ANNALES
POLONICI MATHEMATICI
XXV (1971)

g-fractional differentiation
and basic hypergeometric transformations

by MANJARI UPADEYAY " (Lucknow, India)

1. Introduction, Recently Agarwal [1] and Al-Salam [2] defined
certain fractional g-integral operators and deyeloped their fundamental
properties. Agarwal [1] defined the operation of fractional ¢-differentiation
by means of the correspondence

1 x
— f [@—tg)_o 1S () A(2; 0),

1) Dif(@) =

where the basic integral is defined through the relation (cf. Hahn [4])

[ f@a(;q) =a(1—q) ¥ ¢fl@d).

j=0

Using the series definition for the basic integral, we may write (1.1) as
1.2 De _ -a,—a C ]1 qj i
(1.2) of(@) = (1—g)™%™" )} ——— f(@q').
J=0
The object of this paper is to give some interesting applications of
the Dg-operator in the deduction of general expansions of basic hyper-
geometric functions.

2. Definitions and notation. For |¢ < 1, let
[a], =[¢"), = 1—¢)(1—¢"") ... @=¢*"");  [aly =[¢"]0 = 1.
Then the generalized basic hypergeometric series is defined as

¢ @) _ (@);a] _ N\ _L&)la
“%[q“” ] =“¢B[<b> ]‘,_0 TNV

* I am grateful to Professor R. P. Agarwal for suggesting the problem to me
and for his guidance throughout the preparation of this paper. This work is supported
by a Junior Research Fellowship of the University Grants Commission, New Delhi,
India.
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As usual, (ay) stands for the sequence of N parameters a,, a,, ..., ay;
when N = A, we ghall simply write (a) instead of (a,).

Now we define a basic double hypergeometric function of higher
order as

(a) |
@ x5 M (b), (G Z Z @) Jnan [(b)]m[(c)]nmmyuqalm(m—l) q;'a“(“—l)

?/, '12 ( ) (f) m—0 n=0 I-Q:Im[Q:In[(d)]m+n[(e)]m[(f)]n ’
(7

where A4, 4, >

> 0. For A; = A, = 0 we shall simply write
g (d) )' s valid for |z) <1, |y < 1.
)

This includes the basic analogue of Appell’s functions which are
defined as

- b] [b ] g n
i8] [a; b, b'; ¢;@,y] = [a’]m+1z[ m L0 In
| ’ o ’ mZa; n=0 [Q:lﬂt I:Q.-In [G]mi-u ’

(2 [a']m+n [b ]m [b' ]nmmyn
e b, b0, 050y y] = ZZ PICINGACA N

& [a,a';b,b';0;2,y] = Z 2 [a’]rnlg;j]n[g;]ni;’ 1, :
m=d n=0 m 1 m+n

(a5 (=) b] ) mmyn
oW [@; b5 ¢,0;0,9] = (@) min [BLmien .
R mzﬂn_o (9] e, [clnle' ],

The confluent forms defined by Jackson [6] are given below:

o% 001 a . b1 ™y A(n—1)
ya(a;bs 052,93 0) = Z Z (@1 (D1 0™y" g™
m=0 n=0 [q:lm [q:ln [0]m+n

o0 00 b ] wmyn qﬂn(n— 1)
l:p‘l(a; b:e, ¢ m Y ,’{) — [a']m+n[ m '
R ,,,Z: Z PINTINCIN CIN

= te B e ) & w. [al,, [a"]n[b]mzbmy‘" qm(n-l)
=1\ Yy b’ y ¥y Yy A = . 3
@ ebsm A ,; = (21w [a)u[Clmnsn
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We further denote by

2@ @ . (a); @
[1[27] o smy TT[G7]

(@) 4w
H &)
the pI'Od'Ilct I:'_l_wm-j'

Lastly, we shall use the notation D52~ [f(2)] to denote D [#*~'f(w)].
The following basic functions will also be used:

@ ={[ [ a—a|” = 3= el <1;
=0 n=0 "
o i n{n~—1)/2
Be) = [ [ —ogy = 32—,
n=0 n=0 e
(g J/m) [—7] g
N ) 2 [dT, { 2 }
I'y(a) = () (@ #0, =1, —2,...),

ee(q) (1 —g)*!

eq(w) _ . — 3 [w""y]n
oply)  fallo=¥D) T

n=0

3. Throughout the paper we shall have occasion to operate with
.Dg on certain absolutely convergent series.

In particular, let f(z) = Z’a #"+t# be an absolutely convergent series.

