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The problem of factorizing a matrix whose elements are rational
integers into two integral symmetric matrices is studied here in a special
ease only. It is assumed that the mafrix 4 is a 2 %2 matrix and that itg
characteristic polynownial is #* —m, where m is a square free integer which
iz congruent to 2 or 3inod4. Hence - 1/;?2, which are the characterigtic
roots of A, together with the integer 1, form a Z-basis for the maximal
order of G(V ﬁ). This allows the special caze to be diseussed particularly
easily.

It iy known that for any integral 4 -the equation

(1) A = 8,8,

with §; = §; {the transpose) can be solved over the rationaly (for refer-
ences see e.g. Tanssky [97]).

However (1) cannot always be solved over the integers. The study
of this problem will be linked to two facts, tho first of whieh is known
(seo o.g. Tausgky [B]):

I. Tet 4 be any infegral matrix with irreducible characteristic poly-
nomial f(z) and lot a he a zere of f(x). Then there i3 o 1-1 correspondence
between the ideal clagses in Z[a] and the matrix clagses {S™ A8}, Here X
is s matrix root of f(a) == 0 and § runs through all unimodular mutrices.

It follows that there in a unigue ideal class €, in O (V) associated
with. our given matrix .

IL There is o binary quadratio form a(d, p) associated with (1)
in the 2 %2 case. This form turns up for matrices over any field ' and has
certain invariant features. In the numbér theoretic cage its significance

* This work was cavvied oul (in part) nnder an NSF grant.
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becomes more intricate. This form can be derived from (1) for
(2) _ A8, = 8, A",

Putting then S, = (;

{3) _ (Byy— 03) Y+ By 8 — 618 = 0.

=3

) onc obtaing o linear relation hetween o, y, 2:

T2

This equation hag (apart from trivial cases) a 2-parameter solution. Hence

* gvery element in &, 8 a Hnear form.in two parameters i, p. Henco detd,
is o quadratic form in A, g This is our (4, p). The discriminant of this
torm, after a normalization, is the discriminant of the characteristic poly-
nomial of 4. We can now formulate the main result.

THEOREM. Let A be an imlegral 2 %2 matriz with characieristic poly-
nomial @2 —m, where m I8 @ square free integer congruent to 2 or 3 mod4.
Then (1) can be solved in integers iff the associaled quadratic form represents
integrally a facter of m. Ilwcepting the case wheve (4, i) reprosents foctors
of 2m, but not of m, it follows that (1) can be solved intogrally iff the ideal
class €, corvesponding to A 48 of order 1,3, 4.

Proof. In the number theoretic case under consideration the two
independent solutions of (3) have to be chosen with more care. Denote by
§ == gCA {(thoy — ty1), dya]y and Iot y, and g satisly (%)

(4:) . (6&22_{1’11)@'1"{'6&216_(&123’1 = 0_
Then
Yo == Uyof0, R = (Cag— ay1) {8y

& =0, Y, &

"]30.:09

are two independent solutions of (3), since the 2 %2 minors of their matrix
has ged equal to 1. Hence every integral solution of (3) iz an integral
linear combination of these and the most geneval integeal 8 satisfying (2) in
of the form

‘ 0 ALtz 6]+ pry

(5) 8,02, ) ~( A ¢
ﬂ[“m/a]“’l“#?h l[(%n““n)f()u! + ey

The determinant of S,(4, x) is

(6) ®(dy p) = 112[”'5"%2/52] - At [(Gnp = @0y1) — 2avyo %y, 6] - {52(531"@?)-

. 1] .
(1) Bince m == 2,3{4) and 4 is of the form ('m,—af“' ) it ean bhe checked that
: —— —d i
b

the coofficients in oquation (3) have ged = L.
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Using the assumptions that trace 4 = 0 and det 4 = —m it can e checked
by direct computation that a(i, u) has discriminant 4m. Further a(i, )
is primitive. Since

(7) det.d = —m = det S det S,

both determinants are divisors of m and have to be represented by a(d, u).
This Immediately regtricts the nadnre of a(4, u) in the cage of an integral
solution of (1). For not every binary form represents divisors of its dis-
criminant.

The remainder of the proof will now be split into several sections.

ALTE a(A, p) represents a factor dy of m then (1) can be satisfied inleg-
rally with detSy = d;.

