform convergence”
as given above, we may consider

THEOREM 3. If every increasing uniform Cauchy sequence in a linear
lattice T is order convergent, then L is Archimedean and complete for wniforin
convergence.

Proof. L is Archimedean by the following argument. Let yeL*
and let = be any positive real number. For any natural number »(e) such
that 1/(s) < & we have u,» > »(e) implies |(1/u)y—(1/7)y| < ey. Thus
{(1))y} is a decreasing uniform Cauchy sequence and, by the hypothesis,
there exists zeL such that (1/v)y|,e. Consequently; (2/»)y|,22. Bub

A @A)y = /\ (2/v)y. Hence 2 = 2z. That is, 2 = 0.

—P). Thus, assume 0 =

Now we show that L is complete for uniform convergence Let {a,}

be any uniform Cauchy sequence in L. The sequence {\/ a1 Obviously

increases with 7. It is also a uniform Cauchy sequence. I‘or suppose ¢ is
any positive number. Then, since {s,} is a uniform Cauchy sequence,
there is keLt and »(e) such that [a —a,| < ek for all u, = 'v(s). Thus,

\/af—V%\\/“—% V(%"‘%)

y=1"- y=1 Ly

< ¢k. It follows that there emsts byeL such that b, = \/ @,. In general,
=1
by the same type of argument as just given, there exists b,e L such thatb
b, = ;/ a, for ¢ =1,2,3,... Clearly {b,}., is- a decreasing sequence.
L]

for 7=n>v(e), we have 0<

icm

@, is taken to be 0. Clearly 0
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It is also @ uniform Cauchy sequenee since g 7 = ¥(e) mehes that, for
Va—\/a \/a——a-—\/(a,—~ae) < ¢k.

Thus, by letting # — oo, we h;,ve 0 < b —b, < < skforo>1 > »(e). It then
follows from the hypothesw that there emsts beL such that & = A b,

=AVa. 1

o1 v>e

By applying the above results to {—a,} we have that, for any ¢ =1,

2,3, ..., there exists ¢, = A a, and there exists ¢ = \/ ¢,.

Finally, b = ¢, as showiﬁ2 Qby the following dJscusstgleor 7 =0 >=v(8)
Va— A a, =V - Aa) =V (V (a—a)) < ok
Again letting 779~>oo we obt;,;fl 0< b ———09\ algm;o;ng > v(e). Thus we

have 0 < b—¢ < ek by taking the limit as ¢ — co. But. ¢ is arbitrary and
L iy Archimedean. Hence b = ¢. This establishes the order convergence
of {a,} and our proof is complete.

In order to obtain the main results of this paper we need a few lemmas.

Levva 1. If a linear lattice L is semi-continuous and complete for
uwniform convergence, then [y]> [x,]4, implies [2,14, [2] for some zeL.

any %=, we have 0<

we have 0<C

I
Proof. Seb z, = ) (1/)([z]—[=,_,])|y| for p =1,2,3,..., where
v=1

<#,1,. Let ¢ be any positive number and
select a natural number = such that 1/7 < s. Then, for g, 7 > 7, we have
|2,—#,] < ely|. This is shown as follows. Suppose, without loss of gener-

7. Then |5,—#,| =2,—2, = 2 (/) ([2]— (2 ]) Iy
< f) 3 (@)= la)lyl = @) (2]l DIl < (L) ly] < eyl

But L is complete for uniform convergence. Thus there exists zel
such that 2,1,2. By applying Theorem 2 we see that [2,]4,[2].