r=0

Using (1.2) we have

Dife) = orei—g D) e a e

=0 re=0 [QJIc

If Rl(u+1)> 0, then we can always interchange the order of
summation in the two series on the right-hand side, since ) @, is

r=0
assumed to be an absolutely convergent series:

f(w) (1 — q)_az a, Z [ [q;‘]’“ qk(u+1 $1)

r=0 fem0

g [T et ] $ et
SR I | LU e—ar1y,
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To illustrate our technique let us start with the simple relation

e, (%)
e — e ([t—at)) g o ek <1,

()7 Z [ 2 o

n=0

Multiplying both sides by the series equivalent of [1—y]_, and then
replacing # and ¥ by xu and yu respectively, we get

’Z Z T Y e
2 [qJnE Z [[q;]fqtja]s o) (e

re=

Now apply D§.>*, DI %~' and D],*"7~! successively on both
sides of above; we obtain

a
—b, —b
, yug~"; 0 (b f: yug= b, f; —n, f
CRAEAOL] M 3 Z 2 | g 2,
cy¢ c; ¢

provided |t] <1 and |yug~’| < 1.

The transformation (3.1) yields numerous interesting particular
cases; some of which are mentioned below:

Set f=c¢ and f* = ¢ in (3.1) to get

(3.2) e (t)yila;b; d; yug™®, —wut; &)

_2 T OV la; b, —mn;d; yug~®, zug"],
n

n==0

provided [t| < 1 and |yuq~’| < 1.
Letting f, f and d - oo in (3.1) we get

(3.3) e (t)Wi(a; b;0,c; yuq®, —aout; §)

2’-—— O [a; b, —n;ec,¢'; yug®, aug™],
(g1,

provided |f| <1 and |yug~| < 1.
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Next, letting a, ¢ and ¢’ — o in (3.1) we get

(3.4) 6 (8) Eo(f,f'5 b5 &5 yug™®, ~out; §)

= o® —b, —
Z[q],, [fy f'5 —by —nj d; yug™, ug™],

M=

provided |f| < 1 and |yug~? < 1.
Next, let us take another elementary identity

1 1
[1—2],[L—2g"1b" [L—alpy

Multiplying both sides of (3.5) by the series equivalent of [1—y]_,
and then replacing « and y by #u and yu respectively, we get

1 [b], [b'1s [ele(@g’)® (yg~C)urtett
(], 2 Z (¢l [qlc

(3.5)

r=al 8=0 1I=0
_ Z“ 2‘: b+, Lol (o) (yug
— < (q], (g1
Apply
A B By
[ Do, ] Dighet ama [ ppgre
i=1 =1 =1

guccegsively on both sides of the above, to obtain the general expansion

(t)z)
wu  [b+b', (6); (eg,), ¢
(56) @ yug~* (@)
(fg); (fEl)
- (@)+r
[(a)1,[0].[(&)], (wu)" Y & vug’ |b', (e)47; ¢, (ex,)
[01, (@) [(fz)], yug* (d)+r I
(fz)+7; (fm)

provided |wu| < 1, |yug~% <1, |aug’| < 1.
(3.6) yields the following interesting special cases:

(3.7)  BW[a; b+, ¢; d; wu, yug]

1 [al, (6], (2w

o0 ri b, e; d+r; oug®, yug°
(gl [3], la+r; b, ¢; d+7; 2uq, yuq )

r=20
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(for A =1, B = H, =0 in (3.6));

(3.8) i (a; b+ br, ¢; fs fli BU ?/uq-c]

_ \7 [a],[B),(aw)
[2).[f]

S [a+r; b’y e; f+1, f'5 wug®, yug©]

r=0
(for A =F =F, =1 and d,¢, ¢ — oo in (3.6));

(3.9) O [b+b', 05 ¢, € ; d; ou, yug™]

_ \ [0 [ed(auy”
& (gl ld),

r=0

PO, 05 e+7, €5 d-+7; pug’, yug]

(for A=H =F, =1 and a,f, f — o in. (3.6));

(3'10) o [as; @q; fuf{; o, yug~ )

T DYl dark s fuctr, i ouds yug]

_ 2“: 03, [,], L], (2u)"
r=1
(for A =2, F =1, 8, =2;f, =c and b, ¢, dy, d3, €,, 6, — oo in (3.6)).
The results (3.7-10) are true under the convergence conditions |zu| < 1,
lyug™°| < 1 and |oug’] < 1.

