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An example of a normed spaces nom-isomorphic
to its product by the real line

by
S. ROLEWICZ (Warszawa)

Abstract. An example of a normed space non-isomorphic to its product by the
real line.

Let X be an infinite-dimensional Banach space over reals and let
R De the real line. The following problem is still open.

PROBLEM. Is X isomorphic to XX R?

C. Bessaga, A. Pelezynski and the present author [1] gave an example
of an infinite-dimensional nuclear complete locally convex metric space
(nuclear B-space) non-isomorphic to its product by R.

" The present note contains an example of a non-complete normed

“space with this property. The constructed example is a pre-hilbertian

space.

1. Let I" be a set of sequences of positive numbers such that
(*) if {t,}el and {a,} is a bounded sequence of positive numbers, then
{tn a?l} EF‘

Let X be a normed space with a norm {jz|l. The space X is said to
be Iapproximable if there is a sequence {L,} of finite-dimensional sub-
spaces such that

(i) dimIL, =n—1 (n=1,2,..),
() L, c Ly, (n=12..),
and )
(iii) {6, (x)tel, where 0,(r) = Inf{lw—yl: yeL,}.
The property () trivially implies
ProrosIIION 1. T-approrimability is an invariant of isomorphism,

i. e. if two normed spaces X and ¥ are isomorphic, then X is I'-approvim able
if and only if Y is I-approximable.
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2. Let X be the normed space of all sequences of reals » = {a,},
such that

M, == sup 22" |m,| < +oo
n

with the usual hilbertian norm )] = ]/( v |2, )
n=1

Let I" be the set of sequences of positive numbers belonging to X.

ProrosytioN 2. The space X is I-approzimable.

Proof. Let L, be the space of elements of the type {a,, ..., a,_,, 0, ...}.
Clearly, the sequence {L,} satisfies (i) and (ii). Moreover, we have

© 7 or > 1\ )
b (2) = (2 W) \<-( > i ) <2 E.
< 22" \&d 922" 2°

Thus {6, (#)} el
Hence the space X is I-approximable.

3. Now we shall show that the space X X R ig not Iapproximable.
For this purpose we shall need some geometric properties of ellipsoids
in a Hilbert space.
We recall that a compact ellipsoid in a Hilbert space H is a set
oo (o]

B = {2 a6 Z LARES 1};

i=1 =1
where (¢F, ef) = 0 for i # j and hm lleZ]| = 0.

The vectors e are called the axes of the ellipsoid H. of course, the
ellipsoid F does not depend on the ordering of the axes in a sequence.
We shall assume in the sequel that || = [€Z||... and we shall put
W=, i =1,2, ...

Let us put

B = {wel: ru¢F for all r >1}.
LEMMA 1. Let B be a compact ellipsoid in o Hilbert space H. For any

orthogonal projection P the set PT is a compact ellipsoid. Moreover, if dimker P
=1 then

PE ¥ .
HE22E, i=1,2,..

Proof. The first assertion is obvious. Let 0 # e,ekerP. Let H, =
B nspan e, ..., ¢,}. Let us observe that if zeE, n B, then ||of>= iE
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Now we shall show Lemma 1 by induction. Let ¢; be an element of
E, 0 B orthogonal to e,. Thus Pe, = ¢, and ||e;|1 = A Hence JPE = leFE)
> llell > %, Let H, = span {e,, 17, ..., 5% }. Let ¢, be an element
B, + ~F orthogonal to H,. Let us observe that X% = [|e£%| > e,
>)zn+l

This implies the eonclusion.

LeMMA 2. Let

K={a;eE =] = 7“}.

Then conv K contains an ellipsoid E' such that
W=7
and
B
I A

1 ,/ V9

Proof. Let us pick zeF so that (z,6) = 0 and let K, = K N span
{, &}

Tt is easy to verify that conv K, contains an ellipse (two- -dimensional
ellipsoid) B such that

i=23,...

Y
and

- el
e
R

This trivially implies the conclusion of the lemma.

LEMMA 3. Let {g1y --vy Gny -} be ant orthonormal sequence of elements
of Hilbert space H. Let E be a compact ellipsoid contained in H. Let Ly = {0}, _
I@ ::Spaal{gl7""gn—l} and

2B
Kn={meE: 61(.70)257% =1, 21"':'”’}’

where as before
8;(@) = inf {Jla—yl: yeLs}.
Then the seis K, are not empty.
Proof. Let P, he the orthogonal projection onto a subspace orthog-

onal to g,. Let =, = H P,. We shall show by induction that (**)

7"1,-1-11.
2n+1

convz, K, contains an ellipsoid B, such that ATn >
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By Lemma 2, convkA,; contains an ellipsoid H” such that
o AT
Woe—z=2
Ve 2

an ellipsoid Z; such that

. Thus by Lemma 1 convP K, = P, convE, contains

5
A-EI ~, Z’i+1
i T

Therefore (**) hold for n = 1.
Let us suppose that (++) holds for # = m. By Lemma 1, conva, K,
= eonv P, (7, K ,) = Py (cOnver, K,,) contains an ellipsoid H,, such
- that

& 1=
Loy, . im41
YRl A Ll

i om

Let us observe that 6,,:,(#) = |#,.,,2|. Thus

i,
Ty 1 Ky = {men,n+1.zcm: lloll = %933}.
-

i

Therefore, by Lemma 2, conys,,,, K,,,, contains an ellipsoid E,,,, such
that

, E’
. m E
jfm+1 =1 m L ~ Z')Z -, ;‘i+m+1
i = —_—

= =
,/2 9 27n+1

This completes the proof.
CoRrOLLARY. Let B be a compact ellipsoid in o Hilbert space H. Let
L, Zw“ an arbitrary sequence of finite-dimensional subspaces satisfying (i)
and (ii). Then there is an element x ¢ B such that
aF
611 (m) = 2—;":1'.

Proof. The sets K, are compact and K, > K, ;. Thus ﬁ K, = 0.
This trivially implies the conclusion of the corollary. .

ProrosrrioN 3. The space X X R is not I-approximable.
Proof. The space X X R is obviously isomorphic to the space X,
of real sequences x = {z,} such that ’
sup 2" 2, < 4-c0
n

with the usual Hilbert norm ||| = (_f @l )M,
=1
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Let L, be an arbitrary sequence of finite-dimensional subspaces
satisfying (i) and (ii).
Let

_gn—1

e, =1{0,...,0,277 0,..}
————
n-th place

7n—1

. Let us observe that the ellipsoid
o0 oo o
B = { S age,: 3 la, P < 1}
n=1 n=1

is contained in z,. Thus by the Corollary there is an x<E n X, such
that

Obviously, [, =27

Therefore,
2211. 6"'(];) ; 22"—2”—1—71, — co.
This implies that the space X, is not I-approximable.
From Propositions 1-3 we immediately obtain the following
THEOREM. The prehilbertian space X is not isomorphic to the space
X X R. ‘
The author offers his sincere thanks to Professors E. Dubinsky and

A. Pelezyniski for their careful and penetrating perusal of the manuscript
and their valuable remarks.
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