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On a restricted type of partitions into parts divisible
by the least part
by ,
8. M. KerAwAnA (Karachi)

1. p(n) will denote the number of unrestricted partitions of n and
Pp.(n) those partitions of », each of which possesses some specified prop-
erty ¢. Here will be congidered only three variations of ¢, namely:

(i) the property » will zignify that in each partition the g.c.d. of
the summands oceurs as a summand, _

(ii) the property s will imply that in the conjugate of each partition
the g.c.d. of the summands presents itself as a summand,

(iii) the property ¢ will denote that each of the two properties s
and ¢ is present in each partition. '

Recently, Chawla, LeVan and Maxfield [1] have econsidered the
function p, and have shown that

(1) Pe(n) = D'p(d—1)
an
and that '
(2) P,(n) ~p{n—1), as # > co.

They have also compiled a table of {p,(n)~-p(n—1)} for n < 350.
BEvidently a one-one correspondence exigts between a partition with
the property » and a partition possessing the property s. Consequently,

(3) P} = py(0).

Here we obtain a relation for p,(n) similar to (1) and investigate a fow
gimple properties of the function. p,. A table of p,(n) for = < 100 will
algo be found at the end of the paper. To facilitate comparision, the relevant
values of p,(n) have also been included in the table.

2. Lot allaf ... aff be an arbitvary partition of n dietionary order,
ie, ay>a,>...>a and I, 1, ..., ;> 0. The conjugate partition in
dietionary ovder is represented by
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Sinee (@, ¢g, ..., @) I8 a summand, it follows that

@ = (B, Ggy <uvy )

Similarly, & = (I, Li+lay ooy b+l 8) =
if this partition possesses the property .
Three cagses need to be congidered:
(i) a;lyd = n, where d > 2.

Here a;la; and 1,|l; for § =1,2,...,4

We divide out each a; by o; and each I; by 7,. The residual partition.
is a partition of 4 typified by the property that it has, ag well as ity con-
jugate, unity as the least summand. The number of such partitions of d
is p(d~—2). Further, the number of ways in which each such residual
partition could have resulted in this way from the original partition
is the number of ways in which n/d can be expressed ag an orderad pair
(i, y) sach that x-y = n/d. This number is I(n/d), where I (%) represents
the number of divisors of %. As a consequence, with each divisor d (> 2)
of n are associated I(n/d)p(d—2)} partitions of » with the property 4.

(ii) Even if the divizor d = 2 of »n exists, it has no significance and
ity eontribution to p,(n) is nil. The reason lies in the fact that there are
no partitions of 2 with the property that it hag, along with its conjugate,
unity as the leagt summand.

(fii) ¥ d =1, we have < =1 and the original partition iz of the
form o' with @l = #. The contribution of & == 1 to p,(n) is thus I(n).
Hence _

(4) pn) =I(n)+ > I(njd)p(d—2).

dln, d=>2

(Tis Tay oo vy by} Hence agdy|ng

3. There exist p{n)—p,(n) partitions of » lacking the property r.
The conjugate of each such partition may or may not possess the prop-
erty . It follows that

P,(0) > py(n) > w1,

p,(%) {p(n)—p,(n)}  dor

or that
12 p(n)/p.(n) =

Since for % > 2 each of the partitions 3%1, 8%2, 3¥~91 has the propoty #
and lacks the property f, we may write

L> py(n)[pe(n) > 2 —p(n){p,(n) dfor
(2), 2, (n) ~ p(n—1)and by the Hardy-Ramanujan [2] asymptotic

2—pn)fpin) dor wxl.

> Mg,

Also, by (
formula,

pn) ~ 4‘/]‘5% exp 2=V B}

icm

On o vestricled lype of porkitions . 3
‘We conclude that, as n — oo,

1> py(n}/p,(n) > 1— ——-W(Zn) .

From (4), it follows that

pn—2)< p(n)<p(n) for all n,
which implies that

pn)
o D(H— )

If » be composite and ¢ be the smallest odd prime divisor of »#, we have
from. (4)

py(m) —p(n-—2) = I{g)p (% —2) -+-gmaller terms.

Hence rmay be deduced that, as " - e,

e o 1 =

provided » is neither prime nor twice a prime.

Pe(n)— 19(% 2)

4. We state below a few congruence properties of p;(n). These. are
direct consequences of the well-known congruence propertles of p(n)
given by Ramanujan [3] and of (4).

(i) If » = 7%

pn) =k41(mod 7) and p(n) = 8k+1 (mod 49), provided %= 1.
| (i) I n be a prime of the form 11°+8 or 22i-—3,
pin) =2 (mod 11).
(iii} If % be a prime of the form 10k--1,
p(n) =2 (med 5).