4. In this section we shall derive some general expansions of basic
double hypergeometric functions of higher order with the help of certain
known expansions due to Verma [8].

First of all we start with a special case of Theorem I of Verma [8],
namely

(4.1) E+1¢F+z[§;-)):(;:ijfiz]

_ 5_": [(OL L [BY(—ar g™ [(e)+’r;m ]
£ lo—a)lo—BLlotr—13,0(N% " Z "L +r, ot 2]

provided |x| < 1. .
Multiply both sides of (4.1) by the series equivalent of [1—y]_;,
A

and r%pla.ee x and y by ou and yu respectively ; then if weapply [ ] Dgs, biai—1
i=1

and T Dgiy%% ! guccessively, we get the general expansion

i=)
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(a) .
ou | (@), o—a—; 2, () | _ N1 Mol [al (B} [(@)](—au

(4.2) & 2 =
yuyg (b4) e [(04)), 1)) [0 —al [0 — B,
(f)yo—a,0—p; (dg)
: | (@)-+r
o qr(a—a—-ﬂ)+r(r-1)lz 5 U (6)"""; l, (G)
lo+r—1]0q), = yug™ (ba)+r

o+2r, (f) +7; (de)

provided |zu| < 1, jyuq ™ < 1.

Next, if we start with Theorem II of Verma [8], for A =F =D
=M=1 F=C=H=L=N=J=B=GF=I=K=0; d=m
=g & =0—¢A=1, a =2 and 4 =e+y+y' —1 in it and then.sum
the inner well-poised ;D;-series on the right-hand side, we get

! Lo — el (og)" (yg Y @t [e+r; wqy_] o [— ;-yq?']
1 0

4.3
( ) r=0 [QJr[J""r_l]r[O']m. 1 o'-l—-27- 1 0.+2r
€
wq" —_; —
I Ed ’
—;e

provided |x¢"| <1, |yg"| < 1.
It we replace z, y in (4.3) by amq"’ and yuq~" respectively and then

apply ” D&z bioai—1, n Déz %=1 and ” Dlizo0h=1 guccessively on both

sides, We get o .

‘6, (@) o .

@4 o ©; () | _ [0—_?f]r[(“)]zr[(c)]r[(f)]r(wu)r (yu)

' yu| o, (by) e [q1e[o+7r—1) 105 [(b4)Ter [(dc)]s

(do); e, (97)
(@) +2r
o g'trre-1) o |7 e+r, ()47 (f)+7r
[gm) — |yo (ba)+2r ’

o+ 2r, (dg)+7; 0-+27, (97)+7
provided |zu| < 1 and |yu| < 1.

(4.4) is of particular importance to us in as much as it includes a
number of expansions given earlier by Jackson [5](*). I mention here

(!) There are some misprints in certain results of Jackson [5].
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gsome of them:
. 1) A=0, C=1 F =250, gp—> o0 and f, =¢, (4.4) gives
([5]; (33))-
(INA =0,0 = I =2;e dy, dy, g1, g2 ~ o0, (4.4) gives ([5], (35)).
M) 4 =1, C=F=2; b=¢=d, and o, a, dy, g1, g2 —> 0,
(4.4) gives ([5], (36)).
(IVy A =0, C =1, F=2; f, =e¢ and d, g,, g, = oo, (4.4) gives
(161, (37)).
(V) A=C=1, I =2; fy=c and o, a, d, g1, g > o0, (4.4)
gives ([5], (39)).
(VI A=C=F =1; b, ¢ d, g > oo, (4.4) gives ([B], (41)).
(VII) 4 =C =F =1;b=d = eand o, g - oo, (4.4) gives ([5], (42)).
(VIII) A =C =F =1;f =e¢ and o, b, ¢ - oo, (4.4) gives ([5], (43)).
Next, let us start with Theorem IIT of Verma [8], viz.,

“),(b);lm]= 2"% (D[ (—ay g

(
. é
(48)  44m 0[(0) (41 [(£)]x
b),

g y — 154 d
x‘*”*“‘%”*"[ggg,ge» o q]m%[gfw o m]

provided |z| < g, JAq| < 1.
Multip)y both sides by the series equivalent of [1 — ’!/]_a , and replace »

r=0

and y by ou and yu respectively; then if we apply [ ] Do o=t and
i=1

n D™k~ guccessively, we get

= (y)

