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ACTA ARITHMETICA
XXIIT (1973)

On a theorem of Segre”
by
P. Bztsz (Stony Brook, N.T:)

As a peneralization of & theorem of Hurwitz [2], B. Begre fb] proved
the following

TEROREM. Let o be an irrational number, v o real number satisfying
0 << 1. Then at least one of the imequalities

1

has an infinity of solutions with natural z and integer 4.
Further, he showed that for + =& (k =1, 2,...) there is no im-
provement possible and conjectured that for

v=(kto)T (B=1,2,...,0 <e<1)

one can replace the numbers
(14+47)7", respectively 7{L-1-47)™*

" oecurring in (1) by smaller ones. Segre’s proof was hased on Geometry

of Numbetrs. Using eontinued fractions, I give a simple proof of the above
result. Further, I give improvements in two d.]rectlons, one of them con-
jectured by Segre.

1. Notations. The wnotations of the present paper coincide
generally with those of O. Perron [4]. o denotes an irrational
number; which can be agsumed to satisfy ¢ < « < 1. Further we put

. 1 :
(1.1} a == 1 = (05 @y tgy ... ],

a Ar——
s+ Gy e

* After the present paper has been submitted, Dr. A. Sehinzel kindly called my
attention to the paper [3] by W. J. LeVequs, which considers the same problem.,
In an entirely different way LeVeque showed a statement analogous to my Theoréms
2.8 and 2.4. Instead of (2.6}, resp. (2.8) he needed five inequalities; on the. other hand
he did not need such restrictions as my restrictions (2.5) or (2.7).
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A, . ‘
(1.2} "—B— = [0; ﬂu . ], (A, B,) =1,
. n
(1.3} Lo = [Bn Gpgas Bngey -1y
-Bln.-al

(1-4)_ i, = = [0; @, %—71’ AR

By

9. Formulation of the results and some remarks. The following

theorems are proved.
TumorEM 2.1, Suppose that 0 <'v i1 and that for some n we have

(2.1) . Oy 72 L7
Then at Zéast ong of the i%équalities

Cppr 10 2> (L 47)5,
(2.2) gt g = 7 (L4,
o Dngathagg > (140

s satisfied. _
THEOREM 2.2, Suppose that (2.1) holds and that v has the form

(2.3) v =kt (b =1,2,

Then there is @ o' (7' < 7) depending only on k and o in (2.3) such that b
least one of the inequalities

vy 0 e 1),

Lt = (L 40)
S (140"
(2.4) o C.,H 2t tug 2 —1—’
Crs +tn+2 ot “‘|“4T)”2
~ holds.
TrroreM 2.3. Suppose that v has the form
(2.5) e BT (B o=1,2,...).

Then ot least one of the inegualities
Cnttnoy = 77 L4 40)P,
Ligr Tt 2 (L-447)",
EnpaTtns 2 v (L4400,
o Fhp 32 (L 40)1R

(2.6)

holds.
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THROREM 2.4. Suppose that

2
(1 +47) < {i}’

(2.7) 1.

27 T

{#} denoting the fractional part of 2. Then with some v’ (1: << 7) depending
only on T we have at least one of the inequalities

Loty = 7T (L4,
(2.8) Cpyr -ty = (L4 40)13,
= 7 THL 4 4de)MR,

= (144012

§n+z _[_ tn+1
Cn+3 + tn+ 3

In the proof of Theorems 2.2, respectively 2.4 the expression of 3
in terms of ¢ will be given (gee (3.5)). . :

Before proving the above theorems, I would like to dedunce from them
the mentioned theorem of Segre amd its improvements. If 4, and B,
have the meaning (1.2), then, sccording to a well-known relation (see
for ingtance Perron [4], p. 43)

(2.9) Bp(Bya—d4,) = (~ 1 (Epypr +1) 7

Therefore, in. order to show that there is an infinity of pairs (2, y) satisfying
at least one of the inequalities (1), one hag to show that there is an infi-,
nity of odd s’s such that at Jeast one of the inequalities (2.2) hold. By
Théorem 2.1 thiz can be achieved if one can ghow that for an infinity
of 0dd »'s (2.1) holds. Now suppose that for all odd n's (or for all suffi-
ciently large odd #'s) ’

(2.10) - tosn < Lf7
holds. Then '

G051, 0, (1—{—41)”2,

which means that at least one of the mequalities (2.2) holds. Becaunge
of (2.9) this means that at least one of the inequalities (1) holds.
Therefore, we may suppose that for infinitely many odd n’s (2.1)
holds. Applying Theorem 2.1 and (2.8), Segre’s theorem follows at once.
Theorem 2.2 ig, with respeet to (2.9), a conjecture of Segre, namely,
that (1) can be improved for t s &' (k =1, 2,...).
Theorems 2.3 and 2.4 are “localization theorems”. For = =1 a clas-
gieal theorem of Borel [1] asserty that Tor any # at least one of the ine-

(211)  LnpoH> [4 1 1,1 1,
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qualities
Eppr 1 > B,
(2.12) Cnpntlngn > 5Y2,
LaisFinge > B

hag to hold. Theorems 2.3 and 2.4 make analogous statements for s
of special kinds, but instead of three consecutive #, one has to admit
four,
The last section-of the present paper contains the proofs of our the-
orems.

