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ACTA ARITHMETICA
XXII (1973)

On Ramanvjan’s formula for values
of Riemann zeta-function at positive odd integers

by

Koy Karavama {(Tokyo)

1. Tet &(s) be the Riemann’s zeta-function and B, the Bernoulli
number in the positive sense (t). We consider the following formula E(x, #)
with (i), (ii} below, for every positive integer » 2> 1 and for a positive real »:
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(i) a =w/q,f =7n, 9> 0, .
(if) it v is odd, the term corresponding to & = %(»+1) in the last
summation is multiplied by %.

() By this we mean Bernoulli numbers such that B, = 1, By = 1{6, B, = 1/30,
By = 1/42, By = 1{30, ... Therefore we have, for example,

(2m)2>
({2} = e
and not
(—1y-1(2m)
£(2v) = —._—_2.(_2_!;5“!_32"‘
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In his note book, Ramanujan asserts that the above formula is
valid with of = =® ingtead of (i) (%) and without (ii). The condition (i)
is due to the recent work of Grosswald [1], where he proved

(GL) R{», 1) ig valid for positive odd integers »,

(G2) the formula obtained by differentiating R(», ) with respect
to 4 is valid for positive even integers » and 5 == 1.

Grosswald, in, his paper [1], says that: “Leider sind keinerlei Anga-
ben dariiber zu finden, wie Ramanujan diese heiden Sdtze entdeckte,
geschweige denn zu beweisen gedachte’,

Therefore it will be worthy to prove (v, #) for special ». The purpose
of the present paper is to prove, as an application of the theory of the zeta-
theta function, that E(1, %) and R(2,») are valid.

2. We ghall prove the following
TusoruM. For af = =% a> 0, § > 0, we have
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Cte, R(2, %) ¢ valid.

The proof method belongs to the elementary differential and integrul
calculug, once we know (G1., 2) and the series representation of the inver-
sion formula of the zeta-theta function introduced in [2].

The proof goes on the following way, for » == 1: Differentiate E(L, ),
to be proved, with respect to . Then. it coincides with the inversion for-
mula of the zeta-thete, function at s = 3. Therefore the integral of the
latter with respect to 4 is equal to R (1, ) up. to some congtant. To deter-
mine it, we use ((#1). Then we get R(1, #).

For v = 2, the proof will go on the same line.

(®) If both of a and ,8 are negative, the mimlte series contained in Ry, n) are

divergent.
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3. To begin with, we shall recall some properties of the zeta-theta
function introduced in [2]. For omr present purpose, we only need fhe
series representation of it, hence we adopt here its shortent definition
(for details, see [2]). Thus the zeta-theta function Z;{e, s) for w = &1z,
7> 0, 8¢, is defined ag follows; )

Lo, 8) = O{w)5(w,8), §=0,1,
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(for Res > 2),

where K, (2) is the so-called modified Bessel function.
Put £ = 0. Then the last sum in the seried representation of z{#i, §)

becomes
a2
42( ) Ky (2mymn).

m=1
?I—

‘We proved in Theorem 5, [2], the transformation formula satisfied
by 5(w, 8) = YZelw, 8), £1(w, s)}, from which we can deduce the following

(1) 5/, 8) = 7-5(ni, ).

Put 8 = 2v+1. K, ,(2) takes the following form:

‘ w1 (r+7)!
(2) ,.5 1[2( ) _( ) € Zfﬁ;:-)_](?,—z)’"
. r=0 : :

(see [3]. Warning: there is a misprint in the book, p. 72. The exponent
4 is necessary for (—;EN—))
Further we know that

(2r=)""
2-(20)!

(3) . . L(Zv) == -
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By the series representation of (1) and by (2), (3}, we have the following
formula, which is denoted by T(v, i): K
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4. The proof of R(1.,x). Consider T( 7)., We know that I(3/2)
= */2 and I'(2) = 1. Using the well- knnwn formulag
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for |X| < 1, we have the following expression of T'{1, ):
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Multiplying both sides by 27*:n~** and moving terms appropriately, we

get the formula D]ﬂ(R(l, n)) obta;med by differentiating RB{l, ). Here
we can do obviously the termwise differentiation. Thereforve the formrula
obtained by integrating T'(L,») (termwige) coincides with E(L,#) up
to some constant ¢; namely we have the following formu‘lsu

"&{“(3”2%@3(@2}%3} = {%c(a + 3 ”m }

=71—,*~{a2+ﬁ”}+0,
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with ¢ = n/y, § = =n. Then-put y = L. BYy (G1) for » =1, we have -

, B By

0 =xn—=—=.
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Thus we proved R(1, %).

5. The proof of E(2, 7). The proof for » =2 will go on a similar
way but we need further technigue. We start with the formula obtained
by multiplying % to both sides of E(2,#) {to be proved) which will be
denoted by R(2, )-n. (Hereafter, 2 similar notation will be used.) Differ-
entiate R(2,#)-y to get the formula Diff(R(2,%)'n} (to be proved):
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TFurther we consider Diﬁ(Diﬂ(R(z, n)-:a;)-fr,v‘l) (to be proved). Then we
can see easily that it coincides with the formula

T2, n):-- 2 4 77
Here we have to use I'(5/2) = §-#*/4, I'(3) = 2 and
Zm X" = X(A+X)[(1-X)
in rewritting T(2, n). Now we know that the latter holds for any # > 0.

By integrating 7T(2,7)-27 %477 %, we see that it coincides with
Diff (B(2, n)+5)-»~" up to some constant (. Namely we get the following:
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To determine ¢’, put # = 1. Then we have . References
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by (G2) for » = 2. Therefore we proved the validity of [3] Magnug, Oberhettinger and Soni, Formulas and Theorems for the Special
Fumctions of Mathemotical Physics, Springer.
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Integmting';f the last for'mula.,nwe see that A4, 1;r2 f:) iz valid up to some Received on 4. 11. 1971 (234)
constant ¢, To determine (', put n ==1. Then €' = — 2x? (B, /21)(B,/41).
Thus B(2, 7)-5 and so B(Z,#) is valid.

6. We shall explain why we considered
Ditf (Dift (B (2, 7)-5)5")

for the proof of R(2, 7). B(2,7) has the term

B B,
(4) ! ST AT ( Y- -+ ’7)

but T2, ) does not hwe the term (‘orrcspondmg to it. To get the
statement such that

Dift [Diff{R(2, n)-5)-5~") coineides with ft‘( DG S

up to some constant,

we have to remove (4) by differentiating R(2, ») several fimes, In this
way, we can conjecture that the proof will go on the same lines for
general .

Added after completion of thiyx paper: the authar was in-
formed that in [4], Professor . Grosswald proved Ramanujan’s formula
in full generality. The reason why the author wishes to publish this paper
is that his method iy different from Grosswald’s and his emphasis is in
the point that the proof has been obtained as an application of the theory
of the zeta-theta function, The auther expresses hearty thanks to Profes-
sor B. Grosswald for hls kind letter and comments.



