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A remark on Hilbert’s Theorem 92
by

Doxarp L. MoQuirAN (Madison, Wise.)

Let I be an algebraic number field and & a cyclic group of auto-
morphisms of K of odd prime order p. Let U denote the units of K. Then
Hilbert’s Theorem 92 states that (G, U) is not trivial; however Hilbert’s
Zzhlbericht [3] does not contain a precise expression for the order of the
group. In Hasse's Zahlbericht [2] the following expression, due to Takagi,
is given: ‘

(G, U)] = pr+imarh,

Here r (= ry-7, —1 with the usual notation) is the rank of U, t iz 1 if K
contains a primitive pth root of unity and is ¢ otherwise, and gis defined
by the equation [N (U): UY] == p? where ¥ is the norm from K to K¢
and U, is the group of units of K%, ‘

The purpose of this short note is to derive another, quite different,
expression for the order of H'(&, U) which does not seem to have appeared
in the literature before. At the end we give a result on. H'(6, 6) where 6
is the maximal order in K. We need some notation. Tet w,, u#,, coey Uy
be a set of free generators of U and let o be a generator of 6. Then ou;
= {uyilug® ... w7 where {; is a root of umity and oy, ay,..., a; are
rational integers, 1 <C ¢ <C 7. The integral r X r matrix 4 = (ey) has period p
and so there exists [4] a unimodular matrix V such that

TAV ! = diag{l,, By, -ovy By By, e Sc}

where I, is the 4 X ¢ identity matrix, B,, ..., B, are (p—1) x (p —1) inde-
composable matrices, and 8, ..., 8, are p X p indecomposable matrices.
The integers @, b, ¢ depend only on U. We ghall prove

TeeorEM. The order of H*(G, U) is 7' where ¢ = 0,1 or —L.
If K contains no primitive p-th root of unity then ¢ = 0; if @ = 0 then ¢ = 0
or L.

Proof. Let U, denote the group of roots of unity in K. Then ¢ acts
on Uy, and it follows at once that the order of H"(@, U,), re Z, is p* where ¢
has the meaning assigned above, Next, U/U, is free on r generators, @ acts
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on thig group, and from our 1'e1naxkh d:bOVG we can choose w Dasis oy, 7y, ..

, v, of U/U, such that ov; =010 ...opr, lsigr, where A == (ay)
h'ls the diagonal form given prevmuslv W'e compube H*(G, U[U,) as
tollows. The contribution of each component in the diagonal matrix

A = diag{l,, By, ..., By, 81, ---, 8} can be computed separately, in fact,

with an obvious notation
HY G, T/T) gH”(IQ,Z“)@H"(BI,Z””"‘)@ ... ®HYS,, Z7).

Clearly H°(I,, 2% = 2% and HY(I,, %) = (0) where Z, == Z[pZ. lLet

B=B,1<igh Now the oharcmterlstw roots of B are the primitive
P
pth roots of unity so that ZB" = 0, and the Smith normal form of B —1I

i=0

is diag{p, 1,...,1} We can conclude at once that
HY(B,ZP"Y = (0), HYB,Z"") xZ,.

Let 8 =8, 1<j<e Since § = (fg
(p—1) % (p —1) matrix and we Z¥~" we can conclude (see for instance [1])

that

where B iz an indecomposable

where z = (21, ..., 2p) ¢ Z¥ and 2, ..., 2, are relatively prime. Furthermore
Hy =Yg, -0y Yp)e Z then (S~ D)y = 0ifand onlyify, = ... =y, , = 0.
Finally the Smith normal form of § —1I is (0,1, ..., 1). From theso facts
it is immediate that

H'(8,7°) = H'(8,Z7) = (0).
Adding ap all eontributions we get
Y@, UIU) 75, HYG, UJU,) =2}

Now a-+(p—1)b+po = ¢ == r;+ry,—1; furthermore since a-+-o is the
multiplicity of the characteristic Toot 1 in 4 we get a-1-¢ == B »e By -+ By -1
where R is the rank of the units U, in K% and R,, R, hcwe the usual
meanings. Since p is odd we get ;= pR,, i = 1, 2. From these relations
we see that b = o+1.

