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Sierpifiski’s papers on the theory of numbers date from the first
(1906-1910) and the last (1948-1968) period of his creative activity.
Exceptional in this respect are papers [19] and [20] connected by the
subject matter with the first. and the second period respectively, but
written in the years 1917-1920. In the first period Sierpinski worked
in the analytic theory of numbers and the theory of diophantine appro-
ximation, in the second peried in elementary number theory. We shall
digeuss sunocessively papers belonging to these three fields.

Papers on the analytic theory of numbers [17], [2], [3], [41, {81, [T], [8]
have been written. under the influence of Voronoi who was Sierpifiaki’s
teacher. [1] concerns the circle problem. Let 4 (#) be the number of lattice
points in a civele w?+ o< w Using the D*ecunetmml method of Voronol
[17] Siexpinigki proved the estimation

{1) R{z) = Az —nm = O (2%

thus obtaining the first improvement of the classical result of Gauss
B(z) = 0(z"?). Nine years later BE. Landau [&§] gave another proof of
thiz theorem. Informing aboub the circle problem in the introduction te
his paper Landan wrote; “In dieser Richtung hat Herr Sierpivski 1906
die Grenzen des Wissens sehr erweltert: er bewies ndmlich nicht nur

lim f}il S 0,

a=co 1/.11

sondern sogar die Relation
3,
Ay = nz+0{ o).

Ich gtelle mir nun in meinem vorliegenden Arbeit die Aufgabe fir den
Sierpinskischen Satz, der gewiss nicht vielen Mathematikern dem VWort-
laut nach bekannt ist, und dessen polnisech geschriebenen 40 Seiten lon-
gen Beweis gewiss nur sehr wenige Mathematiker gelesen haben einen
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neuen, ganz anderen Beweis zu geben. Nur eine Eigenschaft dez Kreises
habe ich in dieser Abhandlung zu beweisen: sie liegh aber go tief, dass
zumal ich wie Herr Sierpinski in: Bereich der reellen Analysis verbleibe —
der Leser keinen kurzen Beweis erwarten darf.

Now, (1) can be proved simply by the use of Besgel functions {(see [9]),
but the lower bound ¢ of the exponenis v suech that F(x) = O(x®) is still
unknown. It was J. G. van der Corput who fivst proved in 1923 that 9 < ].
Suceessive improvements have been obtained by Walfisz, Nicland, Titch-
marsh, Hua and Chen-Jing-run [4] who has proved &< 12/37.

CUonnected with [1] is the paper [8] which containg a proof of the

formla
» .
i 12l n?
24m ralsn + .

= dmVw +const-+o(1).

[2], Sierpiriski’s doctorate thesis is an enlarged version of his unpu-
blished dissertation for the degree of candidate. For this dissertation, on
the proposal of Voronoi Sierpiriski was awarded a gold medal by the
University of Warsaw. The paper i8 coneerned with the sum Dz (m)f(n),
where 7(n} i3 the number of decompositions of # into sum of two squares.

The following asymptotic formulae are obtained

> ’(q:” =nlogm+K+O(~L),

el Va

2 T{n?) = Emlogw + B0 (2,
e

N

2 T{n)? = dzloge -+

KL

8 48 ‘
8E — F+ i10,9;?, «-éL)wﬁ-O(w””‘logm),
T ki 3
where

L o0
: 7110
K =2.58498175%..., 1= 3 -25%,

and ¢ ié' Euler’s constant.
The proof is based on an ingenious transformation. of the Fam
2, 7(n)f(n) namely

[ ag R
k<t (b-1)f2 TR

Zr(n)fm) =4 3 (=1 D) flze+1yy).

n=aqQ ) P=0 - fe={
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Motivating the proposed award to Sierpinski, Voronof wrote as follows
([18], translation from Russian): “Using the theorem of Jacobi the au-
thor has gucceeded in obtaining a remarkable transformation of the sum

E]

D 2 Hmema)y = 3 o (k)£ ()

k>n

which comprises as a special cage the identity of Liouville (})

BY2+RBVr—1t+ BV —284... = E%-E—?+E—"§~
)

For the approximate evalustion of the sum oceuring on the right-hand
side of the former equality, the author nges a special device, which is noth-
ing elze but very successful generalization of the summatory formula of
Euler-Maclaurin applicable to functions which have in the range of sum-
mation a finite number of points of diseontinnity. The quoted results of the
author’s own investigations evidence his outstanding mathematical
abilities and have uncguestionable value for the science”.