Azu (a) ()], [( ]r‘( .’E’M) qr(r—lj,'2
4.6 o
e (he 2 [qlr DL,

(e); (my)
(g9)+r
) 5 (), 0, (1), =75 2] s |20 |@+7, (&) +75a, 1)
4+2+711%04840| () (0), (o) yug (he) +7 ’

(f) 475 (my)

provided |xu| < g, |Ag] <1 and |yuq™* < 1.
Again, if we consider

11 d r('r 1)/2
A+B¢c[ m] Z La)( Dy [d+7; 2] %

><A+15I+1q-)0+1 [(0) d
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which is (4.5) with D =1, B = ¥ = 0 and use the fact that
1Po[d+1;5 0] = ,Dy[e; ] 1Do[d—e+r; 2g°]
we get, on applying D2 fe?

4.7 o, .| % (@), (b); ] (d3,[a],(— @) =Dk
O e 0“[5 » (0) Z [q]r[ﬁ], x

X oW [atr;e,d—e+r; f+r; 2, "”QH]A+B+1¢0+1[(a), (®)) =73 lq]

(¢}, d)
Multiply both sides of (4.7) by the geries equivalent of 11—yl
repla,ce A and y by Aw and yu respectively and then apply ]'[ Do o=t
i=1
and ” Dl ™hi=! guccessively, to geb

- (9)

Aoy (a), (B), a5 u, ( (], [a).(—)q S
(4.8) @) g+ (hg) Z TIRTI
By (c); (mz)

A —r l
X @V a+r;e,d—e+7; f+7; 3, 2q°]P qu (@), ()(ha) i 4 () ,

d, (0); (mg)
provided |Aug| < 1, |Aug™"| < 1, |2| < g, |2¢°| < 1.
Once again considering (4.6) with D = F = F =1 and using the
g-analogue of Euler’s identity (Slater [7], p. 97) in the form

. — — D}k +b—¢
2451[:’ b’w] =1Ds[a+b—c; a] 2¢’1[z @ 0=b; o’ ]

to replace the ,@,-series on the right-hand side and then applying D;;”'““
on both sides, we get another expansion, namely

[(a), ( , 0 2.50] Z [d),[e],[a).( — ) 1‘(1 12

arpnPou| g (o) (q]. [f1. [B), 8
a+7
&b —(a'): (), f,—7; Aq @ @ a+e—f+r; f—d, f—e
4+8+2%042 | 4 ¢, (¢) ogreT+ 7
) —;

If we further multiply both sides of the above relation by the
series equivalent of (L—yl_,, replace A, ¥ by Au and yu respectively

and then apply n D, M1~ and [ ] Di,mw4! successively, we get

1=1 =1
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another more general expansion, namely

(9
Avw | (@), (b), a; u, ( '[d], el [al,(—a) gt
W Plyugr) o) Z T IAT.
B, (e); (m
a+¢ (g)
<o |® ad+e—f+r;if—d,f—e M"Q (a)y (B), fy —7; m, (1)
wqd+c—l+r f)_i_,r yuq (hg) ’
—5f+r e, (¢);(myg)

provided |Aug| < 1, |#] < ¢ and |yug™"| < 1.
Lastly, starting with Theorem IV of Verma [8], viz.,

— r(r—l)lz - .
A+B¢O[E )) , (B); 1m] o [d,[e], 2¢1[6H Ty e+7; w] 9

[QJr[f-H'—l]r f+2r

b —1, —#;2
><Aw“qjmz[i_i)e(())fﬂ 1, —#; q]

provided |z| < g, |Ag] <1 and then following the same procedure as for
obtaining (4.9), we get the following result:

(9)
Awu | (@), (), a5 py ()| _ v[d]f[e:]r[a]r( )’ =102
N () T4 [qL L1,
(e), B; (mg)
a+7r
d —713 —d S f—e-r
XD zq‘”e—f te ffﬂ-{-;H f—e--v <
— f+2r

(9)
o|Avg (@), (b), f+r—1, —r;p, (1)
- ?
yugq~* (hg)
N d, e, (6); (my)
provided |z| < q, |2¢*** 7| < 1, |lug| <1 and |yug™*| < 1.

5. In this section we shall derive some more general expansions of

basic double hypergeometric functions of higher order by starting with
gome other selected results.