5. A table of p,(n) and p,(n) is appended below. It is valid for n < 1.00.
In the table is moticed the property that for k>4, '

P(2k) > p,(2k—1)

This is easily established for all sufficiently large % with the aid of (1)
and (4).

and  pg{2k+1) < p.(2F).
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n| e (1) n | pe(w) pe(n) | Py(m) bi(m)
1 1 1 35 12327 10167 | 6@ 3088740 2681279
2 2 2 36 15272 12042 70 3506804 3108267
3 3 3 37 17078 14885 71 4087960 3584347
4 5 5 | 38 22024 18575 | 72 4713747 | 41150608
5 [ 5 39 26095 217558 73 5392784 4607207
8 11 . 11 40 31730 26901 74 6203068 BA22BE3
7 12 9 4] 37339 31187 76 7001218 8188422
81l 20 19 42 45333 38522 78 8140291 126305
9 25 | 20 43 53176 44585 | 77 028014:5 8118342
10 37 89 44 64100 54528 || 78 10647924 336761
11 43 32 45 75340 03512 79 121321658 10010885
12 70 85 46 90138 76763 80 13880556 12188788
13 78 b8 47 1056569 89138 81 16798937 13852620
14 1i4 95 48 126270 108049 | 82 180418687 | 158588050
15 143 113 49 147285 124771 83 205068256 18004529
16 196 168 50 176137 149845 | 84 | 23386871 | 20587753
17 232 178 B1 204460 173888 85 26643807 | 23338881
18 330 281 52 241983 207554 | 86 | 30220533 | 26632850
19 386 299 53 281590 230045 87 { 342460683 30173383
20 C 530 448 54 332697 288056 88 38951788 343713490
21 641 510 55 386203 330001 | 89 | 44108110 | 38RE7675
22 886 - 691 56 454418 381324 | 90 60076165 | 44243117
23 1003 794 57 527211 451876 91 66034262 1 4990803n0
24 1340 1143 58 817874 632847 92 ; 34202600 | 887868909
25 1581 1264 59 716221 614166 | 93 72580414 | 64121496
" 26 2087 1691 80 8371156 7239065 94 82115787 72712078
29 2461 1955 61 966468 831822 95 92670111 82010781
28 3127 2621 62 | 1127111 975601 96 | 1047845631 02805883
29 3719 3012 63 | 1300819 | 1122546 | 97 | 118114308 | 104651421
30 4748 3998 64 | 1512537 1311830 98 | 133378317 | 118564000
31 5805 4667 85 | 1741713 | 15056321 06 | 150206852 | 135244744
32 7038 5931 66 | 2021752 1756710 | 100 | 169405508 | 150497338
a3 8304 4508 67 | 2323521 | 2012580
34| 10376 8705 68 | 2690068 | 2340756
Refexences

(1] L. M. Chawls, M.0. LeVan and L &, Maxficld, On a restrioted partilion
Funotion and iis tables (to be published).

[2] G.H. Hardy and S. Ramanujan, dsymptotio formulae in combinatory analysis,
Proc. London Math. Soe. 17 {2) (1918), pp. 75-115.

L8] 8. Ramaniijan, Collected papers, Nos. 25, 28, 80.
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Mischungsgeschwindigkeit fiir Ziffernentwicklungen
nach reellen Matrizen

von

Roranp Frsomer (Salzburg)

§ 1. Definitionen. I = (0,1)? sei der Binheitswiirfel des R%,# die
o-Algebra der Borelsehen Teilmengen von I, m dag d-dimensionale Le-
besgue-MaB auf I. .4 sei eine nichtsingulire reelle (d x d)-Matrix, 4 der
Betrag ihrer Determinante.

Wir definieren:

) T: I ~1I, Ty = Aomod 1,

(b) Ist xR, so sei [#] die groBte ganze Zahl <& und fir

[&] = ([@1], +- -y [@a)) <27

Weiter sei M — A-I n2% Bir i =1,2,... erkliren wir Funk-
tionen fy: I - M

@ o= {0y, .., wg)eR? el

by@) = [d0], o) = by (T 0).

(c) Sind @y, a,, ..., 0geM, 80 sei
Tty oeey @) = {wel | Bi(m) = oy, L <4< 8}
gofern die rvechte Menge nicht leer igt. Die Mengen I(ar, ..., a:,) hc?iﬁen
Zylinder s-ter Ordnung und bilden eine Partition von I, die wir mit £,
bezeichnen wollen.
(d) Wir definieren folgende Teilmengen von Jf,:
oA, = {Hefy| T°B = I},
Cy = I\ Ay, :
By = Ty ens @) I 1 L) €€y I{ay, ) eByy ooy L{0yy 00ny ) Gs)s
By = {I{ay, . y) € s I{tyy e “3—1)€@s~1}°
(¢) Be sei '

By = card &,, B,=UH, D,=U2Z.

d, = card Z,,
i Bedy By



