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Some numerical results in the Selberg sieve method
by

J. W, PorrmR (Nottingham)

Ankeny and Ounighi [1] have shown the importance of the sclutions
of certain differential-difference equations and parameters defined in
terms of them in the Selberg lower-bound sieve methed. A full account
of their work will appear in Halberstam and Richert [2] and in this note
we ghall follow the notation of the latter.

For each x> 0, let o, (u) denote the (continuoung) solution of the
differential-difference equation

(W e, () = —eu™* o, (u--2) (422),
2T (0<u<?
7, (1) == mu (0= u<?2)

where y is Tuler’s constant. :
Further, let », denote the (unigue and positive) solution of the

equabion
[va]

(1) 5., (@) = wz ™™ f (U (tl_“i') ;1) PlgE =1,

(In the notation of Ankeny and Onishi,

—yH

T(x)

Ankeny and Onishi give tables of ¢, for » =1, 1.5, 3, 2.5, 3, 3.5,
and of J,(u) at intervalg of 0.05 from % = 1 to » = 2.5. They apply these
results to obtain Selberg’s result on the prime-twin problem that there
exist infinitely many integers % such that n(n-+-2) is the product of at
most 5 prime factors.

In this naote we give an extension of the table of values of v, and
correct the values of J,(u) given by Ankeny and Onishi, which appear
to be in error in the range 2 < w < 2.5. If this is so, doubt is thereby
thrown on the validity of their vesult for the prime-twin problem. We
shall show, however, that it can still be obtained. A few other apphcatlons
will also be given.

o, (u) = ———d (3w and w», = 2£,.) .
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The method uged in the caleulation of ¢, was the predictor-corrector
method well-kuown to numerical analysty (see, e.g. Hildebrand [3],
Chapter 6). For the early parts of the range it is feasible fo derive expres-
gions for the o, functions in terms of infinite series, and the resulls obtained
by the predictor-corrector method were checked against these series in
the case where the discrepancy with the table of Ankeny and Onishi
ocetrred. In faet, for 2 < w <3,

J, () = u?log?u —4u2log v+ (Flog 2+ —log? 2)ul +

ot b Top s — g2 5“’1 4 1 1
+4ulogu — 6w —loguw+5—u o CEG TSIV C TRy
n=

For the calenlation of », it was found to be sufficiently accurate to
split the range of the integral in (1) at some number N and to obtain npper
and lower bounds for #,(z) for successively decreasing values ol z by
using Ankeny and Onighi’s estimate for 7, (N) (= @, (N /2) in their notation)
together with approximation by rectangles above and helow for the
range from # to N.

Table 1. Values of o,(n)

% o {1t) u Gy, (2} 12 ay (1) U ay ()
0.1 0.0004 2.6 0.2637 5.1 0.7827 7.6 0.0485
0.2 0.0016 2.9 0.2831 5.2 0.7489 7.7 0.9523
0.3 .0.0035 2.8 0.3028 5.3 0.7607 1.8 0.9559
0.4 0.0063 2.9 0.3227 5.4 0.7738 7.9 0.0592
0.5 0.0099 3.0 0.342% 5.5 0.7885 8.0 0.9624
0.6 0.0142 3.1 0.3652 5.6 0.7987 8.1 0.9652
07 |  0.0193 3.2 0.3836 5.7 0.8104. 8.2 0.9679
0.8 0.0252 3.5 0.4040 5.8 0.8215 8.3 0.9705
0.9 0.0319 3.4 0.4245 5.9 0.8322 8.4 0.9728
1.0 0.0394 3.5 0.4449 5.0 0.8423 8.5 0.9750
1.1 0.0477 3.6 0.4652 6.1 0.8520 8.6 0.9770
1.2 0.0567 3.7 0.4853 6.2 0.8613 8.4 0.9788
1.3 0.0666 3.8 0.5053 6.3 0.8700 3.8 0.9806
1.4 0.0772 3.9 0.5251 6.4 0.8783 8.9 0.9822
1.5 0.0887 4.0 0.5445 | 6.5 0.8862 9.0 0.9336
1.6 0.1009 4.1 0.5637 6.0 0.8837 8.1 0.9850
1.7 0.1139 4.2 0.5326 6.7 0.9008 8.9 - 0.9863
1.8 0.1277 4.3 0.6011 6.8 0.8074 9.2 0.8874
1.8 0.1423 4.4 0.6101 6.0 0.8137 9.4 0.9885
2.0 0.1576 4.5 0.6368 7.0 0.9187 9.5 0.9895
2.1 0.1738 4.6 0.6540 7.1 0.8253 9.6 0.9904
2.2 0.1906 4.9 0.6707 7.3 0.9305 9.7 0.9912
2.3 . 0.2081 4.8 0.6870 7.3 0.9355 9.8 0.9920
2.4 0.2262 4.9 0,7027 7.4 0.9401 9.9 0.9027
2.5 0.244% 5.0 0.7180 7.5 0.9445 10.0 0.9984
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Table 2. Values of =,