{4], [53] and [7] are close to [2] by their subject. In [5] Sierpifski

k) . .
considers the sum 3 o(k), where o{k) is the number of representations
. k=1 .
of & as difference of two squares and obtains the formula

1\
lim — o} — =
lim -~ 3o (k)—d(h)) =0,
k=1
where d (k) is the number of divisors of %.
In [7] there are derived asymptotic formulae for ¥ fi(n) (i =1, 2, 3),

T
where f,(n) is the number of the positive integers m such that m2|n, fu(n)

is the surn of these numbers and Ja(n) the greatest among them.

The papers on diophantine approximation [10] — [17] date from
the years 1909-1910.

[11] brings a proof that for every real z and positive integer » there
are at most two fractions p/g such that

le—plgl < ling, 1<g<n.

The papers [10] and [12] announce and [13], 14] and [17] contain
the proof of the formula

< % for rational w,

= } for irrational .

(') Here and in the sequel Ew denotes the integral part of .
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In [15] and [16] this formula for irrational w is generalized ag fol-
lows

7 1
ilila %g[fcm~|—y»—]ﬂ(fcw+y)) =3 (y arbitrary),
The above equality proves the equipartition of the sequence Zwrmodi,
Other proofs of this important fact have been given about the same time
by P. Bohl and H. Weyl., Then followed the classical paper of Weyl of
1916 and the long serics of papers by many authors (see Koksma [773).

Related to the theory of diophantine approximation are the papers
[19] (decimal expansions) and [80] (continued fractions). In the firsh
Sierpingki deals with absolutely normal numbers (i.e. nmubers normal
in any integral scale of notation). This motion has been introdunced by
Borel, who proved that almost all real numbers arve absolutely normal.,
In 1909 Borel [7] wrote: “Dans 1'état actuel de la Science, la détermina-
nation effective d'un nombre absolument normal parait un probldme des
plus difficiles”. Sierpifigki defined an absgolutely normal number ag the
lower bound of & certain well determined set of real numbers. Interesting
comments to this paper are to be found in o note of Lebosgue [10].

. The papers on algorithms and expansions listed sepavately on pp,
21-22 have a certain arithmetieal aspect but belong primarily to analysis.
_ In one of them published in 1911 Sierpingki introduced expansions

now called generally Engel series, although the relevant paper of Tngel
dates from 1913. .

The remaining number theoretical papers of Sierpitski belong to
elementary nurnber theory and deal with divisibility and congruencos,
diophantive equations, arithmetical functions, prime numbers, additive
theory and lattice points.

The first group includes papers [9] (properties of Legendre sybaol),
[28], [27] (sequences periodical modm), [217, [74], [101], [107] (pseado-
primes and their generalizations), [98] (sequences of coprime integers),
{23], [33] (algebraic congruences), [51], [657 (exponontial COTLETLLCHAOH ),
[21] contains a very simple proof of the existence of infinitely ANy paetl-
doprimes (ie. integers n dividing 2"—2): if » is a pseudoprime 2"—1
is also one. The same proof has been a little later given by R. Stewerwald
[14]. The investigations of pyeudoprimes have heen continnod by other
writers, o.g.. by P. Hrdss and A. Rotkiewics,

Diophantine equations are treated in the papers [6], {427, [68],

[75], [78] (Pythagorean triangles), [47], [73], [85], [911, [102], [108],
[109] (ishomogenous quadratic equations), [35], [377, [69], [84], [8G],
[95], [97], [118], [119] (systems of quadratic equations and equations
of higher degree), [41], [48] (exponential equations). Investigating dio-
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phantine equations Sierpinslki used only elementary methods. Of parti-
cular interest is the proof given in [86] and [95] that each of the equations

=) o ()(3) =23

has infinitely many nontrivial solutions in positive integers @, U, 2.