Let us start with the relation
6.1) @V [a;b,d;0; m,y]

m=0 m=0 [q;Im [q]n [0]m+n [1 - y]b‘+n '
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To prove (5.1), we use the following result:

@, b @ [a]r[c_b]r m)'r br4-r(r—1)/2
. [ ] 2 o)L, I—aley

the truth of which follows as below:
The right-hand side of (5.2)

2 [a],[o—b].(—a) g+ & [a+r],0°
o [q]. e, £~ [l

_ N6k Y [e—b],[—nl,g O

[q], < (g]-[e],

n=i

Summing the inner ,®,-series, we get the left-hand side of (5.2).
We now prove (5.1).
The left-hand side of (5.1)

NG EVCN Ch D ALS il
[QJm[c]m oy [q]n[c_l_m]n ]

m=0

using (5.2) to the inner ,P,-series, we get (5.1).
If we replace # and y by «w and yu respectively in (5.1) and replace

- by its series equivalent, then on applying on both sides

[l_y]b’+n
E F K
i—e,d;—1 gz, i —1 fey—1s ki —1
n ‘Dtcll}uei L) l ] 'D)@’!fm v and I ] Da'.’:u i
i=1 ie=] i=1

successively, we get the following result:

) a, (C;E)I : 1 [0 T H(dg) T, [}, ( — ga)ge—2e
au (%) 0— QL0 Jpl\p) 1y L) Iy —1}
(8.3) @ yu 0 (e) ;: [g].[e].[(e)], [(x)]s

(97); (k)

X

(dg)+n
gy | TUQ" @y by ()3 0+, (R)+n
X qg"e YU (¢) +n !

c+n, (9p); (x)+n
provided |zu| <1 and |yu| < 1.
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Next, consider (5.1), in the form

| o _al, b (—g) a+n{n—1)/2
oW [a;b,b’; 052, y] =2 = agq::: [g]([ly—)?/q]:'-l- §

ne={

1 [a,[B ], (@)™
[q)nlc+ 7]y,

)
me=0

provided |2 <1, |y| < 1.
Using the transformation (5.2) to replace the inner ,9,-series on
the right-hand side of the above relation and replacing w, y by zu and yu

respectlvely, we obtain, on applying ” Ddievdi=1 n _Df'f“”vfi—l and
i=1

=1
ﬂ Dlit®—1 guocessively, the expansion
im1

a, (dg)
(5.4) o '“'bi(f)ib’:(k)
. yu ¢, (e)
(97); (g

(o =]

-y j [0 —0Tnsn (D1 [0 [(48) bntn ()
[QJm [q]n [0]m+n [( )]m+'n. [(gF)]m

()], ( — 2u)™ (— yu)" gt ntnt2a=1)

me=0 n=0

X X
()1
(dg) +m—+n
< & aug” (b+m, (f)+m; b +n, (k) +n
YU (e)-+m-+mn ’
(97) +m; () +n

provided |zu| <1 and |yu| < 1.
We start again with the following relation;:

(6.8) P[c—a,a;b,b";0;0,y]

— j % [a]m+n [b]m [b’]'n.( - w)m ( ?f)n X qhn(m—l)+m(c—a)
(00 (91 [Ty [L = Tpsm ’

m=0 n=0
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provided |¢| <1 and |y|.< 1, the truth of which follows easily by using
the result (5.2).

If we write down the series for [—1T m (5.5), replace z, ¥ by au
- b+m

and yu respectively and then apply [] D eundi=1, [ ] Diz%%~! and

]'] Dlislwki=l guccessively, we get

fm1
(dz) |
(5.6) & ou|o—a, b, (f); a, b’ y ()
YU c, (e)
(9r); (Ix)

— S (0] [0 [(22) 1 [() 1 ( — 20)™
[q@)mle]n(e)]m(gr)]m

(dg)+m
tm(m—1)+m(c—a) g ou|b+m, (f)+m; at+m,(k), b
X q :
yu (e)+m
(gp)+m; (i), 0+m

provided |ou| < 1 and |yu| < 1.
In particular, for F =K =0, F=1; g =c¢—a, (5.6) gives an
expangion for @©), viz.,

: & [0y, (81 [y ( — 0™ gmin=D+mite=)
OO[b, a;f,b'; ¢; 2u,yu] = _ y
[bya;f,b;¢; ou,yu] ﬂ; @l [T o= al.
b4+m, f+m; zu atm, b yu
X2¢1[ y J ) ]2¢1[ y 03 Y ]

c—a-+m o+m

Lastly, if we start with relation (5.5) in the form

q5(3)[c_a, a; b, bli C; @, Y]