B. The ideal class in % [a] which corresponds to the class of a(4, u)

)

i &30,
doa(d, p) lies in o form elass of ovder 1 or 2 if (1) holds,

D. The exceptional forins.

Proofof A. et A = 4y, g = py Do the integers for whieh a (2, u) = d,.
Then there exist integers Ay, gy such that a(dy, p) = ~m/d, = ds. For,
by a unimodular congruence transformation a(d, ¢) can be trangforimned
into a form e, (A, ¢) in which the coetficient of A7 is d,:

)

(A, p) = Ay A% blu - ep®.
Next apply the uniimodular ecngruoence transformation with matrix

17 . . .. .
(0 ’L) where ¢ i8 so chosen that the middle coefficient in the transformed

form a.(4, u) I8 zeve, i.c.
b--2dyr = 0.

This can be achicved gince 52 —ded; = 4m Inplies 24;|F in both cages
m == 2 oor mo=s 3(4). The form a,(A, 4) then has dy as coctficient of w2

. ; - N V)
We then apply the teaunsformation with madrix ( b7 also to the
1t

elerents of &,(4, ) oblaining

® S, = |

( (1A pppe) 6 (A Ag ) [tg/ 8]+ (1 A+ pey p} 414 )
(At Ao o) [y /8] 4 (g A+ o pdiy (A Aok Ao ) [{hag = i001) [ 8] 4 (pa A -+ iy ) 2 -

Since det 8 iy a quadratie form with no middle term the following relation
holds: ' .

) Zlﬂé[‘mm“’w/‘s)ﬂ o (g Aa A g A} (@gy — gy — [2ag 41 [87} -+ .
A i pra (201 8= 2077) = 0
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which we may replace by
(9AY Aol —(a12/ 0]+ (1 Ao pra ) (— @y — [Ba2%1/0]) +

A iy pra(2 86— 91 = 0,
We next put

8, = SO, 0) and & = [8P(0, 1T det S0, 1)

2

) Sa1 8

Firgt compute the clements sy, and $5; in this produck:

and form the produet

§12 == ol pra— i ds),
By = — [{#1{@en— @12) [0} —21{ 012/ B)] (A prr— pra Re) == B (A e = B As)
in virtue of (4).
Next compute s
S1p = j*17L2[_("’12/‘5)2]“{*4'“11'.‘2(631“"'?l‘i)‘|‘
‘I‘Mlle(*zall—?il(“fmfa))_Alﬂs?}'I(“u/é)-
‘ Using (9A) this can be rewritten as

oy, Az( — %y — Y1 {12/ 8) + Gy + Y1 (@12/‘5)) - F'B(yl(a’l.:&/’é) g @/1(“12/6))

== Gy (Agphs — Ao fty) -
Similarly
s = Gap(Ay o — Anpiy) -
Henee
8,8, = -4
sinee Ayps— Ay = +1(°).
Proof of B, In Taussky [8] all integral & with the property
(10) S A8 = A’ _
are characterized. Here A i3 an n xn integral mafeix with irreduweible
chaxacteristic polynomial f(#), a a zero of f{x). If &, is one of them then
all others are of the form p(4)8, where p(#) runs through all polynomials
with rational coefficients such that p(4)8, iy an integral matrix. The
corresponding polynornials p(a) then form a fractional ideal. In the case
that Z[a] is the maximal order in () this ideal is in the class of €37

(see [6]) ().

() In a sequel to this p'a,per a less compubational proof will be given.
(*), Actually in [8] the matrix 8—! is the one assumed integral, in this case
the ideal eclass discussed above is &%,
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In Taussky [77 it was shown that for » = 2 a rational matrix 8§,
satistying (10) has det8; = —norm(A), ¢ @ (a).

Hence the determinants of all the infegral s satisfying (10) are
the product of — norma and the norms of the clements in the ideal dis-
cugsed above, for debp(d) = normp(a).

Cn the other hand, the form « (1, i) corresponds to an ideal in Z[a].
The integers represented by a{i, g) ave—apart from & common factor
which is 2 norm —the norms of the elements in this ideal. But the integers
reprasentod by a{i, u) are the determinants of the matrices S, and the S,
are the integral matrices which satisfy (10). These integers determine
the form apart from the sign of the middle term (see e.g. M. Cohn [17).
Henece the form class of a{l, p) corresponds to the ideal class of €3° or
its conjugate. :

Proof of €. A quadratic form of digcriminant 4m, m a square fres
integer, reprosents divisors of ity discriminant iff it is in a form class of
order 1 or 2 (sce Gauss [0], Scholz [4], Rédei [31). Hence €% must be of
order 1 or 2, hence @, I8 neecessarily of order 1 or 2 or 4 if (1) is to hold
with integral factors,

Proof of D. The condition in ¢ is also sufficient provided the divisors
of 4m vepresented by a(d, w) are divisors of m ifiself in virtue of (7).