The papers on arithmetical functions ([32], [44], {621, [B6], [B7],
(897, [105]) all but [56] deal with special functions like ¢, o ete. and not
with the general theory. [44] brings a proof that the equation g{x+4 k)
= @(x) has for every & at least one solution. The problems of this type
have been further investigated by P. Hrdos, A. Makowski, A. Schinzel.
The paper [32] has a different, more analytic character. Tt is proved
there that for suitable sequences my, n, and for any choice of gign -

@ (my 1) @ (g1}

im ————— = o0,, lim- =2 =
k=co (i) Reoe P (M) ‘
This subject hag been taken further by several writers: P. Exrdés,
A. Bchinzel, Shao-Pin Tsung and Y. Wang (zee [4], [12], [13]).
Sierpinski devoted many papers to the investigation of primes. In
[2¢] he gave an often quoted formula for the nth prime:

ah—1

Py = E10" 0 — 107

ot —1

£10* "a, where « :;pkm'"dﬂ.
=1 .

In [28], [62], [70] he studied the form of decimal expansions. of primes
and he proved ([62]) that one ean choose arbitrarily the first & and the
last | digits of a prime provided the last digit is 1,3,7 or 9. Tn [707 he
considered the sum s, of digits of the wnth prime and asked whether for
infinitely many = s, > 8,41 which has been settled in the affirmative
by P. Trdos [51. _ '

He investigated also the differences between conSecutive primes
by = Pria— Py ([22], [25], [38]) and proved in [22] that

limmin(d,, d,.,) = oo.
=20

This vesult was generalized by P. Trdss [8] to the equality

lim nﬁn(dm dn-i—l; ter dnui-r)
n=oq
and improved in another way by A. Walfisz [16] and K. Prachar [17].
Sierpinski had an abiding interest in Dirichlet’s theorem on arith-
metic progression ([207, [907, [94]) and in its hypothetical generaliza-
tion to polynomials of higher degree, still noproven. ([54]), from which
be derived many consequences ([83], [87 1, [96], [103], [111],.[112], [114],

= co  (r arbitrary)
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[115]). In [100] he proved that for every % there exists an » such that
x4 n takes more than % prime values. He also studied the distribution
of primes in séquences of exponential growth {[60], [66], [T2], [81], [92],
[106]) and in [66] he proved the existence of integers & such that all the
numbers 2"k 41 are composite.

The papers [65], [99] are concerned with the distribution of square-
free numbers, (117] with that of powers of priues.

Five papers on sums of primes ([30], [58], [601, [67], [93]) are al-
ready on the border of additive number theory. The latter is represented
by papers on the sums of sgmares, cubes and triangular numbers; [24],
[4b], [B3], [b9], [61], [71], [82], [110], on d{decompositions of rationals.
into unit fractions [46], [104] and on related problems [367, [113]. In
[46] Sierpiriski put forward the conjecture that for every » > 1 the equa-
tion %:%4—%4-—1— is solvable in positive integers @, ¢, 2. This con-
jecture has been verified by G. Gentile §6] for all » < 10°% [36] brings
& charaeterization (found also by B. M. Stewart [15]) of all positive
integers » such that each m<n is the sum of digtinet divisors of . [31],
[34], [76] deal with additive properties of arbitrary sequences of integers.

The paper [49] {[64] being close o it} is concerned with the lattice
points, more precisely with the number of these points not inside a do-
main (which is wsnal in the geometry of numbers) but on the boundary.

As it is elear from the above short survey, Sierpirski’s interests were
concentrated not on the structure of the theory but on problems and
conjectures. Lists of unsolved problems are to be found in (631, [77]
and some metamathematical comments in [79]. Besides, Sierpiriski
published several expository or popular articles [18], [39], [40], [43],
[88], [116]. ' :

Last but not leagt he wrote 13 books on number theory: a monograph.
in Polish consisting of two parts [I]and [VIIT], a monograph. in HEnglish
[XIII] based on the former bubt completely rewritten, a textbook of
foundations of arithmetic [IV] containing an exposition of elements of
number theory and nine popular booklets. Among these there are little
monographs on Pythagorean triangles [IIT], diophantine equationy [V],
sums of unit fractions [VI]; prime numbers [X], triamgular numbers [X1],
& collection of ungolved problems [IX] and a collection of exercises [XIL].
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