Z (@] [b],, ( — o)™ ghmim—4mie—a) 2 [a+m],[b'].9™
EQJm [c]m [1 w]b+'m n=0 [Q]n [6 + m]n
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and use the result (5.2) to replace the inner ,&;-series on the right-hand
gide of the above relation, we get as before

(dx)
zulc—a, b, (f); a, b,! (k)
Yu ¢, (e)

(97); (lx)

- Z Z [a)n (6 — a1, (01 [0 10 [(dg) Jnin
m=0 n= [q:l'm, [q:In [0]m+n [(e)]m-*.n

(57) &

X

() [() 1, ( — %)™ ( — yus )" g Bt n—L)+mic—a)+na
[(g7) 1n [(Ix)]s

(dg)+m-+n

wu|b+m, (f)+m;d +n, (k)+n

yu (e)+m-+n !

(gr)+m; (lg)+n

X

X

X @

provided |zu| < 1 and |yu| < 1.

6. We conclude this paper by generalizing certain results of Carlitz [3].
Consider the transformation ([3], (4.1))

(6.1) 6,(1) e (t) 2— (@), l<1,lg <1,

n=0

whers

o [—n]
H,(z) = ——[q] T gt gl

P

If we multiply both sides of (6.1) by the series equivalent of [1+4-uy],,
m being a positive integer, and then replace ¢ by fu, we obtain

[—mD, ¢ (wt)"(—yg™)Pu'*o*P
2 Z 2 ) Lq], [ﬂs[qu

re=0 8=0 pP=0

B 1 [—m],(—yg™Purt?
— -—H D .
T, o), il
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Applying D§ " on both sides, we get

Z“'v Z“v 2 [—my (8], y.p (42) (@) (— yug™)?
[g]- [Q INCAL ]r+s+'p

r=0 8=0 p=0

(ut)n [a’]n,+p [ — m]p ( - yuqm)zj
_ H, .
) @ 2T gl

n=0 P
Replacing ¢ and y by t¢~* and y¢~° respectively and then passing
to the limit a8 @ - — oo, we get

® (ut)n qi‘n(n—])

6.2 A -} i m4n
( ) [q]n [b ]n+m n (m) 'm.,q (?/uq )
2 Z 2 [—m], ( —ut)" (—2ut)* (yug™)’ q Hr+a+p)(r+s+p-1)
T L L PINCIACINCIN I ’
where
s a+139] 1 [—nla gty
(6.3) Ln,q(m) - ”[a+n+1] £ (q).[q) [a+1].

is a g-analogue of the Laguerre polynomial defined by Jackson [6].
Next, let us start with the relation

(6.4) [1+tq], B, (at) Zt" gt L2 (),

n=0

the truth of which follows directly as below:
The left-hand side

_ 2"": j [—al(—tg ey (—at)ghC?
- gl [!ﬂs

=0 8=0

_ Z[ ]u 1+at) [—n]o is(s—:)
(2] £ Tl [1+ a—n),

n=:0

— Z m qin(n+1) L’(i'qn ($) .
n=0
Replace ¢ by wt in (6.4) and multiply both sides by the series equi-
valent of [1-uy),, m being a positive integer:

m

Z 2 2 [—al.[— ’m;],,( — tuq”‘“)’( — aut)*( — yug™)P qia(s—l)
(] [qls [q},,

r=0 8=0 p=0
_ [—m](=yg™)u™"
— 7 dn{nt-1) La. n r
2 " (@) Z [q], ’

n=0
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now applying D:.»#* on both sides of (6.5), we have

j j Zm’ [ saynl = @l [ — 9]y (— tug™™* ) ( —aut)" (—yug™)" ¢~
[QJT [Q:Ia [QJp [A‘]r+s+p

— Z tn tn(ni-1) La—n( ) [.“]r+n['Eq"§'i][,;]: yuq‘m)run

Replacing ¢ and y by t¢™* and yq " respectively and then passing
to the limit as u — — oo, we get

[Q]m %t)"q a—n Atn— m-+n
3 T e @ T g™

r=0 S=0 p=0

=0

Ne=0

Z [— ],.[,u],. utq1+“)'y1(/4+?‘; —m: A+r; yug™, —aut; })
n—>—00

(q]- (2],
_ S [ —al,[ —m], (utg" %Y (wut)® (yug™)P gt +s+)tr+a+p-1)+is(s—1)
- 1'2—0‘ ; g [Q]r EQJs [q:|p [2']1‘+3+p )
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