% Vi Pufr # Yy LY
1 2.06... 2.06... 9 21.74... 2.41...
21 4.42... 2.21... 10 24.22... 2.42...
3 6.85... 2.98... 11 2B.70... 2.42...
4 9.32... 2.33... 12 29.21... 2.43...
5| 11.80... 2.35... 13 21.68... 2.43...
61 14.28.. 2.88... 14 34.15... 2.43...
7| 18.77... 2.39,., 15 36.62... 2.44 ...
| 8] 19.25... 2.40... 16 39.09... 2.44...

For the applications we quote some theorems from Halberstam and
Richert {2], Chapter 10. '
TuzoRrEM 1. Let g be & natural nwmber, and let a,, b, (¢ =1,...,9)
be integers satisfying '
g
o [] (@b—ab) # 0.
i=1 Ii<tssy

g
Suppose also that []| (a;m+b;) has no fiwed prime divisor. Then for any

=1
nofural number v satisfying

7> (g+1) logr,+9—1,

. g
there are infinitely many % such that [[ (a;n+Db;) is the product of at most r
=1 .

prime factors.
THEOREM 2. Let g be a natural number, and let a;, b, (1 =1,...,9)
be integers satisfying '
g
H a; b,
f=1 l<i<s<y

Let o{p) denole the number of solutions of

(b, —azh) # 0.

. .
n (wm-1-b;) = 0 (mod p)
_ i=1 _ :
and suppose that
elp)<p for al p,

as well as thot

_ e <p—1 i pibi... by
Then, for any netural nwmber v sabisfying

r > (g+1%)log (2vg)+2y—1-%~7g-

g
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: 7
there are infinitely many primes p such that [T (ap+0b;y is the product
demt

of at most v prime factors.
The values of », tabulated above lead to the conclusion that the
following are admissible choices for 7.

In the case of Theorem 1:

gl1]2 sia

F|216

10115 19|24 29\34 39 |45 | 50 |55 61| 661 72| 78

In the case of Theorem 2:

alolel7]s 9\10‘11’12[13|14 15

16 |
53\60\67\74|81|89‘96]103|

glif2]s
ris]|o 1430 | 27| 33 | 40 46

In fact Halberstam and Richert show that it suffices to take # sabig-
fying

v

I R T (1_ﬁ)_‘?f,
) "alla—1jty) i)

1—n,(av)

{2 . Corgu—1+4

where ¢ =1 in the case of Theorem 1 and a = 1/2 in fhe case of Theorem
2 and #, » ave two real numbers satisfying the inequalities

lja<u<<o vfo<o.

If we choose u, » suitably it is (at least in some cases) possible to
obtain values for » better than those tabulated above by finding an upper
hound for the guantity on the right of (2) by numerical integration. In
particular, if we take g = 2, a = 1, w = 1.5, and v = 9 we find we may
take

* > 4.24,

i.e.r =5 is an admissible choice. Thig yields again the result mentioned
above, viz. that there are infinitely many 1111Jegels 7 for which #{n1-2)
is & produet of at most 5 prnne factors.

Forther, if we take § =2, o — 1/2, w = 2.2, and v = 22 we find
we may take

> 6.70,
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i.e. r = 7 is an admisgible choice — which represents an improvement

_ of 2 on the result tabulated above. This and two other results obtainable

by the same method are summarized in the following theorem:
TomorREM. {i) There are infinitely many primes p such that (p +2) (p+6)
is the product of at most T prime faciors,
(if) There ere infinilely many n such that (Sn—— y(n%4-n4-1) is the
product of at wmost 6 prime factors.

(iii) There are infinitely many primes p such ﬂzai (p-+2) (p24-p+1)
is the product of at most 9 prime factors.
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