It cam, however, happen that none of the divisors of 4m represented
by the form (4, ) are divisors of s, An example of such an occurrence iz

[—33 b
m o= 1767, A =
10 33
the corresponding form (2, ) is 2%~ 66xy — 25y* representing
2, —2:17-67, 2:17, —2-67;
2 i3 represented for o =1, 4 == 0, 34 is represented for o =1, y =2,
Examprms, The following two examples illustrate some of the theory,

1.oom s 79, A == (“ﬁ 2), Wk, pp) = —92 L0 g - B,

a{A, g) corresponds o an ideal clasg of order 8 and A cannot be fac-
torized. However the matrix

S WY
SR N Y B CRE AN T

This 4 has the characteristic roots 1-=V79 snd differs from (#

by

() In a seguel to this paper it will be shown that to every 2 x 2 integral matrix
there exigh ratioral integers ¢ sueh that A -1 satistics (1) for integral factors.

by

—

8 3
b 8
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—-16 5 613 1 oR
2.0m == 291, 4 = 7 16}’ ald, p) = —20A2 425 —6p®.

This a(4, &) represents —6 which is a divigor of 4m, but not of m; however
the form also represents 3 for 1 =3, ¢ = 19 leading o the factorization

i The matrix A corresponds to an ideal clagy of
—4: 1 93 108 . | ‘ « E o) . th 7 < " IRK,

order 4.

The anthor hus been guided by computations baged on Inco's tables on ideasl
in guadratie ficlds and by a program earvied out by G. Hayward at California Institute
of Technology. The example given in I was constmeted by D. lstes and . Risileveky
with whom the anthor also had heipful discussions on carlier paris.
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Jede natiirliche Zahl ist hekanntlich Summe von 4 Quadraten ganzer
rationaler Zahlen. In dieser Note erhalten wir Veraligemeinerungen aunf
algebraische Zahlkirper: z.B. ist in nicht total-recllen Zahlkjrpern mit
ungerader Diskriminante jede tobal-positive ganze Zahl Summe von 4
Quadraten ganzer Zahlen (s Satz 1), Allgemeiner lassen . sich in nicht
total-resllen Zahlkivpern die durch Suwmmen von Quadrasen gﬂ,nzéa: Zahlern.
darstellbaren Zahlen bereits durvell eine Summe vou 4 ganzen Quadraten
darstellen; dieses folgt aus cinem Lo]‘«:n‘lr(}]I.obai'—]j’rinzii), das der gharke
Approximationssatz vermittelt (s. Satz 1). In Orduungen reell-guadratiseher
Zahlkdrper lassen sich die durch Quadratsummen darstellbaren Blemente
bereits durch cine Summe von 5 Quadraten darstellen; dicse Blemente
kann man charalcierisioren (s. Sutz 2). 15 ergeben sich dabei elementare
Beweise fir cinige Dekannte Aussagen itber die Anzahl der Klassen im
Gegehlecht der Form af-+ o] --aj--a7 (s. Satz 3 und Bemerkung 3). Fir
Veraligemeinerungen von Quadratsuminen auf andere guadraticche Formen
F im Talls der rocll-guadratischen Zahlkdrper boedart es bei der hier an-
gewandten Boweisniothodo der Voraussetzung, dal das Geschlesht von
I iiber Z nup eine Klasse enthiilt. In einem Anhang ist cine Tabelle der
primitiven definion gquaditischon Pormen in Diagonalgestalt der Dirnen-
sionen = 4 mit einklasgigom Gesehleeht ihor % aufgetilrt; diese Tabello
wird ausgenubzt fite die chon gonanaten Veraligemeinerangen (5. Sabz 8).

Sars L. In einem nwicht tolal-roollen Zahlkdrper sind gonan @icjenigon
goneon Zatlon duroh eine quadratisohe Form 1, ¥ regulir und mindestons
d-dimensional, davstellbar, fir die das ,lokal iberall” der Fall ist; insbe-
sondere sind gonaw diejenigen gonzen Zahlon als Swummen von Guadraion
ganzer Zahlen darsicllbar, fir dio das lokall dberall” der Fall ist. In einer

% Herrn M. Kueser und Horen O, L. Siogel danke ieh seli fiiv Flinwoiso und lori-
tische Bomurk_ungnn.