3. Proofs.

Proof of Theorem 2.1, Suppose that, in contrary to our assertion,
Theorem 2.1 is not true, that is,

Lnpr Fa < (L+47)",
31 C BppaF e < L4,
Euvs Fbapg < (LH 40,
Using the relations

1
and ¢, = ———
€ﬂ+2 n+1 g1 +1,

‘we obtain by the first inequality of (3.1) -

Cagr = Gy -k

1 .
< (LA dr)M
¢n+2 ( ) tﬂ-l-_l ,

roultiplying by
e < Tm;l (L4 4=)" ~na
(second inequality of (3.1)) we obtain

: 1
1< (LAt W) (T LA 4 ety
: Ty )

sor, after an easy computation

(3:2) Tlgr = (L4424 11 < 0,

Similarly, uéing the second and third inequalities of (3.1) instead of the

first and second ones, we obtain

(8.3) tars— 1+ )i by t+7<0.
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Solving the inequalities (3.2) and (3.3) we obtain

1+dn?—1 . 14 )iy
(34) t1z.+1 > “(——2_3_'_"_1 _tn+2 = (__—f—"—z)___‘-

On the other hand, we get by (2.1)

3

1 1 (L4401

n+s =

< =
an+2 _E_ tﬂ.+1 ‘t_.]_ + (1 "f_ 47)”2 -1
2z

which contradicts o (3.4).

2
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Proof of Theorem 2.2. Let ¢ he of the form (2.3). Determine

7’ (v' < 7) such that

(3.5) 1__ fdloafR
E+1 T

- I am going to prove Theorem 2.2 with this 7'

Suppose that our Theorem is not true, that is, (2.1} holds and stll

we have
Cn«]—: +, < (1 +47)},2:
(3.6) Envr Flapr < 7 (L dT)',

Cn+3 Flppe < (14 4"7)1/2-
We obtain, by the relations

lni1 = Opp+—- and b1 =

?
nt+2 an+1 + tﬂ.

1

a8 in the proof of Theorem 2.1, using the first two inequalities of {3.6)

(L-4+40)2 — V1 d{z—1)

3.7 R
( ) n4-I 21::

and using the second and third inequalities of (3.6)

(L4472 — V1t d(z—7)
2

(3.8) fpis >

L+ 4(x—2))

(8.9) o Gy = >

. Now since (2.1) holds and @, is an integer, we have, by (3.5) sharper
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Thercfore, by (3.7) and (3.9) we obtain

1 _ 1

R L e e it 1 et
7’ 27

tn+2 =

I L R d 7
B 2

?
contrary to (3:8).
Proof of Theorem 2.3. If
byt > T LA dr) 2
or _
¢n+1_ +4 2 (14 4yt
t}ien there iz nothing to prove. Therefore, we may suppose that the ine-
qualities
é.n '!' tn—-.l < "7_1 (1 "]" 4—'7)1/27
é-n»{-l by, < (14 ‘-1""7)”2

hold. We prove our Theorem 2.3 by showing that (3.10) and (2.5) imply
(2.1} and Theorem 2.3 follows from Theorem 2.1.
Indeed, putting again .

(3.10)

: : . L 4 1
=, i —_ = e
" " C’.\’L-I-l ’ " aﬂ. + tn.~1 ’

we obtain, as in the proof of Theorem 2.1 (formula (3.3)) that
(1-- 41)1“ — 1

(3.11) {y >

Suppose now that
(3.12)
Then by (3.10) and (3.11)

an~|ﬂ1 = 2.

P e

Cﬂ-l—l ( -+ 47)1"2 ’n

or by (3.12)
' 1 _a + A7) 1 _ (a3

¢n+2 . 2 - : X 2 ’
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which is impossible, since the right-hand side is negative for 7 1. The-
refore, @,,; = 1. Applying again the second inequality of (3 .10) we obtain

14+4e) 41
wit = L gy, < SHADTHT
Enst +Cn+2<(+ } p) ’
or
(3.13) fn > LTADEAL

: nt2 .

27

Bince the right-hand side of (3.13) is greater than 1/r and 1/ is an mteger,
we geb

Gpyy = [Eni—z] 1z
and our Theorem 2.3 is proved.

The proof of Theorem 2.4 can be earried out similarly by showing
that, if (2.7) holds, then with ' defined by (3.5) the mequahtles

Latin g < © 11 4-47)H2,
Loty < (14-47)"

imply (2.1) and the proof is completed, by application of Theorem 2.2.
I omit the details.
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