From the exact sequence of G-modules

1“’9’U1“’>‘U’“’$"U/U1'—>1,

we get the exact sequence of Tate groups (taking into nccount the values
obtained above for cohomology groups of U, and U/U,)
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A straightlorward calculation shows thenm that H'G, U) ox 75+
= 7t where 2 = 0,1 or —1. However if both g and 4 are tmnal :
(in pmmeulam it ¢ = 0) we get H'Y(G, U) ¢ 2} = 727, Finally, suppose
o = 0.If also ¢ = 0 then we have just seen that Hl(G ) =~ Z,. However
if ¢ # 0 then § ig a monomorphism and so HY (&, U) is not trivial, ie.
¢ = 0 or 1. This completes the proof of the theorem.

Consider now the gronp H'(@, 0) where 6 is the maxima) order in K.

If [K: Q1 = N and w,;w,, ..., wy is Z-integral basis for ¢ then we can
write

ul .
oWy = Z agwy, 1<ig N,

where ;e Z and the matrix 4 = (a;) has period 2. As above we can agsume
A = diag{I,, By, ..., By, 8¢, ..., Sw} and the previous caleulations show
that ‘ :
HYNG, 0) = 2%, HYG, 6) = 70,

Now w-t{p—1)v-+pw = [K: Q] = N, u-+w = [K% Q] = N/p and from
these relations we can conclude that u = 2. We therefore have another
proof of the well-known fact (¢f. [5], [6]) that HYE, 6) == H*(G, 6) in
this ease. Finally, we would like to write down explicit values for ., », w.
Our relations above give v =« and w = [E%: Q]—u. However H*(Q, 6)
o §%/T,(0) where 67 ave the elements of 6§ fixed by @, i.e. 6% = the maxi-
mal order in K%, and Ty is the trace from K to K% Let p be a prime ideal
of 6%. Put H(p) = the ramification index of p over Z, F(p) = the relative
degree of p over Z, ¢(p) = the ramification index of p in 0, m(p) = the
differential - exponent of any prime ideal of 6 over p. Now Tg(8)
= [Tp™®*®)] where the product runs through all prime ideals of 6% and

P
[«] is the largest integer in & It follows that

: S (p)fmip)fe(p)]
(G )] = 16/

and s0 % == Z‘ p) [m{p)/elp)] Ik 1\ ¢loar that m(p) = e(p)—1 unless p
divides p in 0” Bearing in mind that [K% Q] = Y E{(p)F(p) we geb
plp

Tonorum. With the preceding notations we have

o= = DF(p) [m(n)jep)];

Pl
w = Y Fip){B(p)—[m(p)e)}
plp

where the summation 53 over the primes p of 6% which divide p.
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Asymptotisches Verhalten einer diophantischen
Approximations-Funktion

VO

. Scuark und J. M. Wirzs (Berlin)

I sei die Menge der reellen Zahlen; N der natiirlichen, Z der ganzen,
F = R~% der nichtganzen Zahlen. Zu einem xe¢ R sei [z der Abstand
von der nichsten ganzen Zahl und [3] die groflite ganze Zahl < ». Weiter
gel me N, @ == {ayy «ovy o) e I und \ :
‘w(n) = inf sup min |gel.
ae i ged 1<t<n ’
In der vorliegenden Arbeit wird das asymptotische Verhalten von (%)
untersucht. Zuver seien die bisherigen Ergebnisse iiber c{n) zmsammen-
gestellt: L
Zu eineml 2 =- 2, ze N sei ¢ = [[p§f die kanonische Primzahlzerlegung

el
und %(s) = & bei nichtprimem z die Anzahl der verschiedenen Primteiler
von # und h(2) =k = 0, wenn 2 prim ist, Weiter sei |z, = minlz —gz|.
Dann ist nach [5], 8. 170: oeZ
(1) w(n) =inf {_a,_ welN,ze N, hiz)<n; es gibt ein k= (%, ..., Kp)e N"

az | ®

mit 0 < k< 8, 1 <4< nound max min [|ghf, < a}.
. sy l<ign

Nach [3], Lemumna 2, ist o(1) = ;j und nach [4], Satz 2:
1 .
vy < o) K ) fir =nz3.

Dabel ist w (n) = max {2| $o(2)--h(2) < n}, ¢ die Buler-Funktion., Nach [4],
Satz 1, ist w(l) == 3, w(2) = 5, w(3) =8 und '

6n—2) <wn)sni~—4 fir nz4
Cusick zeigte in [1]:

w(h) = fir m o= 9,...37 und ew(n) = 6(n—2) Hir n=4,..., 7.

w (1)
Vermutlich gilt w(n) = Lhw(n) fir alle n =1,