Let t, = (1/v)([#,]1—[#,-,])ly] for » =1,2,3,... Then ¢, | %, for
v 5 p since [t,] = ([2,]—[2,_1]) [¥] = [#,]— [x,_,], and thus » # u implies

»
Lt :H:tﬂ] =0 by a routine computation. Hence, for each g, [2,] = [ 3 %,]
r==1
2 4] = [2,] Thereforo [#,]1.02]

The following lemma involves the concept of a c-unmiversal space.
A topological space is said to be o-universal if the closure of every open
F, set is an open set.

ality, that x> >

LevmvaA 2. If a linear lattice L is semi-continuous and complete for
uniform convergence, then

i) its proper space Hy, is a o-universal space
proper sp Z y
(i) Uy is a c-universal space for each 0 = zeL.
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Proof. (i) This result is proved in [2], Theorem 1§.7, P 82, for
sequentially continuous linear lattices. The same proof is aYaJﬂa.ble to
us since the only aspect of sequential continuity used there is the con-
vergence property of projectors established in Lemma 1 above.

(if) This result is immediate since Uy, is.open apd closed invEL,
and therefore a subset of Uy, is open-or closed or F, with respect to the
relative topology on Uy, if and only if it is respectively open or closed
or 7, in H;.

Levua 3. If a linear laftice L is semi-continuous and complete for
wniform convergence, 2 > 0 and L, = {w: |&| < az for somereal number o}, then.
L, is isomorphic to the linear lattice C of all continuous real-valued functions
on Upy.

Proof. Let v: L,—~C by t(x) = (#/z, ), where (x/s, ) denotes
that function on Up,; whose value at Pe Uy, is (/2 P).‘ By using Theorems
10.5, 10.6 of [1] we have z(ez-+py) = ((cat+py)fz | = alv)z, )+
+B(yfe, )= ar(x)+Pr(y) for z,y in L, and real o, f.
mAlso, for @, y <L, we have <y implies z(») < v(y) by [1], Theorem
10.8, and t(z) < v(y) implies [2]o < [2]y by [1], Theorem 11.3. But
[2]k =k for each keL,, since |k| < az implies [k] < [az] = [2]. Thus we
have shown # <y if and only if 7(z) < v(y).

Finally, if @0, then @ = v(x) for the element =[ ]f & (P)dPx

in view of Theorem 12.10 of [1]. Hence v is the required isomorphism.
‘We are now able to obtain our main result.

THEOREM 4. A linear lattice L is sequentially continuous if and only
if it is semi-continuous and complete for uniform convergence.

Proof. If L is sequentially continuous, then L is semi-continuous.
by [1], Theorem 6.14, p. 28, and complete for uniform convergence by
[1], Theorem 3.3, p. 13. Conversely, assume L is semi-continuous and
complete for uniform convergence. Consider any sequence {x,} such that
0 < w,|,. Letting 2 = o, it is clear that {z,} is contained in L, = {y: |y|
< az for some real number o}. But I, is isomorphic to the linear lattice
C of all continuous real-valued functions on Uy by Lemma 3. Also,
O is a sequentially continuous linear lattice by [2], Theorem 41.1, p. 214,
since Up, is a o-universal space by Lemma 2. Thus I, is a sequentially
continuous linear lattice. Consequently, there exists v <L, such that o < 2,
for each », and @ > y for any <L, such that y < , for each ». Now suppose
keL and k<=, for each ». Then k" < #, for each ». Bub kT eL, since
%" <@, =2 Thus o> %* >k This implies that » — A @, in the linear
lattice L. »

THEOREM 5. Bvery Banach lattice L s complete for uniform con-
vergence.

icm°
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Proof. Let {x,} be any increasing uniform Cauchy sequence in L.
Then there is 0< keL such that, for every positive number &, there-
exists »(e) for which p,»>wv(s) implies [#,—m,| < ek, Thus, [lo,— |
< ekl for u, v = v(s). But L is complete as a metric space, and therefore
there exists #eL such that lim |jo,— | = 0. Consequently, {z,} order

P00
converges t0 # by [1], Theorem 30.1, p. 126. Now, by invoking Theorem.

'3 above, we see that L is complete for uniform convergence.

As an application of the main results, one may consider the following
theorem which is seen to be an immediate consequence of Theorems
4 and 5.

TemoREM 6. 4 Banach laitice is sequentially continuous if and only
if 4t is semi-continuous.
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